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SO‘Z BOSHI

Qo'llanma oliy ta’'lim muassasalari texnika va texnoligiya bakalavr
ta'llm yo'nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv
daaturlariga to'lajavob beradigan tarzda bayon gilingan.

Ushbu o‘quv go‘llanma oily ta’'lim muassasalari 1-bosgich talabalari
uchun moMjallangan bo‘lib, fanning chizigli algebra elementlari, vektorli
algebra elementlari, analitik geometriya, matematik analizga kirish, bir
o'zgaruvchi  funksiyasining differensial hisobi va bir o‘zgaruvchi
Ainkaiyasining integral hisobi boMimlari bo‘yicha materiallami o‘z ichiga
oladl.

QoMlanmaning har bir bo‘limi zarur nazariy tushunchalar, ta'riflar,
teoremalar va formulalar bilan boshlangan, ulaming mohiyati misol va
maMlalaming yechimlarida tushuntirilgan, shu bo‘limga oid amaliy
maahg'ulot darslarida va mustaqil uy ishlarida bajarishga moMjallangan ko‘p
eondagi mustahkamlash uchun masglar javoblari bilan berilgan.

Har blr bo*limning oxirida nazorat ishi va talabalarning mustagqil ishlari
uchun topahiriglar variantlari keltirilgan. Har bir mustaqil ish topshirigMning
oxirgl varianti namuna sifatida yechib ko' rsatilgan.

QoMlanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun
oily matematika fimining amaldagi dasturida tavsiya gilingan adabiyotlardan
hamda o'zbek tilida chop etilgan zamonaviy darslik va o‘quv
go'llanmalardan keng foydalanilgan.

Qo'llanma hagida bildirilgan filer va mulohazalar mamnuniyat bilan
gabul gilinadi.

Muallif

O'quv goMlanmada quyidagi belgilashlardan foydalanilgan:
B - muhim ta'riflar;
& - «alohida e’tibor beringy;
® , O ~ misol yoki masala yechimining boshlanishi va oxiri;

Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga
olingan.
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CHIZIQLI ALGEBRA ELEMENTLARI

11. DETERMINANTLAR

Ikkinchi va uchinchi tartibli determinantlar. Determinantning xossalari.
n-tartibli determinantlar

1.1.1. avau - aaalt ifodaga ikkinchi tartibli determinant deyiladi va u

(1-D

deb yoziladi, buyerda at (i=12 j =12- determinantning /-satr va
y'-ustundajoylashgan elementi.
an, an elementlar determinantning bosh diagonalini, o2 a2 elementlar

determinantning yordamchi diagonalini tashkil etadi.
® Ikkinchi tartibli determinant bosh diagonal elementlari ko' paytmasi
bilan yordamchi diagonal elementlari ko‘paytmasining ayirmasiga teng:

1- misol. Determinantlami hisoblang:

2~ tga sina
sina ctga

Determinantlami ta'rif (sxema) asosida topamiz:

n

1 -5
) 4 2 =i 2-(-5-4=22

tga sinor . . .
2) = tga ctga - sinorsina = 1- sin3a - cos2a. O

sinor ctga
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tartibli determinantdeyiladi va u

M M2 a3

=—a,auyi, +B,BbB, +a,alJall-" a aan-a l2a2a, -a naua,. (1.2)

deb yoziladi.

®B Uchinchi tartibli determinantlami hisoblashda (1.2) ifodaning o‘ng
tomonidagi ko'paytmalarini topishning yodda saglash uchun oson bo‘lgan
quyidagi sxemalaridan foydalaniladi.
« Uchburchak goidasi» ushbu sxema bilan tasvirlanadi:

Bunda awal (1.2) determinant bosh diagonalidagi va asosi shu
diagonalga parallel boMgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziglar bilan tutashtirilib, determinantning musbat ishorali
ko'paytmalari, keyin determinantning yordamchi diagonalidagi va asosi shu
diagonalga parallel boMgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziglar bilan tutashtirilib, determinantning manfiy ishorali
ko' paytmalari hosil gilinadi.

«Sarryus qoidalarb quyidagi sxemalar bilan ifodalanadi:

au™°n 9N\
/ X
v VAR *fl»\ *12)K*15 P\\/ Pl
2)%21 P PIS FN 2
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1-qoidada awal (1.2) determinant tagiga uning birinchi ikkita satri
yoziladi, 2-qoidada esa (1.2) determinant o' ng tomoniga uning birinchi ikkita
ustuni yoziladi. Keyin bosh diagonaldagi va bu diagonalga parallel to‘g'ri
chiziglardagi uch element alohida-alohida chiziglar bilan tutashtirilib,
determinantning musbat ishorali ko'paytmalari hosil gilinadi hamda
yordamchi diagonaldagi va bu diagonalga parallel to'g‘ri chiziglardagi uch
element alohida-alohida chiziglar bilan tutashtirilib, determinantning manfiy
ishorali ko' paytmalari hosil gilinadi.

2- misol. Determinantlami hisoblang: 1) ,ni uchburchak qoidasi bilan;
2)A2ni Sarryusning 1-qoidasi bilan, A3ni Sarryusning 2-qoidasi bilan.

2 -1 3 1 5 3 3 4 -1
A=3 2 -1 >A=3 1-2_ pA=2 0 3
1 3 -2 2 -4 1 3 -1 2
1)A, determinantni uchburchak goidasi asosida topamiz:
-1 3 2 -1 3
rCy = -8+1+27=20, 3 £-1 = 6- 5+6=6 A =
32 r 3 -2
2) O2va A, determinantlami Sarryus goidalari bilan hisoblaymiz:
1 5 3
-2
1: A =1-36-20-(6+ 8+15=-55-29=-84.
1
37 1 2

A, =0+36+2-(0-9+16=31. O

Determinant asa elementining M{minori deb, shu element joylashgan
satr va ustunni o‘chirishdan hosil bo‘lgan determinantga aytiladi.

At =(-1)*'N1/,, migdorga determinant a. elementining algebraik
to ‘1diruvchisi deyiladi.



1.1.2. Determinant quyidagi xossalarga ega.

T.Transponirlash (barcha satrlami mos ustunlar bilan almashtirish)
natijasida determinantning giymati o‘zgarmaydi.

2* Determinantda ikkita satr (ustun) o‘rinlari almashtirilsa, determinant
ishorasini garama-qarshisiga o‘ zgartiradi.

3. Agar determinant ikkita bir xil satrga (ustunga) ega bo‘lsa, uning
giymati nolga teng.

4'. Determinantning biror satri (ustuni) elementlarini 9* 0 songa
ko'paytirilsa, determinant shu songa ko‘payadi yoki biror satr (ustun)
elelmentlarining umumiy ko*paytuvchisini determinant belgisidan chigarish
mumkin.

5. Agar determinant biror satrining (ustunining) barcha elementlari
nolga teng bo'lsa, uning giymati nolga teng.

6. Agar determinant ikki satrining (ustunining) mos elementlari
proporsional bo‘lsa, uning giymati nolga teng.

7*. Agar determinant biror satrining (ustunining) har bir elementi ikki
go‘shiluvchi vyig'indisidan iborat bo‘lsa, determinant ikki determinant
yig'indisiga teng bo'lib, ulardan birinchisining tegishli satri (ustuni) birinchi
go'shiluvchilardan, ikkinchisining tegishli satri  (ustuni) ikkinchi
qo'shiluvchilardan tashkil topadi.

8. Agar determinantning biror satri (ustuni) elementlariga boshga
satrining (ustunining) mos elementlarini biror songa ko‘paytirib gqo‘shilsa,
determinantning giymati o‘zgarmaydi.

9'. Determinantning giymati uning biror satri (ustuni) elementlari bilan
shu elementlarga mos algebraik to‘ldiruvchilar ko‘paytmalarining
yig'indisiga teng.

10% Determinant biror satri (ustuni) elementlari bilan boshga satri
(ustuni) mos elementlari algebraik to‘ldiruvchilari ko‘paytmalarining
yig'indisi nolga teng.

Uchinchi tartibli determinantni uchburchak va Sarryus qoidalari bilan
bir gatorda yuqorida keltirilgan xossalar orgali soddalashtirib, hisoblash
mumkin.

3-misol. Determinantni hisoblan

g:
1
A= 4
,

0 0N
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<9 2- va 3-satrlarga (-l)gako’‘paytirilgan I-sartni go‘shamiz.
Bunda 8 xossaga ko' ra determinantning giymati o‘zgarmaydi.
U holda
‘12 3
A= 3 3 3
6 6 6
Bu determinantning 2 - va 3-satrlariningmos elementlari proporsional.
Shu sababli 6" xossaga ko'ra determinant nolga teng, ya'ni 4=0. O

1.2.3. n tasatr va n ta ustundan tashkil topgan ushbu

ain
a .. a

.D':

determinantga n - tartibli determinant deyiladi.

n-tartibli determinant awal xossalar bilan soddalashtirilib, keyin
quyidagi usullardan biri bilan hisoblanishi mumkin:
a) N=4Y4. +alldl +"+abfb| i=1w, (1.3)

A=allAlJ+alA] + - +a*A*’ J= In- Cl-4)
formulalar bilan biror satr yoki ustun elementlari bo'yichayoyib;
b) biror satrdagi (ustundagi) bittadan boshga barcha elementlami nolga
aylantirib, so'ngra shu satr (ustun) bo'yicha yoyib, ya’'ni tartibini pasaytirib\
c) bosh (yordamchi) diagonaldan bir tomonda yotuvchi barcha
elementlami nolga aylantirib, ya’ni uchburchak ko ‘rinishga keltirib.
4-misol. Determinantlami hisoblang: 1) A,T biror satr yoki ustun

bo'yicha yoyib; 2) O2r tartibini pasaytirib; 3) 4,w uchburchak
ko‘rinishga keltirib.

2 .1 3 -2 21 3 -5 58 3 4
4 3 0-1 14 1 2 2050
A= p 11 29727 35,4 2585 1040
0 3-1 0 13 2 3 4721



e 1) Determinantni biror satr yoki ustun bo'yicha yoyib hisoblash
uchun odatda nol soni bor satr yoki ustun tanlanadi, chunki bunda noliar
gatnashgan qo‘shiluvchilar nolga teng bo‘ladi. Berilgan determinantni
hisoblash uchun ikkita noli bor 4-satmi tanlaymiz va (1.3) formuladan
| - 4da topamiz:

2 -1 3 -2
2 3 -2 2 -1 -2

4 3 0 -1

A, = =3(-ir14 o -1 +CH-H- 4 3 -1

2 1 -1 2
2 -1 2 2 1 2

0 3 -1 o©

=3(—6+8-2-24)+ 12+ 2--8+ 12+ 3 +8=3+(-24) + 28= -44.

2) Determinantai xossalar yordamida tartibini pasaytirib hisoblayr

Bunda 2-satming 1l-ustunida joylashgan elementidan boshga barcha
elementlarini nolga keltiramiz. Buning uchun awal 2-ustunga (-4)ga
ko'paytirilgan 1-ustunni go‘shamiz; 3-ustunga (-l)ga ko'paytirilgan
| - ustunni qo‘shamiz; 4-ustunga (-2)ga ko'paytirilgan 1- ustunni
go'shamiz, keyin hosil bo‘lgan determinantni 2-satr bo'yicha yoyamiz:

21 3 -5 2 -7 1 -9

1412_1000_1'1541'2
321 -2 3-10 -4 .g ~Cir ;10 -4 -
7 3 5

-1 3 2 3 -1 7 3 5

Hosil bo'lgan uchinchi tartibli determinantning 2-satrida (-2)ni
determinant belgisidan tashgariga chigaramiz va 2-ustunning 1-satri
elementidan pastda joylashgan elementlarini nolga aylantiramiz. Buning
uchun 2-satrga (-2)ga ko'paytirilgan 1-satmi qo‘shamiz, 3-satrga (-3)ga
ko'paytirilgan 1-satmi go'shamiz, 3-ustunda 4 ni determinant belgisidan
tashgariga chigaramiz, hosil bo‘lgan determinantni 2-ustun elementlari
bo'yicha yoyamiz va Kkelib chiggan ikkinchi tartibli determinantni

hisoblaymiz:
-7 1 -9 -7 1 -9 -7 1 -9 19 2
52 4=2219 0 2 =24-19 0 2 =8-(-hU 7 B
7 3 5 282 0 R 7 0 8



3) Determinantni uchburchak ko'rinishga keltirib hisoblaymiz. Bunin
uchun quyidagi almashtirishlami bajaramiz:

- 3-satmi o'2ddan yuqorida joylashgan satrlar bilan ketma-ket o‘rin
almashtirib, 1-satrgajoylashtiramiz; -

- l1-ustunning 1l1-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 2-satrda 8ni va 3-satrda (—3)ni determinant belgisidan tashgariga
chigaramiz;

- 2-ustunning 2-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 3-ustunning 4-satridajoylashgan elementini nolga aylantiramiz;

- hosil bo'lgan uchburchak ko' rinishgagi determinantdan tashqaridagi
sonni bosh diagonal elementlariga ko' paytiramiz.

58 3 4 1040
A_2050 58 3 4
" 1040 2050
4721 4721
10 40 10 42
08 -17 4 _ 01 ¥
=8 (-3) ~8 2
00-30 oo 1 0
07 -14 1 07 -14 1
10 4 O 10 4 O
1
o1 ¥ 1 01-157;
=-24 2 =.24-
00 1 O 00 1 O
5
oo ' ° 00 O
8 ~2 ~2
AJ=-24 111 =60. (

v 2z



Mustahkamlash uchun mashqlar

Ikkinchi tartibli determinantlami hisoblang:ﬁ

3 4 112, 4 6
-5 -2 -3 5
Y x-y 1 atb
1.1.4.
1.13. < b+1 a+b
i 1 -1
115 sin2a cos™a 116. tga+1 ctga

sin2P cos2P sina cosa

Uchinchi tartibli determinantlami uchburchak va Sarryus qoidalari bilan
hisoblang:

14 3 2 3 4
1.1.7. 2 1 3. 1.18. 5 -2 1
53 2 1 2 3
5 -1 1 -2 0 -4
1.19. 4 0 -3 . 1.1.10. 3 1 1
2 -3 1 -1 2 -3

Uchinchi tartibli determinantlami biror satr yoki ustun elementlari
bo'yicha yoyib hisoblang:

4 0 -2 3 1 -1
1.1.11. 7 1 -3 1.1.12. 2 -1 0

3 0 4 0 0

1 b 1 X.-1 X
1.1.13. b b o . 1.1.14. 1 X -1

b o -b X 1 X

sina sinP 0 tga Ctgp O
1.1.15. sina 0 sin?' 1.1.16. tga O ‘gP

0 sinp sinj' 0 ctga tgP



Uchinchi tartibli determinantlami xossalaridan foydalanib hisoblang:

1 ¢ ab
1.1.17. 1 b ca
1 a be
a+hb b
1.1.19. b a+b b
b b a+b

a a +1 (1++)2
1.1.21. b b2+1 (1+6)2
c cl+1 (A+c)2

Tenglamalami yeching:

X+3 x+2

1.1.23. = 0.
6-2x XxX+2
1 11

1.1.25. x2 4 9 =0.
X 2 3

1.1.18.

1.1.20.

1.1.22.

1.1.24.

1.1.26.

1 1 1
ax ay az

a2+ x2 a2+y2 a2tz2

X X+y X-y
X X+z x-2z

X X X

1+ cosa 1 1+ sina

1-sina 1 1- cosa

To'rtinchi tartibli determinantlami hisoblang:

1 1 2
15
1.1.27.
- 3 0
0 -2 4
5 a 2 -1
4 b 4 3
1.1.29.
2 3
4 d 5

1.1.28.

1.1.30.

1 1 3 2

2 0 0 8

3 0 0 2

4 4 7 5

3 2
9 - 5 10
5 - 8
6 -



12 MATRITSALAR

Matritsalar va ular ustida amallar. Teskari matritsa.
Matritsaning rangi

1.2.1. Sonlaming m ta satr va u ta ustundan tashkil topgan to‘g‘i
to' rtburchakli
M e -
lom a2 — a-,

jadvaliga mxn o 'Ichamli matritsa deyiladi, bu yerda
at)i=1,m,j = 1un)-matritsaning /-satr vay'-ustundajoylashgan elementi.

Ix« o‘lchamli matritsa satr matritsa yoki satr-vektor, mxl o‘lchamli
matritsa ustun matritsa yoki ustun-vektor deb ataladi.

nxn o'lchamli maritsaga n- tartibli kvadrat matritsa deyiladi. Bosh
diagonalidan bir tomonda yotuvchi barcha elementlari nolga teng bo‘lgan
kvadrat matritsaga uchburchak matritsa deyiladi. Bosh diagonali
elementlaridan boshga barcha elementlari nolga teng bo‘lgan kvadrat
matritsaga diagonal matritsa deyiladi. Barcha elementlari birga teng bo‘lgan
diagonal matritsa birlik matritsa deb ataladi va E bilan belgilanadi.

Barcha elementlari nolga teng bo‘lgan matritsaga nol matritsa
deyiladi va Q bilan belgilanadi.

n- tartibli kvadrat matritsaning determinanti detA yoki |/1]kabi
belgilanadi. Bunda agar det/1* O boMsa, A maxsusmas (yoki xosmas)
matritsa, agar detA=0 bo‘lsa, A maxsus (yoki xo0s) matritsa deb ataladi.

A matritsada barcha satrlarni mos ustunlar bilan almashtirish natijasida
hosil gilingan A* matritsaga A matritsaning transponirlangan matritsasi
deyiladi. Bunda A= A* bo'lsa A simmetrikmatritsabo‘ladi.

Bir xil o‘lchamli A={av) va B=(6# matritsalaming barcha mos
elementlari teng, ya'ni a =bv bo'lsa bu matritsalarga teng matritsalar
deyiladi va A=B deb yoziladi.

Bir xil o‘lchamli A= (at) va matritsalamingyig ‘indisi deb,
elementlari ct = at +bv kabi aniglanadigan shu o‘lchamdagi C=A+B
matritsaga aytiladi.



A=(at) matritsaning X¢ 0 songa ko'paytmasi deb, elementlari ct =Aal
kabi aniglanadigan shu o‘Ichamdagi C = JIA matritsaga aytiladi.

- A=(-1) sA matritsa A matritsaga garama-garshi matritsa deb ataladi.

Bir xil o‘lchamli A=(a.) va B=(t) matritsalaming ayirmasi
A-B=A +(-B)kabi topiladi.

& Matritsalami qo‘shish va ayirish amallari bir xil o‘lchamli
matritsalar uchun Kiritiladi.

I- misol. A= ! 20 va B=(2 -1 %matritsalar berilgan.
3 -2 ] I 3 -1j

3A-2B matritsani toping.

® Matritsani songa ko'paytirish va matritsalami qo‘shish ta'riflari

asosida topamiz:

o 4 o
3a=h3 ° O, 2B= 2
-6 3 -2 -6 2%

_(3+(-4) 6+2 o0+0 -18 0
3A'ZB‘{K9+(-2) -6 +(-6) 3+2 7 -12 5

/mxp o'lchamli A=(as) matritsaning pun o‘lchamli
matritsaga ko'paytmasi deb, elementlari cn -a rbk+albu +--- + aldyk

(go‘shiluvchlari quyidagi sxemada keltirilgan) kabi aniglanadigan mxn
o‘lchamli C=AB matritsaga aytiladi.

Ikki matritsani ko' paytirish amali 1-matritsaning ustunlari soni
2-matritsaning satrlari soniga teng bo‘Igan holda kiritiladi.



2- misol. AB ko'paytmani toping:

T 12 -1 3
A=2 1 i
0 p 4 2 -1
<S> Yuqorida keltirilgan sxema asosida topamiz:
AB 42 '11 12 -1
- 00 4 _
o3, 2 -1
4-1+(-1)-0 4-2+(-1)-4 4-(-1)+(-1)-2 4-3+(—1) (-1)N

4
21410  2-2+1-4 2-(-1)+1-2 2-3+1-(-1)
0

0 1+(-3)-0 0-2+(-3)-4 0-(-1)+(-3)-2 0-3+(-3)-(-1),

U 4 -6 13
2 8 0 5
0 -12 -6 3

Bir xil tartibli A va B kvadrat matritsalar uchun AB va BA
ko' paytmalami topish mumkin. Bunda AB=BA bo‘lsa A va B kommutativ
matritsalar deb ataladi.

1.2.2. A kvadrat matritsa uchun AA~ =A 'A=E tenglik bajarilsa, A-
matritsa A matritsaga teskari matritsa deyiladi.

Har ganday maxsusmas A matritsa uchunA'lmatritsa mavjud va
yagona boladi.

(el A matritsaning teskari matritsasi

4. 4, - AN
K - 4
N1 ! (1—5)
A
n. Au n.,

formula bilan aniglanadi.



3- misol. A matritsaga teskari matritsani toping:

f2 ~1 0)
A= -1 1 3
v 2 -1,

Matritsaning determinantini hisoblaymiz:

2-10
A= -1 1 3 =-16%0.
1 2 -1

Demak, A" mavjud. Aning algebraik to‘Idiruvchilarini hisoblaymiz:

3 <. -1 o -1 0 a
2 -1 " =y 4 = 4= 13" °
-1 3 2 0 2 0
=> - =-2- - =-6:
1 1 A» = 1 1 2; 4 1 3° 6;
-1 1 3 - 2 -1 2 -1
=-3: = S = _ -
1 2 : 1 2" Av= 1 1 1
Teskari matritsani (1.5) formuladan topamiz:
7 1 3
-7 -1 -31 16 16 16
' S1 1 3
A 5 2 -2 -6 8 8 8
-3 -5 | 3 5 1
Vi 16 16
1.2.3. mxn  o‘lchamli A matritsadan k(ksmm{/n;n)) ta satr va K

ustunni ajratlb, hosil gilingan k-tartibli kvadrat matritsaning determinantiga
A matritsaning k-tartibli minori deyiladi.

A matritsa noldan farqgli minorlarining yuqori tartibiga A matritsaning
rangi deyiladi va r(A) (yoki rangA) bilan belgilanadi. Bunda A*Q uchun
\<r(A)<mm(m\n), A=Q uchun r(J1)=0.

r(A)ni ta'rifasosida topish usuli minorlar ajratish usuli deb ataladi.



Matritsalar ustida bajariladigan quyidagi almashtirishlarga elementar
almashtirishlar deyiladi:

a) fagat nollardan iborat satmi (ustunni) o‘chirish;

b) ikkita satming (ustunning) o' rinlarini almashtirish;

c) biror satming (ustunning) barcha elementlarini noldan fargli songa
ko'paytirish;

d) biror satming (ustunning) barcha elementlarini noldan fargli songa
ko' paytirib, boshga satming (ustunning) mos elementlariga qo‘shish.

Elementar almashtirishlar natijasida matritsaning rangi o‘zgarmaydi.

Biri ikkinchisidan elementar almashtirishlar natijasida hosil gilingan A
va B matritsalarga ekvivalent matritsalar deyiladi va A~B deb yoziladi.

Diagonal elementlarining ayrimlari (yuqori satrlardagi) birga va
ayrimlari nolga teng bo‘lgan matritsaga kanonik matritsa deyiladi. Kanonik
matritsaning rangi uning diagonalidajoylashgan birlar soniga teng bo'ladi.

r(A)ni A matritsani elementar almashtirishlar orqali kanonik matritsaga
keltirib topish usuliga elementar almashtirishlar usuli deyiladi.

4- misol. Matritsaning rangini minorlar ajratish usuli bilan toping:
2-13-24
A=4-2 5 17
2-11 8 2
1£r(A) T MiNGB;5 =3
Ikkinchi tartibli minor ardan biri

13 _s+6=10
-2 5
Uchinchi tartibli minorlami hisoblaymiz:
2 -1 3 2 -1 -2
M,1= 4 -2 5 =( AC= 4 -2 1 =0
2 -1 1 2 -1 8



2-114 -1 3 -2
MI"= 4-2 7 =o; AC= w2 5 1 =0;
2-12 11 8
~13 4 3-2 4
Mf= -2 5 7 =o0; 5 17 =0
-101 2 1 8 2
1 -2 4 23 4
M?2= -2 17=0 A= 45 7 =0;
8 2 21 2
3 -2 -2
5 1 =0; 4 1 = 0.
1 8 2 8

Barcha uchinchi tartibli minorlar nolga teng. Demak r(A)=2 O

5- misol. Matritsaning rangini elementar almashtirishlar usuli bila
toping:
‘0 5-10 O
-1 -4 5 -3
A 3 17 o
1 -7 17 3

® Matritsani kanonik ko' rinishga keltiraxmz.

Buning uchun elementar almashtirishlami bajaramiz:

- awval matritsaning l-va 4-satrlarining o'rinlarini almashtiramiz,
keyin 2-satr elementlariga 1-satming mos elementlarini qo‘shamiz va
3-satr elementlariga (-3)ga ko'paytirilgan I-satming mos elementlarini
go‘shamiz;

- hosil bo'lgan matrisaning 2,3 va 4- satr elementlarini mos ravishda
(-11), 22 va 5 ga bo'lamiz, keyin (-1)ga ko'paytirilgan 2-satr elementlarini
3va 4-satming mos elementlariga qo‘shamiz;

- hosil bo'lgan matritsaning 2,3 va 4- ustun elementlariga mos
ravishda 7, (-17) va (-3) ga ko'paytirilgan 1 -ustun elementlarini qo‘shamiz,



keyin 3- ustun elementlariga 2 ga ko'paytirilgan 2-ustun elementlarini
go‘shamiz.
Bajarilgan elementar almashtirishlami sxema tarzida keltiramiz:

o

5 -10 o f-rrl -7 17 3

- _ u_— - -

S AN
\J

A 7 13 40 5-10 0
1 -7 17 3 17 3
(U)o -11 2 ) 2 0
2 0 2 -44 3 EB 2 0
5 0 5 -10 O 2 0
f1 o f10 0 O

O 1-2 0 01-2 0 0100
O 0 00 00 00O 00O0O
O 0 00 00 O0g 00O

Demak, r(A)=2 O

Mustahkamlash uchun mashglar

A, B matritsalar va [, 4 sonlar berilgan. JIA+ uB matritsani toping:
I -1 -r f2 3 -Nn

A=-1, ft=2.
2 -3 o "°"'-10 ’



2-10 -3 11
123 A= -1 3 -2 0 -1 0,A=-3, u=-1.
2 3 1 -4 -3 2
2-1 A
1.24. A= 5-3 3
-1 0 -2

A va B matritsalar berilgan. /19 matritsani toping:

"2
125 s 2 © 12 o6 A= 0 1r @ -2)
= . = - B=
13/ 2 0 o
B 2 0y 2 2 123
(1 14 3 11 2 4 0 -2
127.A=3 0 1,B= 0 -1 128 #4=-2 03,B=2 -1 O
21, \2 1 v1-10 0-1 3

A, B va C matritsalar berilgan. (J/IB)C matritsani toping:
1.29. n-g ‘3}*-1 ~C.B-X
A,B va C matritsalar berilgan.  J1(5C) matritsalami toping:
-f 4 > f-

1
1210. /<=f3 '  B= o=
V2 4, 2 6. v o 1

=-2x2+5x+9 bo'lsa, f(A) ni toping.

12 o)
1.212. A= 0 2-1 ,/00=312-5*+ 2 bo'lsa, /(J1)ni toping.
-2 1 4

1 matritsa berilgan. r(A)ni minorlar ajratish usuli bilan toping:

f
1-1 23 12 3

1213. A= -1 3 0 1. 1214 A= -1 4 -2
3 411, 2 -2 7,



"1 -3 2 -T

2 -1 3 -2
1.215. A= 2 -1 4 -6 1.2.16. A=
3 -1 -6 | 143
o Y -3 0 g,
A matritsa berilgan. A'lmatritsani toping:
1 1 1
1217 A= "2 1218. A= 1 2 -1
2.17. \ 2 62 .2.18.
2 2 4
fl. 23 ‘1012
1219.A=2 6 4 1.2.20. A= 2101
2.19. A= 108. 220 A= 5
V8 ’ 4 12Kk

13.CHIZIQLITENGLAMALAR SISTEMASI

Chizigli tenglamalar sistemasi. Maxsusmas tenglamalar sistemasini
yechish. Chizigli tenglamalar sistemasini Gauss usuli bilan yechish.
Bir jinsli tenglamalar sistemasi

1.3.1. Ushbu
a,*, +aX2+...+ alka= M,
a\Xl 'Y < mEXX, YK NQ

«.i*.+a. .z 2+ +flux=">,

ko'riushdagi sistemaga n noma’lumli m tachigziqli algebraik tenglamalar
sistemasi deyiladi, bu yerda -sistema koeffitsiyentlari,
xt,x4,...,xH+ noma'lumlar, b{br,....bT 0zodhadlar.

(1.6) sistema koeffitsiyentlaridan tuzilgan A matritsaga
(1.6) sistemaning matritsasi (asosiy matritsasi) deyiladi.



(1.6) sistemani matritsalar orgali A X -B ko‘rinishda yozish mumki
bu yerda x, B - mos ravishda noma’'lumiar va ozod hadlardan tuzilgan ustun

matritsalar.

Noma’lumlaming (1.6) sistema tenglamalarini ayniyatga aylantiradigan
giymatlariga (1.6) sistemaningyechimi deyiladi.

Kamida bitta yechimga ega bo‘lgan sistemaga birgalikda bo'lgan
sistema, bitta ham yechimga ega bo‘Imagan sistemaga birgalikda bo'lmagan
sistema deyiladi.

Birgalikda bo'lgan va yagona yechimga ega sistemaga aniq sistema,
cheksiz ko'p yechimga ega sistemaga anigmas sistema deyiladi. Anigmas
sistemaning har bir yechimiga xususiy yechim, barcha xususiy yechimlar
to‘plamiga umumiy yechim deyiladi. Sistemaning umumiy yechimini
topishga sistemani yechish deyiladi.

(1.6) sistema matritsasiga ozod hadlami qo‘ shish orgali hosil gilingan C
matritsaga (1.6) sistemaning kengaytirilgan matritsasi deyiladi.

Kroneker-Kapelli teoremasi. (1.6) tenglamalar sistemasi birgalikda
bo'lishi uchun sistema asosiy va kengaytirilgan matritsalarining
ranglari teng, ya'ni r(A)=r(c) bo'lishi zarur vayetarli.

(1.6) sistemani tekshirish va yechish quyidagi tartibda amalga
oshiriladi.
Tekshirish: sistema asosiy va kengaytirilgan matritsalarining ranglari

topiladi. Bunda:

- agar r(A) * r(C) bo'lsa, sistema birgalikda bo‘Imaydi;

- agar r(A)=r(C) ~n, ya'ni sistemaning rangi uning noma’ lumlari
soniga teng bo'Isa, sistema birgalikda va aniq bo'ladi;

- agar r(A) =r(C) <n bo'lsa, sistema birgalikda va anigmas bo'ladi.

Yechish: 1. r(A)=r(C)-n bo'lganda sistemaning umumiy yechimi
topiladi.

2. r(A)=r(C)=r<n bo'lganda:

- sistema matritsasining biror r -tartibli bazis minori aniglanadi;

- sistemada koeffitsiyentlari bazis minor elementlaridan iborat bo'lgan
rta tenglama qoldiriladi (qolgan tenglamalar tashlab yuboriladi), bu yerda



koeffitsiyentlari bazis minorga Kkiruvchi rta noma’'lumga asosiy
noma lumlar, golgan mn- rta noma’' lumga erkin noma’lumlar deyiladi;

- asosiy noma’lumlar hosil bo'lgan sistemaning chap tomonida
goldiriladi, erkin noma’lumlar sistemaning o‘ng tomoniga o‘tkaziladi;

- asosiy noma’'lumlarning erkin noma’'lumlar orqgali ifodasi aniglanadi,
ya’'ni sistemaning umumiy yechimi topiladi;

- erkin noma'lumlarga istalgan giymatlar berib, berilgan sistemaning
xususiy yechimlari (zarur bo‘lganda) topiladi.

1-misol. Tenglamalar sistemasini tekshiring:

xt+ 2xr - 403= O, jo + X2- 5x3= -3,
1) 5% +3x, - U =8, ; 2),3x,+xr+x}=5,.
5n, -4jc2+ 6x, =-1 | + 2x2~ X) =6

® 1) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:

/
"1 2 -4 o' 1 2 -4 0’ "1 2 -4 o'
c= 5 3 -7 8 o -7 13 8 ~ 0 -7 13 8
=b -[;L_z
v o -4 6 -lV —y 0 -14 26 -1 / (0] 0 -17,

Demak, sistema birgalikda emas.

2) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar
bajaramiz:

C4 1 1 5 ~(2) 0 -2 16 14

1 1 -5 -3 1 1 -5 —3
o 1 -8 -7 - 0 1 -8 -7
H o 1 -8 0 0o 0 o

r(N)=2=2=r(C)<3.
Demak, sistema birgalikda va anigmas.



1.3.2. n=m bo'lsin. Bunda (1.6) sistemaning A matritsasi kvadra
matritsa bo‘ladi. A matritsaning  Adeterminantiga (1.6) sistemaning
determinanti deyiladi.

Agar A#0 bo'lsa, (1.6) maxsusmas (yoki xosmas) sistema, agar =0
bo‘lsa, (1.6) maxsus (yoki xos) sistema deb ataladi.

n noma'lumli n ta chizigli maxsusmas tenglamalar sistemasi yagona
yechimga ega bo‘ladi. Bu yechim matritsalar usuli bilan yoki Kramer
formulalari bilan topiladi.

1). Cizigli tenglamalar sistemasi yechishning matritsalar usulida
(1.6) sistemaning yechimi

X =A"B. L.7)
formula bilan topiladi.

2-misol. Tenglamalar sistemasini matritsalar usuli bilan yeching:
3o - x1+x, =4,

2X, +X2- 2X, = 2,

X, - 3G +x, =6.
<> s -1 r 3 -1 1
A=2 1 -2 , g=2 1 -2 =3+2-6-1-18+ 2=-18.
41 -3 K i-3 1 -3 1

Demak, sistema maxsusmas.

Sistema determinantining algebraik toMdiruvchilarini topamiz:

" 1 -2 5 11 11
AlR g 4 =798 = g 1% Ag= ) 5 =L
2 2 3 1 3 1



U holda

-5 -2 1

-4 2 8
18

-7 8 5

Tenglamaning yechimini (1.7) formula bilan topamiz:

-5 -2 1 '-20-4+6" -18 1
X =A~'B=-—- -4 2 8 -16 + 4+ 48 36 -2
18
-7 8 5 -28+16 + 30. 18  gly

Demak, jc =1 x2=-2, x,=-\. O

& 2)(1.6) sistemayechimini

(18)

formulalar orgali topish mumkin. Bu formulalarga Kramer formulalari
deyiladi. Bunda Ax, determinant A determinantdan x, noma’ lumlar oldidagi
koeffitsiyentlami ozod hadlar bilan almashtirish orgali hosil gilinadi.
3-misol. Tenglamalar sistemasini Kramer formulalari bilan yeching:
2x,+ x1+ 3x,=-1,
jo, t 2j2— X, = 0,
3 +4jc2+2xt = 1

A va Ax, determinantlami hisoblaymiz:

2 1 3
A= 1 2 -1 =8-3+12-18+8-2=5;
3 4 2

-1 1 3 2 -1 3 2
AXx,- 0 2 -1 =-15; ax2= 1 0 -1 =10, Ax,= 1
14 2 3 1 2 3

AN R
B O PR



Tenglamaning yechimini (1.8) formulalar bilan topamiz:

Agar (1.6) sistema maxsus bo'lsa:

- Ox,.4x2,....40x, lardan birortasi noldan fargli bo‘lganda sistema
yechimga ega bo‘Imaydi;

- IOx, = Ox2=... = [Ox, =0 bo'lganda sistema cheksiz ko'p yechimga ega
bo'ladi yoki birgalikda bo‘Imaydi.

1.33. n*m bo'lganda (1.6) sistemaning yechimi noma’lumlami ketma-
ket yo 'gotishga (chigarishga) asoslangan Gauss usuli bilan topiladi.

Tenglamalar sistemasini Gauss usuli bilan yechish ikki bosgichda
amalga oshiriladi.

1-bosgich (1.6) sistemani pog‘onasimon (trapetsiyasimon yoki
uchburchaksimon) ko‘rinishga keltirishdan iborat. Buning uchun birinchi
tenglamaning chap va 0‘ng tomonini an ¢ Oga (agar au =0 bo'lsa, u holda bu
tenglama sistemaning x, noma’lum oldidagi koeffitsiyenti nolga teng
bo‘lmagan tenglamasi bilan almashtiriladi) bo‘linadi va birinchi tenglama
gilib yoziladi. Birinchi tenglamani (-%*- ga ko'paytirib, i-tenglamaga

|

go‘shiladi va /-tenglama qilib yoziladi. Bunda sistemaning ikkinchi

tenglamasidan boshlab x, noma’lum yo‘qgotiladi.

Agar sistemada x, noma’'lum oldidagi koeffitsiyenti birga teng boMgan
tenglama bor bo‘lsa, bu tenglamani birinchi yozish orgali hisoblashlami
osonlashtirish mumkin.

Shu kabi af£ ¢ 0 deb, sistemaning uchimchi tenglamasidan boshlab
Xjnoma’'lum yo‘qotiladi va bu jarayon mumkin bo‘lguniga gadar davom
ettiriladi.

Bu bosgichda, agar:

- 0=0ko'rinishdagi tengliklar hosil bo‘lsa, u holda bu tengliklar tashlab
yuboriladi.

- 0=b1{®*p0) ko'rinishdagi tengliklar hosil boMsa, jarayon
to‘xtatiladi. Chunki berilgan sistema birgalikda bo* Imaydi.



2-bosgich pog'onasimon sistemani yechishdan iborat. Pog‘onasimon
elelemi yagona yoki cheksiz ko'p yechimga ega. Agar sistema
uohburohaksimon ko'rinishga kelsa, ya’'ni tenglamalar soni noma’lumlar
KO1|A teng (k=n) bo'lsa, sistema yagona yechimga ega bo‘ladi. Agar
*(=(*Ta trapetsiyasimon ko‘rinishga kelsa, ya’'ni k<n bo'lsa, sistema cheksiz
ko'p yechimga ega bo'ladi. Bunda sistemaning oxirgi tenglamasidagi
birinchi noma’lum x,tenglamaning chap tomonida qoldiriladi va golgan
erkin noma’lumlar deb ataluvchi xM...x, noma’lumlar tenglamaning o‘ng
tomonlga o'tkaziladi. Keyin xt oldingi (4-i)-tenglamaga qo'yiladi va xkI
Mkin noma'lumlar orgali ifodalanadi. Bu jarayon shu tarzda davom ettirilib,
birinchi lenglamadan x, ning erkin noma’ lumlar orqali ifodasi topiladi.

4 - misol. Tenglamalar sistemasini Gauss usuli bilan yeching:

2jc, - 4x2- x} = —2,
*3x, + Xx2-2x, =-11,

X, - 2x2+ 4X, = 8.

& Sistemada quyidagicha almashtirishlami bajaramiz:

- birinchi va uchinchi tenglamalaming o' rinlarini almashtiramiz;

- (-3) ga ko'paytirilgan birinchi tenglamani ikkinchi tenglamaga va
(-2) ga ko' paytirilgan birinchi tenglamani uchinchi tenglamaga hadma-had
go'ihamlz;

- Ikkinchi va uchinchi tenglama hadlarini mos ravishda 7 gava (-9) ga
bo'lamiz

- X ning giymatini birinchi va ikkinchi tenglamalarga qo‘'yamiz;
Ikkinchi tenglamadan jc2ni topib, uning giymatini birinchi tenglamaga
go'yamiz;

- sistemaning yechimlarini x,, x2 x, ketma-ketlikda yozamiz.



n, - 2xr+ Axs = 8, je, —2xr + 4jc, = 8,

=>e 7jc2- 14*, = -35,=> « x2—2jc3= -5,=>
9xy= 18 =3
X, = 2, * = 2, X,=-2,
=>n j2- 2 M2 =-5,=>-¢ x2=-1,=> x, =-1,
jo - 2x2+ 4m2= 8 -2 (-1)= o0 X,= 2.

Gauss usulining 1-bosqichini sistemaning o‘zida emas, balki uning
kengaytirilgan matritsasida bajarish qulaylikka ega. Masalan, yuqoridagi
tenglamaning 1-bosgichi quyidagicha bajariladi:

-4 -1 -2 ‘1 -2 4 8 >
r"3

1 -2 -11 3 1 2 -11

-2 4 s -4 -1 2 j
1 -2 4 8" -2 4 8
17 0 7 -14 -35 0 7 -2 -5

(900 o -9 -18 0 o0 1 2

1.3.4. Ozod hadlari nolga teng bo‘lgan sistemaga birjinsli tenglamalat

sistemasi deyiladi.
& Bir jinsli tenglamalar sistemasi hamma vaqt birgalikda (chunki
r(A) =r(C)) va nolga teng boMgan (trivial) x, =x2=...,= j5, =0 yechimga ega.

Bir jinsli tenglamalar sistemasi nolga teng bo‘lmagan yechimga ega
boMishi uchun uning asosiy matritsasining rangi r noma’ lumlar soni
n dan kichik, ya’'ni r < n boMishi zarur va yetarli.

n noma’ lumli n tachizigli birjinsli tenglamalar sistemasi nolga teng
bo‘lmagan yechimga ega bo‘lishi uchun uning g determinanti nolga
teng, ya'ni g = o boMishi zarur va yetarli.



5- misol. Bir jinsli tenglamalar sistemasini yeching:

2X, + 3x2- 2x, =0,
X,- X2+ 3x, =0,

4x, + X2+ 4x,=0.

(2 vsi3 -2 1 -1 3 AN} 3

-2
<SS A= 19a-1 3 2 3-2T , © 5 -8
4 1 4 IR 1- 5 -8

1 -1 3

~ o 5 -8

0 0 0 r(A)=2, n=3, r <n.
9

Demak, sistema cheksiz ko'p yechimga ega.

Ulami topamiz:

\2%, + 3x2- 2x} = 0, 1 2x, + 3x2= 2Xx,,
X,- X2+3x,=0 [ X - x2=-3.x%,.
n 2 3
= = _5’

-1

2X, 3 2 2x3

Ox,= =71 Ax2= = -8x,.
-3x, -1 1 -3-x,
b _ Oxr  8x3
A 5 “ a-s

Erkin noma’lumni x, =5k (K - ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz:
x, = -7K, x, = 8K, x, = Bk
Sistemaning xususiy yechimlaridan birini, masalan k= Ida, topamiz:

X, =-7, x2=8, X, =5. O



Tenglamalar sistemasini tekshiring:

X, - X2+ X, = 2, X,-Xx2- x,=-1,
1.3.1. X,+x2-x3=1, 13.2. 5x, - X2+ 2x, = 3,
5, -X 2+x, =7. 4x, + 3%, = 4.
X, + X2+ 5x3+ 2xt= 1, X, + X2- X3+ 2x, = 3,
2x, + X2+ 3x, + 2Xj =-3, 2X, - X2+ X, - X4=1,
13.3. - 13.4.
2%, + 3x2+ lIx, + 5x4= 2, 3%, + X2+ 2x, - x4=5,
X; + X2+ 3x3+ 4x4=-3. X, - X2+ 4x, - 5%, = 2.

Tenglamalar sistemasini matritsalar usuli bilan yeching:

X, + 2x2- X, = 3, 2X, + X2- X, = 2,

1.3.5. 2x, -x 2+ 2x5= -1, 1.3.6. 2x, + 2x2- 3x3= -3,
X, + 3x2- X, = 6. X, + 2x2- 2Xj =-5.

X, + 2x2+ x3= 8, 2X, + 7x2- x, =10,

1.3.7. X, + 2x2+ 3x, = 10, 1.3.8. X, +2x2+ x3= 2,
2X, - 3X2- 4x3= -4. 3%, -5 x2+3x3=-5.

Tenglamalar sistemasini Kramer formulalari bilan yeching:

[Bx, - 4x2= 17, T5x, + 7x2= 1,
1.3.9. 1.3.10.
[5x, +2x2=11. ]6x, + 4xr= 10.
X, + 2x2+ 3%, = 5, 2%, - 2x2+ X, = 8,
13.11. 3%, -2x2+3Xj=-1, 1.3.12. X, + 3x2+ x, = -3,

2x, + 3Xx, - 2x, = 8. 3x, + 2xr - 2x, =-5.



1.3.13. 4x +5X, +bx,
X, + 8%,

X, + 2Xxr + 3x, = 6,
9
-6

1.3.14.

ax, + ax2+ X, «1,
X, +alx2+ x,»a,
X + ar2+«*, =1.

Tenglamalar sistemasini Gauss usuli bilan yeching:

1.3.15.

1.3.17.

1.3.19.

3o + x2+3x, =-13,
X, + 2x2- X, = -2,
A+ X -4 = 7

X, +2x2+ jc, - 2X4=—4

X, +X, +3x4= 1,
22X, +X, - Xt- O,
X+ X243 =-2.

2% +3X2- X, - X, = §
X+ X2- x, +x4= §
X - X2+ X, —x4- 0O,
3 + 7X2- 33 x4=16

1.3.16.

13.18.

1.3.20.

Birjinsli tenglamalar sistemasini yeching:

1.3.21.

1.3.23.

1.3.25.

2x, +3x2+ 2x, =0,
3%, - x, +3x, =0.

3%, + X, +2x, =0,
x, +2xr- 3x, =0,
5x, +5xr 4§ =0.

X, +3x2- 6x, + 24=0,
2 - X +2X =0,
3X, - 2X, + 2%, - 2x4=0,
2% + X, +4%, +8x4=0.

1.3.22.

1.3.24.

13.26.

X, + 29 - 3, =-1,
2+ X2+ 2%, = 4,
X-3+ X=9

2%, + X2 + xt= 4,
X - X2+ 2X, + 24= 1]

X2+3X, +2X4= -5,
3X, - X2+ 2X, = 3.

X, - 2x2- 3, + 5d=-1,
2X, - 3+ 2, + 5<4=-3,
5%, - 7x2+ 9x, + 10x4= -8,

X,- X2+5X, =-2.
[3x,- x2+4x, - O,
[5x +3x2+ 3¢, =0,

2:,+ 32+ x, =0,
X - 22+ 3 =0,
4x, + 32+ 5%, =0

jo —X2-2X, + X4=0,
X+ 22 - 44=0,
Jt-4x2+ x,+10d4=0,
2x, + X2-2X, - x4=0.



1-NAZORATISHI

1. Determinantni xossalar bilan soddalashtirib, hisoblang.

2. A va B matritsalar berilgan. AB, (AS) '(agar mavjud bo'lsa)
matritsalami va r(AB)ni toping.

3. Tenglamalar sistemasini tekshiring.

1-variant
1 0 -1
rl -4
1 2 4 -1 0 o -1
. 2. A= 2 =
3 -1 4 *h=15 2
-3 5
1 -3 3 4
X, - jc, + 3x, + 3x4= 6,
3 3ic, + 2x2- jc3+ 2xt =-3,
) jc, - 4x, + x4= 0,
X,+3%x2 -2jc4= 3.
2-variant
1 -2 2 -1
. 5 2.
3 1 3 4 ( 3 1 n
-2 0 .=
1-3 2 -1 qe's;,-z4o}
]
2 4 -2 1 7
X4= -3
3jo + 2j2- X, =2,

- X, + 4x2+ X3+ 3Xx,, = 6,

5Xx, + 3x2- 4x3- x4— 0.



R N N

R, A W N

N R p O

[ R N &

-1
-1

3.

1 4
2.A= 3 1 .Bx
Wk

2x, - 4x2+ 3x, + 5xn= -8,

- 3%, + 2x2+ 5xs- 2xt- -1,
- AX, +13x, + xt=-10,
- 2jc, + 3x}+ 3x, + 5x, = -8.
4-variant
r- 1 4
2.A= 2
43 -2,

3X, + x2-2 x,+ xn=5,

2X, - X2+ 2%, + 2x4=1,

- X, + 3x2 +3x4=1,
jo + 4x2+ 3X, =3
5-variant

3 -1
2.A= 2 2
2 -3.

je, + jc2+ 3jc, + 4jcd= -3,
2x, + X2+ 3x, + 2x4=-3,
2X, + 3X2+1 Ix, + 5x4= 2,

X, + X2+ 5x3+2x4= 1

. £

f2 3 -1
L

54 5 o,



-113
2 4
5 2

-2
-1

R N A~ W

1T -T
2. A= 3 -2

V4 0>

x4= 1,

3%, - 2X: + 2x, - 3x4= 2,
5x, + X, - X3+ ZjcN=-1,

2X, - X, + X, - 3x4= 4.

7-variant

4x, + X2+ X, + 2x4= 13,
2X, + 4Xr + 3x, + x4= 21,
X, - 2X, - X, +3X, = 5,

7X, + 4xa+ 3x5+ x4= 21.

8-variant

PRt
2. A= -2 4
, 3 2,

2X, +2x2- X, + X4= 4,
4x, + 3x2- X, + 2x4= 6,
3%, + 3Xr- 2x, + 2x4= 6,
8%, + 5x2- 3x, + 4x4=12.

- o
4 6

3 2'

i ~b

-2 0 1
3 2 2,



2 5-22

l\ _3!
-14 16 12
2_A:2 3 B =
4 2 -1 2 3 5
4 -1
-2 3 2 1

2x, + 3x2-  x, + 2x, = 10,

X, - 6x2+ X, = -6,
3.
AX, + 3x2 - 3x, = -4,
3x, - bx2- X, + 2-Tj = 2.
10-variant
1-5-1 3 .
2 -3N ‘0 -3 4N
2 2-3-2 -
2.A= 3 -1 5=
1-3 0-1 \! 3 53
4 0

3jc, - X2+ 2xJ- 5x4= 1,

3 - Bjc, - XI+ x, =2,
’ - 2x, - 2xr+ 3x, - B5xA=3,
-9X, -5 x2+ 7x, - 10x4=8.
11-variant
0 -1 -2
-tz 2 3 n
1 3 -
2. A= -3 4,5:203I
-3 4 -
4 2 v X
2 1 4 3
X, + 2X2- X, + 2x, = 4,
5x, - X2+ 3x3 = 7,
2X, + 3xr + 4x, - xt= 8,

X2+ X, - Ixt=-5.



13-20
f2 2

2 5-32 2.A23_145_'-22n

3_1 4'2 5 _\ 0 3 4)
1 2-2-3 4 2/
o+ x2- 3T, + 2x4= 6,
2*, - 3x, + 2jc, = 6,
X2+ X,+ 3x4= 16,
- X, +2x2 + X4= 6.
13-variant
-4 1 1 -2
'3 -f
1 32 -2 3 0 -f
2. n=1 O,S:
2 02 1 Y 2 2y
4 31 3 J -3
X, - 2Xj + 2x, - 4xt=-2,
- 51 +§2- 4ic, + 12d=-4,
4X, - 7xr+5x, -12xt=-1,
2%y- X2+ x, - 4xt= 3
14-variant
2 3 -2
1 5 -1 2 S -2
i 2.n1=3 -398Y° 30
-2 -2 3 2 ] 4 2
3 h
-3 1 4 5

X+3%x, - X,- xt= 7,
X, +4x, - 3x4= 0,
5%, +2x2- 3%} =10,
X, + 2x2- 3} +5xt= 1



= W N O

-1
2
-4

IN

R O W B

-1 1

o g
84 2. A= 0 2 -2 3 !
12 T 'H 3 -\Il
o 1 < ]V

2X, + 3%, - X, -3x4= 3,

3 -2X, + Xj +4x4=-1,
) 3X, - X2+ 3Xx, - x4=-6,
2X, - bx2+ X, - 5x4=-1.
16-variant
-2 1
5 -2 w3 T 'S -1
2. A= '2 4 aq=
1 -1 ' 0 -1
) 5 4 2 -2y
3%, - X2+ X, +5x4=17,
2X, +3x%x,+2x4=11,
3.
4x, + x2 - bxt=-9,
3X, - X2+ 6X, = 7
17-variant
2 -
rl -4
2 - 5 4
A= 5
2 1 e 4 >
- B =7y

2X, + 3x2- X, + X, = 5,
3%, - X2- 3x, =-1,
X, + 2X, + 2x4=-5,

4x, + 3x2+ 3X, + 5x4 = 10.

2/



-2 -3 -2 3
1 3-12 5 A o -3
. A= 3
2-102 PosEent 4
4 . W /
-3141 v
2X,+3*, - X, + xt= 7,
- 2% 4+ 4j2 —5nr4= 11,
X. - 2X,, + 3jc, = .3,
-x, + 9X2- 10jc, + XA= 16.
19-variant
4 5 -1 1 , ,
5 2
-1 3 -2 3
2. A= 3 1 . .
-1 1 -4 2 - r
1 -2 1 1
-2 3 0o 1
4n, - X2+ 3x, - 2%, =10,
- 2X, + 2Xb- Xt= |,
3.
jc + 3jc2 + 3X4= -5,
S5jc + g + 2jc | 2.
20-variant
1 -3 -3 2
! 2 10
2 o -3 -1 '
2.A=0 1 , = )
3 -4 1 -3 4 ) 43 3 2)
4 1 2 3 ! ~2j
- jo + 3j2- 2X, + 4jc, = i5
3jo, + XTI - 2%, =,
2jc +5x, - X, =7,
4jc, + 4jc2 + 3X, + X44&8.



N N b W

-3
3
-4

g R W R

N O W p

-3
-1
-1

-1

-5
1

-1

3
0
2
1

1
4 -
2
2.A= 1 3,
2
1 - b
3X, - X, +4x, = 0,
2X, + X, + 3X, = 4,

X, + 2X;- 6X, - Xx4= -6,

5%, + 3x2- 12x, + 2x4=-12.

22-variant
0
-1 3s
-4
2. A= 3
-2
1
X,= 9,
X, + 3x: - 4x4= -5,
BX, - 2x, + x4= -6,
X +4Xj- x, =1.
23-variant
-1
3
-2
2. A= 3 2
4
4
3
2X, + 3x2 - 4x,, = -1,
4x, - XTI+ 2X, = -5,

X, + 2X, - 3X, + x4=-1,

- X, - 3X, +9x, - 7x4= 2.

N

3 -f
5 0y

~2 ©

3 45



2 -3 -4 3
1 3 -1 2 s 1
2 -2 0 1 3 -t
.3 3 11 o -2
2X, - X,+ 4X, + x4=6,
3 X, + 2jc2- 3%, + xA=1,
' 5X, - X, +2X,=6,
o, - 3x2+ 13x, + xt=8.
25-variant
-3 2-12 S
—2 3 - 1 4 1 _l r3 O _A'
12-15 5= 4 3/
2.1
2 3 4 1
- X +3ar + 2x, + 2x4=1,
3 2x, - x2+6x, =8,
. 3X, +2x, - x4:6,
X, + 5x2 - 3x4= 4.
26-variant
2 -2-3 1
-
3 4-3-2 f[o -3 T
1-4 1-1 2.A:1-3,B=:k1 42:]

2 3 2 5 3 -1,

2X, + 2x2- X, + 3x4= 6,
- X, + X2+ 3, =3
3%, - 2x2 - 4x4= -3,

X, + 60c, - 4xn= 2.



2 2 1-2

-2 r
13 2-3 -
A= -1 3 (=2
3 0 3 1 N3 0
, 3 2,
-4 11 2
2X, + 3Xr- x, - x4=3,
X, - 4X, + 5x4= 2,
3.
4x, + 3X, + Xx4=8,
2X, + 8x2+ 3x, - 9x4= 4.
28-variant
-3 -2 -1 1
\ 2" 3
4 1 -2 2 -
2. A= 3 -2
2 -1 3 2 '4
2 .3,
-1 4 0 3
33X, +2Xj - X, - 2x4=2,
-X,+3Xj- X,+2jdh=3,
2x,+5x2- 2 x, =5,
X, +8x2- 3x, + 2x4=8.
29-variant
1 -2 1
'2 -5' @
- - 2
2 0 - 2.A= 1 1iB=
2 -2 3
2 -2
-3 5 1 1

5%, - Xj- X, +2x4=-3,
- X, + 2x2 - 3x4= 0,
2X, + 3%, + x4= -4,
6X, + X2+ 2X, =-7.



1 -4

1 -2 -5 -4
2. A= 3 .3

2 -4 2 -3
2 5

3 1 -1 0
4jc, + 2jc2- X, + 2xt= 2,
ic, - 3icj + x}- X = 5

3.

2je, - T+ 2, = 7,
jc, + 6jc2 —4jc, + 3x4= -8.

1-MVSTAQIL ISH

1 Berilgan determinantni hisoblang: a) /-satr elementlari bo‘yicha
yoyib; b)j - ustun elementlari bo'yicha yoyib; c)j- ustundagi bittadan
boshga elementlami nolga aylantirib va shu ustun elementlari bo‘yicha
yoyib.

2. J1, B matritsalar va a, p sonlari berilgan. aA+pB, AB, A'l
matritsalami toping va AA ' = E ekanini tekshiring.

3. Tenglamalar sistemalarini tekshiring. Birgalikda bo‘lgan sistemani
Kramer formulalari orgali, matritsalar va Gauss usullari bilan yeching.

4. Birjinsli tenglamalar sistemalarini yeching.

1-variant
12 3 4
5 4 2 '5 4 - 5s
-2 1-4 3
1 J=U =2, 2A= 3 2 4 B= 3 -7 1
3 4 -1 2 0
5 2 2J
4 3 -21 A J
a=-1, 0=4.
2je, — pc,-3n,= 4, 3x, + O+ 2m =1,
3jc +2iG - 30, =15, b)'  jg+ 3Xr+ 2jc, =7,

je - 4a2- 3G = 6. 2jc, + M+ 34 =6.



2jc, - 3X2+ X,

=0 je, + 3jc2- je, =0,

4. a) 5jc2+ 2x, = O, b) 4ic. - 5x2+ x,=0,
4x, ~x 2+ 4%, = 0. 3X, -X 2+ 4x, - 0.
2-variant
-1 1 -2 3
'3 -1 0>
1 2 2 3
1. ,i=3,Y= 2. 2.A= 3 5 laB=
-2 3 1 0
A 7 s v 3
2 3 -2 0
or=-3,>9=5.
4jc, - X2+ 2x, =1, 2ic, - x 2+ 2x} = 3,
3.a) 2x,- 3x2- je, =7, b) e +ijc2+ 2x,- -4,
- 2jc, + &2+ 5jc, = 10. 4jc, + |Cj + 4jc, = -3.
| 4%, - 2iIG + jec, =0, 4jc, -3 ji2- jc, =0,
3jc, + X, - 3jc, = 0, b) 3ic + J5- 2ic =0,
2jc, + 4x2- 7jc, = 0. jc, + 6jc2 = 0.
3-variant
2 -2 0 3
3 2 1 -1 5 -8 -4
1 1 1 5 1 = = 2. N=7 0 -5 , B=
Kk 1 g
3 4 -4 0 '
a =5, 1
3jc, + ¥ - 5jc, = 0, 3jc, + XJ - 2jc, = 6,
3.a) 2jc, + g+ 3jc, = 7, b) sjc, - 3jc2+ 2jc, = -4,
4jc, + JJ - 13jc, = 2. 4jc, - 2jCj - 3jc, = -2.
2jc, + 5jc2- jc, = O, 2je - J+3X =0,

2jc, +1 IjCj - 5%, = 0,

2jc, - jc2 +3jc, = 0.

3jc + 2Xj - 2X, = 0,

e -3jG +4jg =0.



6 0-11
2-2 0 1
1 =2,
1 1-3 3
4 1 -1 2
r5 -8 -4» fl
22A=7 0-5 1
A 1 0 2
djc, + 2x1~ Jt, = 11,
3.a) 3n - x2+4x,=-6,

5xI + 5jtj - 64c, = 26.

5x, -  -3%=0,
4.a) 3x, + 2xr+ x}*0,

X, + 5x2+ 5x3= 0.

1 -1 0 3
2 1
1 *=3,
1 2 -1 3° J
4 0 1 2
1 2 1 7 5
22A=1-2 4, B=5 3
B -5 3 u 2
M2x, + 4Xj - 5x, = 10,

3. a8 3x,- 3x2+ 4x, = 1,
[ x,+11xr-14x,=18.

4x, + x2- 3x3=0,
4.a) 5x,+2xj- x, =0,

X, + Xr+2xj=0.

- 2.

a--3 /5H=1
-1 -3
3%, - Xr+ jt, « -11,
b) 5x, + X, +2x, = 8§,
X, + 2Xr+ 4x, = 16.
X, + 7x2- 3%, =0,
b) 4x, - Xr+ 3x, =0,
6X, + 4xr - 2x, = 0.
5-variant
=1
-1 a=-1, /?=-3.
3,

X, - 3x2- X, = 1,
b) 2X, + Xr+ x, = -7,

2X, - X2- 3x, = 5.

2x, + 3x2- x, =0,
b) X, - X2+ 3x3=0,
3%, + 5x2+ x, =0.



2
1 -1 2 1
, /=2, i=4
4 1 2 0
1 1 -1 17
3 1 20 '0 -1 '
2. A= 10 2 #=2 1 1 a=I =1
vz J 7 1
5x,-4x, + Xx3=6, X, +20c, + X, * 8,
3.a) 3x,+2x2~ jc, =3, b) 3™ —2je, - —1;
jc, + 8xr —3jc, = 2. 2%, - Xr+3x,= 1
5ic, + J2- 4jc, =0, 4jc, + 2xr - 3x, = O,
4. a) 2x, - 3x2+ 2jc,=0, b) *.+ Y, 4 2je, =0,
jo, =10x2+ 10X, = 0 . 3x,+2xr_ 2x, =0.
7-variant
8 2 -3
-2 0 4 _
/=1 j=4
-3 7 -1
2 0 2
\ r2 o 5
B= 4 -1 2
S v4 3 7i
- aga 2t +3x2— X, —2,
3.a) 5, b) &~ +3x=-4,
x, + x +2x,=-2. 3(,"‘5)(2']‘ * 4
2x, - Xr-3x, =0, 3x,+ x2+ 2x,=0,
3%, +2x2-3x, =0, *>+3x, +2x,=0,

X, -4x2-3x, =0. 2x,+ x, +2x, = 0.



f-2 3 3 3 I
2 A= 3 -1 -4 ,B=0 6 2 =2, di=-3
-1 2 2, 1 9 o
5%, + - 4x, =-3 4x, + 2x2- 3%, = -2,
3.a) 2x,- 32+ 2x,=13, b) X + x2+2x3= 5,
10x2+ 10x,=30. 3x, + 2x2- 2x, = -1.
4x, . *0 *+2X, =0, 2x, - x2+ 2x3=0,
4.a) 2x, -3x2. =0, b) x +x2+ 2x3=0,
~2x, +ix +5x,=0. 4x, + x2+ 4x, =0.
9-variant
0 4 1 1
-4 1 3
2 , /=4, 7=3.
0 12 -2
t 3 4 -3
~3 4 2 rr 4 4
2, A= 1 5 3 Q0= 13 2 o=-5p=1
,0 1 2 T2 Y

2X, + 6x2—3m, =-3,
3.a) 3x - 2x2+ x, =12,

X, + 14x2 7x,= -8.

4x, + x2- 3%, =0,
X, - 2X2+ X, =0,

5%, - x2- 2x, =0.

2x, - X2+ bx, =27,
b) 5x, + 2x2+13x, =70,
3x, - Xx3= -2.

5x, + x2- 2x, =0,
2x, - X2+ 3%, =0,
2X, + 7x, = 0.



0-217

4 -8 2-3 .
JS=4j=2
10 -5 4
-8 3 2 -1
-1 0 2 3 0 r
2 3 2,B=-3 117 a=-1, /7=4.
, 3 7 b 4 1 3 2
3%, - 2x2+ - m, 4jc, + je2- 3jc, = =6,
3. a) 7x, - 9x2+ 5%, =-10, b) 8x, +3x2-6x, =-15
2jc, + 3X2- 2jc, = 2. X, + Xj- X, =-4.
4x, - Jg + 3jc3=0, 2K - g - 3ac, = 0,
4.a) sic, - 7je, =0, b) ic +5x2+ x3—0,
jo, + je, - 10x, =0. 3ic, + 4jc2 + 2jc, = O.
11-variant
5 -3 7
3 2 0 2
1. -3, =4
2 14 -6
3 -2 9 -4
17 3 '6 5 2
2.Aw -4 9 4, fi= 1 9 2 a=-3, Pm-2
w0 3 2 v 5 3
2jc, -3 x2+ e, =-1, X, +3x, - x,=0,
3.a) 5jc2+ 2jc, = 2, b) 4x, - 5x2+ x, =7,
4jc, -jc2+4jc, =-3. 3%, - X2+ 4x, =-4.
2jc, + 3jc2- x, =0, 2x, - x2+ 2x, =0,
Sic, - J + 2jc, = 0, X, + x, +2x, =0,

jo,- 7x2+ 4x, = 0.

4x, + X, +4X. =0.



1 JS=1l y=2
4 12
1 12
2 6 r "4 -3 2
2. A= 1 3 2 ,8= -4 o 5 a=l p=2
0 1 1 , 3 2 -3,
2x, + 5x2- je, = 1, 2ic, - x. +3jc, =1,
3.a) 2x, +1 1jc2- Sjc, = 3, b) 3ic *+2jc2- 2x, =1,
2jc, - x2+ 3jc, = 1. jc,-3jc2+4jc, =3.
3jg - 2jc2+ jB= 0, 2jc, + je2+ 3jc, = 0,
4.a) 4jc - j2- 2jc =0, b) x.- sic2- x, =0,
2jc, - 3jc, + 4jc = 0. 3jc, + 4x2+ jc, = 0.
13-variant
2 1 2 0
3 4 1 2
1 , /=2, =3

6 9 4 1
n= -1 1 1, = 3 4 3 a=5P=2

1 7, |0 5 2.]

3jc, + J2- 4jc, = -4, 4jc, - 7iCj =1,

3. a) jc, + 2jc2- X, = -4, b) 2JC, + i - 3jc, = -1,

X, +7x2 =10. 3jc, +5jc, =16.

3iC, + Jci - 5jc, = 0O, 3jc, + j - 2jc} = 0,

2X, + ij + 3jc, = 0, 5jc, - 3jCj + 2x, = 0,

4jc, + J§ - 13jc3= 0. 4jc, - 2%, - 3%, = 0.
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w
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v 1 8, 5 6
4jt, + x2—31r, = 4, 5ar, + 7x2- Xx3= 1,
3.@) 2x,- 3x2+ x3= 6, b) e + 7x3= 6,
2x,- 10x2+ 6x3= 10. 2jct —4jc2 + 5x3= —1.
2X, + 6x2- 3x, = 0, 2jc,- x2+ 5x3=o0,
4.a) 3jc, - 2x2+ x3=0, b) 5x, +2jc2+13jc3=0,
X, + 14x2- 7jc3= 0. 3x, - e =o.
15-variant
3 12 -3
1 4 -1 2 4
. ’ v - 3.
|l -2 1 1°°'=1J
4 -1 2 5
5 1 -2 '3 5 5
22A= 13 -1 1B=7 1 2 o=-2,f)=—2.
S 4 -1, J 6 O
3jc, + 7jc2- Xy ~ 1, 3jc + 2jc, - X, -6,
3.8@) 2, + 15x2+ jc3=10, b) x, + 3x2+ 2i83= 9,
4jc, - je2-3x3=10. 4jc, - 5j2+ jcIF5.
3jc, - 2jc2+ x3= 0, 4jc, + j2- 3jc, = 0,
7jc, - 9jc2+ 5x3= 0, 8x, + 3Xr- 6x3= 0,

2jc, + 3x2 -2jc3= 0. X, + x2- x3=0.



3 1 2 0
5 0 -6 1
1. /=3, j=2
-2 2 13
13 2 1
' -2 54 -1 -1 1
2. A= 3 0 6,5= 2 3 3 a=-1p=-2.
3 4, a1 -2 -
5%, - x, =3, 2Xx, + x2- 3x3= 11,
3.a) x, +3x2+ 7x3=8, b) - 4x, + 8%, = -4,
3jf, + x2+ 3x3=7. 5x,-6 x2 =21.
X, - 2X2- 3x, =0, 3%, - X2+ x3=0,
4.a) x,+ 3xr- 5x3=0, b)m5x, + x2+ 2x3= 0,
2x, + x2- 8x3=0. X, + 2X, + Ax, = 0.
17-variant
3 2
1 0 /=2,j=4
1 -2 21
5 1 -2 4
2 -1 -3¢ 2 -1 -2
2. 1= 8 -7 -6 , B=3 -5 4 , a=1 P=2
v-3 4 2: 3 2 1,
4x, + x2—3x3=5, 3%, - X, +3x, =2,
3.a) Xx,- 7x2+ X3= 14, b) 3x, + 6x, =3,
2x, + 15x2- 5x3 -20. 2X, - 5x. =-12.
3%, + x2- 2x3=0, 2x, - 3x2+ 4x3= 0,
4.a) x, +3x2—5x3=0, b) 3x + x2- 5x3=0,

5x. — X, + x, =0. 4x,+ X2+ 6x, = 0.



32 0 -5
4 3 -
1 5 0 =2
10 -2 3
01-3 4
3 1 0 31 G
2 A=4 3 2 B=43 2 a=2 =5
2 2 -7, 2 2 -7,
3jc, + 5x2- n, = 7, 2jc +4n2- jc =7,
3.a) 2n, +1lbe - 53=6, b) 4jg- N2+ 57=-11,
an, - X2+ 3n, =6. i+ 312 jg =6.
4jc, + 2je2- X = 0, 3n, - j2+ jg =0,
4.Q) 3j, - JJ+ 4jc =0, b)« 5ic + jtj + 2jc =0,
5n, + 512 - 61, = 0. Js + 2j2+ 4jg = 0.
19-variant
10 4
-4
i=27=3
-2 -
-5 4
-3 4 @a 7 -r
& = 45 1,8=0 2 6 a=1p=3
3 ¥ 2 1 4
ac- »¥y+2n, O 31, +5n2- N, =1,
3.a 4 +3ic =4, by 2n + n2+ n, =-3,
L+ G+ J=-2. n+4n2-3n,=2
20, +4Q- 5c=0, X, - 3M12- n,=0,
4.8) 3Bic- 3+ 4n, =0, b) 20, + n2+ n,=Q

X, +11n, - 14n. =0. 2n, - n,-31.=0.



-1 2 4 1
2 3 0
1 j —mG.
22 1 4
312 1
f 34 —1 2 -2 O
2. A= 12 3,B=5 4 1 a-4,/?-=s.
v5 0 | 1 12
djc, + xr- 3xj=1, Sjc, + jc2 - 2jc3= 1,
3.a) x - 2je, + jc, = 2, b)- 2n,- j2+3j3=2,
5xX, j2 2ac3 5. 2jc, + 7jc, :16.
sjc, - 4j2+ je3= 0, jt, + 2jc2+ X3= o,
4.a) sjc, + 2x2- x» =0, b)- 4xt 3x2- 2x3=0,
X, + 8jc2-3jc3=0. 2x,- x2+3%,=0.
21-variant
11 -2 0
36-2
/=4, y=1
10 6 4
23 5 -
r3 5 -6' 2 8 -5°'
2. 1= 2 4 3, 5=-3 -1 0 ,e=3 8B=2
43 1 1, 44 5 3J
4jc, -x 2+ JC3= -8, 2je - je2- 3jec3=-9,
3. a) 5(?, - 7X3:—3, b) dc + 5jc2+ jc3= 20,
X, + x2—10jc3=3. 3jo,+ 4j2 + 2 jci3=15.
Sjc, - 2 2x3= 0, 7n, - sic2 + X3 =0,
L —ie+ jS=o, 4, + x3=0,

2je, + 3x2- Ft3=o. 22X +3x +4x. =0



2 0-1-3
6 3 -9
0 2-1
4 2 0
2 -1 o' -3 o -2'
Z Xm= 3 3 1, 8= 1 -6 3 a=2 P=-b.
4 -4 .5, u2 0 2/
2X, +3r, =-2, 4jc, - X2- x3=10,
3.a) g- + 2jc = -5, b) 2x, + ejc2 = 38,
G+ X2+ X3=1. IS o) -7jc, =5.
5x, - 5x2 - 4X, = 0, jo + X2+ 2jci3= 0,
4.3a) 4y, - 4jc2- 9X, =0, b) 4ic + i+ 4x, = 0,
3jc, -3 x. -14jc. =0. 2jc - &2+ 2nr3= 0.
23-variant
-1 2 0 4
2 -3 1 1
1. » /=4 T7=4,
3 -12 4
2 0o 1 3
2 -1 -4 0 0 —4y
2. A= 4 -9 3.8B= 5-6 4 a=-5p=1
2 -7 1 J -4 1,
jc - 2je2- 3m, = 3, 3 - X+ Ag3=12,
3.a) jo+3wr- 5c3=0, b) sx+ m2+ 2w, =3,
2+ & - 8jc, =4, &+ 2C+ 4nc, = 6.

;- &+ 203=0,
4, +3m =0
o+ x2+ x,=0.

3 +5x2- &=0
b) 2w+ g2+ g3=0
&+ 4per- 3x3= 0.



4 12 O
-1 2 1-1
1 /= =2
3 12 3y
5 0 4 4
8 5 -T fa -7 -6N
2 A= 15 3 B= 2 -1 a=I1p=-2
J ) 2,
3X, + X, - 2x3=5, 2X, - 3X2+ 4x3= 3,
3.a) x, + 3X - 5x3= 3, b)J 3x, + xj-5x,=10,
5x. - X, + X, =1. 4x. + X, +6x, =1.

3%, + X2- 4x, ~ 0,
4.a) x, +2x2- x, =0,

X, + 7X, =0.
4 3 -2 -1
2 1 -4 3
r=2,
0 4 1 -2
5 0 1 -1
1 -f '3
n=2 -1 | ,5= 2
J o 1,
5x, - Xxr-2Xj=1,

3.a) 3x, - 4xr+ x, =7,
2x, + 3xr- 3x, = 4.

4x, + x2- 3x3=0,
X, 7x2+ x3=0,

2X, + 15x2- 5x3= 0.

4%, - Tx2 0,
b) 2X, + x2- 3%, =0,
3X. + 5x, = 0.
25-variant
=3.
<f
4 6 a=3 /3=5
- 3]
7X, - 5%, + x, =-33,
b) 4X, + X, =
2X, + 3X2+ 4x3=12.
3%, - x2+ 3x3 0,
b) 3x, + 6X, =0,
2X, - 5x, * 0.



3 5 1 2
O 1 -1 -2
1. /=4
3 1 -3 0
12 -1 2
f-6 1 If
2. A= 2 B =
vo 3 7
5J- 5x2- 4x3m-3,
3.a) 4x, - 4x2- 9x3=0,

3X,-3x2-14x3=1.

3, + Xx2- x,=0,
4. a) 2x +11x2- 53=0,
4%,  x2+3x3=0.

2
1
0

O W R N
a d» p N

1

-3

'3 1 2 '0
-1 02,B:2
12 i; 3

2(, + 3x2- X3= _7’
3.a) 5x - Xxj+2x3=12,
X, - 7Xr+ 4x3= 20.

2, +3x3=0,
X, - X2+ 2x3=0,
X + X, + x3=0.

» =4,
2

7=1
B3 0 1
o 2 7 a=2 P=-\.
J 3 %
X, + X2+ 2x: = -4,
b) AX, +x2+ 4x, -3,
2X,-X2+ 2j3= 3.
2x, +ax2- x, =0,
b) 4x, - X2+5x3=0,
X, +3x,- x, =0.
27-variant
7=1
-1 2
1 1,a=3 />=-1.
7 1,

2%, - X2+ 2x3-0,
X, + X2+ 2x3= 4,
4x, + X2+ 4x3=6.

b)

4x, - X2— x3=0,
22X, + 6X, =0,
3X - 7%, =0.



4 -5 1-5
-3 2 8 -2
5 3-13

4x, - 2x2+ x3= 5,
3.a) 3x,+ x2- 3x,=5,
2X, + 4x2- 7x3= 4.

4x, + Xx2- 3x3=0,
4.a) 2x,- 3x2+ x,=0,
2x, - 10x2+ 6x3= 0.

"3 -7 2 '0
= 1 -8
4 -2 3/ w2

11

5x, - x2-3x3=19,
3.a) 3x, + 2x2+ x3=-2,
X, + 5x2+ 5x3= -20.

3X, + 7x2- X, =0,
2x, +15x2+ x, =0,
4x, - x2-3x3=0.

2
51
2 1 a=4 p=-4
0 2]
4x, - 3x2- x3=5,
b) 3x, + x2- 2x, =-2,
X, + 6X, =-5.
5%, + 7x2- X, =0,
b) X, + 7x3= 0,
2X. - 4%, + 5%, = 0.
29-variant
-3
1 a=— P=2.
_5’

X, + 7X2- 3x3=9,
b) 4x, - x2+ 3x3=-8,
6%, + 4x2- 2x3=0.

x3=0,
X, + 3x2+ 2x3=0,
x & 0.

3%, + 2x2-

4x, - 5x2+



1 i=2,3=2.
3 0] 1 1
2 1 2 3
4 1 -4 0o -1
2. A= -4 6, B= 2
i 2 4 1

3jc, - 2x2+ X} =3,
3.a) 4xt-
2X, - 3X2+ 4x, = 2.

x1- 2xi =6,

5jc, - X2~ Xr=0,
jc, + 3jc2+ 7jc3= o,

3X + X, + 3X, = 0.

2jc + X2+ 3Xx, = -3,
b) x -5x2-

3%, +4*r+ X, = 4.

X:=-10,

2xt+x2- 3x3=0,
b) a4 + 8ji3= 0,

5jc, - 6X, =0.

NAMUNAVIY VARIANT YECHIMI

2 -1 2 3
-3 0 1 1

2 1 2 3

® a) Determinantni /= 2- satr elementlari bo'yicha yoyamiz.
Determinantning 9 xossasiga ko‘ra

0—adA2 +anAn +a2AB+a2ZAu = —adAfd +a2lM 2—a3M ly +auAu =.

1 2 0 4 2
=-2 0 1 1 1 3 1
1 2 3 2 2 3

4 1 0 4 1 2
2 3 0 1 +3 3 0 1
2 1 3 2 1 2

=-2-(3+2+0-0-2-0)—-12+4+0- 0+8+18)-2-(0+2+0-0+4+9)+
+30+2-6-0+4+6)=-6-18-30 + 18=-36.



b)Determinantni j =2- ustun elementlari bo'yicha yoyamiz:

A= AR+ azAz"b”3"3R2 M2M2 * ~AN\INNL N22022 MNP MRV —

2 2 3 -4 2 0 -4 2 0
> -3 1 1-1- -3 1 1 -0+1 2 2 3
2 2 3 2 2 3 -3 1 1

=-(6+4—18-6-4+18)-(-12+4+0-0+8+18)+
+(-8-18+0-0+12-4)=-0-18-18 =-36.

c) Determinantni y=2-ustundagi bittadan boshga elementlami nolg;
aylantirib va shu ustun elementlari bo‘yicha yoyib hisoblaymiz.

Biming uchun:

- 1-satr elementlarini 2- satming mos elementlariga qo‘shamiz;

- l-satr elementlarini (-1)ga ko‘paytirib 4-satming mos elementlarigc
go‘shamiz;

- determinantni 2-ustun elementlari bo‘yicha yoyamiz

-4 12 0
0 4 3 -2 4 3 -2 4 3
-2
O= =MN-1M -3 1 1=—--3 1 1
-3 0 11
6 0 3 6 0 3
6 0 O 3

Uchinchi tartibli determinantda 2-ustunning 2-satri elementidai
boshga elementlarini nolga aylantiramiz. Bunda anelement nolga tenj
bo‘lgani uchun fagat alRelementni nolga aylantiramiz. Buning uchun 1-satrg;
(-4)ga ko'paytirilgan 2-satmi go‘shamiz, hosil bo‘lgan determinantn
2-iistun elementlari bo'yicha yoyamiz va kelib chiggan ikkinchi tartibl
determinantni hisoblaymiz:

10 0 -1
A=- -3 1 1 =-I-(-1)2¢2>
6 0 3



4 1 -4

0 -1 I
230. A= 2 -4 6 , B=2 5 o0
2 -1 1 1 2,

® a) aA-+pB matritsani topish uchun A matritsa elementlarini aga, B
matritsa elementlarini p ga ko‘paytiramiz va hosil gilingan aA va ps
matritsalaming mos elementlarini go‘shamiz:

4 1 -4 'o -1 I

CA+PB=(-4)m2 -4 6 +4 2 5 0

11 2 -1, & 1 27
"~16 -4 16 0 -4 4"

= -8 16 -24 +8 20 o0

o 4 -8 4/ 4 4 s,
-16+0 -4+(-4) 16+4' "-16 -8 20"
- 8+8 16+ 20 -24+0 = 0 36 -24

AN 4+4 -8+ 4 4+8; 4 0 -4 12

b) AB martitsani matritsalami ko‘paytirish qoidasi asosida topamiz:
4 1 \"o -1 T
AB= 2 -4 2 5 0=

1 2 41 1 2y

"0+2-4 -4+ 5-4 4+0-s) '-2 - 3 -4
0-8+6 -2-20+46 2+0+12 — -2 =16 14
\O+4—1 -1+10-1 1+4+0- 2 4 3 8 -1y

c) A matritsa determinantini hisoblaymiz:

4 1 -4
1A= 2 -4 6 =16+6-16-16-48 +2=-56*0.
1 2 -1

Ay algebraik to‘ldiruvchilami topamiz:



4.=- 2 1 =" XT =° ==
& = _i ’g =-io, 4,=- j _g =-32, N,= ; _i -18
Bundan
1 1 5°
' -8 -7 -10 7 8 28
A=— A Aijz ' g o a2 — oo
MI = -56 ~7 28
4, Ny \8 -7 -18, Il 1 9
4 7 8 28,
A2 = E ekanini tekshiramiz:
(1 1 f 4-1+4 4+0-4 20+16-36"
4 1 -4 7 28 7 8 28
A= 2-4 6 1 16 2+4-6 2-0+6 10-64+54 “E o
7 28 7 8 28
1 2 -1 11 9 1-2+1 14+0-1  5+32-9
|l 7 8 280 1 7 8 28
3jc, - 2x2+ X}= 3, 2%, + X, +3m= -3,
3.30.a) 4%, - *2-2* =5, b) * -5%2- * =-10,
2%, = 3% +4jc3 - 2. 3, +4%2+ *3= 4.

® a) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:

rif —2 »~1 3> r 3 -2 3
C= 4 -1 -2 =6 b . 2 4 -1
v 2 -3 4 2 4 2 -3 2
1 3 -2 3 N 1 3 -2 3>
0 10 -5 12 -~ 10 -5 12
0 -10 5 -10 0 0 2

%

r(A)=2+*3 =r(C). Demak, sistema birgalikda emas.



b) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar

bajaramiz:

-5

-1

S

1
51

11

>
-3
-10
4,

-10

-10
17

1

ri
-3

1 3

1
11 0

0

r

1

0

-5

-5

1
4

19

-5
1

11
51 1 51) 4, o

11

{ mN

r(A)=3=3=r(C). Demak, sistema aniq sistema.

1) Sistemani Kramerformulalari bilan yechamiz.

Sistemaning determinantini va yordamchi determinantlami hisoblaymiz:

1
5

2
A= 1
3 4

2
e= 1
3

3

-1

1

-3
10
4

51;

3

-1

=102;

1

-3

Ax,= -10
4

2

os= 1
3

1
-5
4

1
-5
4

-1

1
5

1
4

3

-10
17

-1

5

11
1

3
1
1

-3

-10

4

o)
-0

11

34

-10
17

11
-1 .

]

-51;

Tenglamaning yechimini Kramer formulalari bilan topamiz:

X _AQ c~51

b

X —n2 102 2.

~ 0~ 51 ~

2) Sistemani matritsalar usuli bilan yechamiz.

Sistema uchun [O=51.

AX,

-51

-51;

A ~51

AN



-5 -1 I - 1
a - _— _ S— A S
) 4 1 3 1 3
13 2 2
=_ =11; A2 =-7; =-
4= 4 31 No=- 3
1 3 2 3 2
=14 42=- =5 =
4> 5 1 -1 B= 4
U holda
-1 11 14
A"=- -4 -7 5
51
19 -5 -11
Tenglamaning yechimini X =A~B formula bilan topamiz:
-1 1 14\ r -3 3-110+56 -51'
X=AB=— -4 -7 5 -10 »=- 12+ 70+20 102
g s -1y 4, 57+ 50-44 _51,

Demak, x, =-1, x2=2, x,=-1.

3) Sistemani Gauss usuli bilan yechamiz.
Gauss usulining 1-bosgichi yuqorida sistemani

4
1
=-5;
4
|
=-11.
-1
= 2
v- |

tekshirishda uning

kengaytirilgan matritsasida bajarildi va quyidagi ko‘rinish hosil qgilindi:

r N

1 -5 -1 -10
5 17
0 1
1 1
0 o 1 -1

u

Gauss usulining 2-bosgichini bajaramiz:

X, - BXxr— X, =—0, X,= -1,
5 17 5
X, +—X - =, x, +2 k(M= 17
1 1177 n 2 (fl 1
X,=- 1 x| -5xr- (=) =—10



* = - * =1,
Xr= 2, = *r=2, 0O

* -5-2 =-11 =-1.
5* — *x2- X, =0, 2X, +X2-3x3=0,
* +324+7%, =0, b) an:, +803=0,
3G+ *2+3*, =0. 5*, - 6%, =0.

<& a) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:
1 -r _* -16 -36" '0 -16 -36

n=l 1 3 7 1 3 7 1 3 7
cl3 1 3 2 -8 _18 £ ° O

r(A)=2, n=3, r<n. Demak, sistema cheksiz ko‘p yechimga ega.
Ulami topamiz:
j5*, - - *3=o, 15% *2 *3
| * +32+73=0 [* +32=-7*3

_5 < T o _ 5 T _
o S KT g 3 TR ST g i

A 4 2.4 4
Erkin noma’lumni *3=-4/ (jfc-ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz: * =Kk, *2=9k, x3=-4k

b) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:

1l2 3N i "l o 2'
PP o2 T T g
n=:44 o 8 \4 0o 2 2 1 -3
Vo6 0 S -6 0 s 0y
N >
| 0 2 'l o 2

0 1 -7 -0 1 -7
'C6.
L -6 -10y, 1°

o

~52,
r(A)-3 =n. Demak, sistema yagona *, =0,2=0,+3=0 yechimgaega. O



11 bob
VEKTORLI ALGEBRA ELEMENTLARI

2.1. VEKTORLAR

Vektorlar ustida chizigli amallar. Vektorlarning chizigli bog‘ligligi,
bazis. Vektorning o‘qdagi proyeksiyasi.
Koordinatalari bilan berilgan vektorlar ustida amallar

2.11. Tayin uzunlikka va yo‘nalishga ega boMgan kesma vektor
ataladi va AB yoki a kabi belgilanadi. Bunda A nuqgtaga vektorning
boshlang‘ich nugtasi, B nugtaga uning oxirgi nuqtasi deyiladi. BA vektor
AB vektorga garama-garshi vektor hisoblanadi. a vektorga garama-garshi
vektor (-a) bilan belgilanadi.

AB kesmaning uzunligiga AB vektorning uzunligi yoki moduli deyiladi
va JAB | ko‘rinishda belgilanadi.

Boshlang‘ich va oxirgi nuqtalari ustma-ust tushadigan vektor nol vektor
deb ataladi va 6 bilan belgilanadi.

Uzunligi birga teng vektorga birlik vektor deyiladi va & orqali
belgilanadi. a vektor bilan bir xil yo‘nalgan birlik vektorga a vektorning
orti deyiladi va 5° bilan belgilanadi.

Bir to‘g‘ri chizigda yoki parallel to‘g‘ri chiziglarda yotuvchi vektorlar
kollinear vektorlar deb ataladi.

a va 6 vektorlar kollinear, bir xil yo‘nalgan va uzunliklari teng bo‘lsa,
ularga teng vektorlar deyiladi va 5=5kabi yoziladi. Teng vektorlar erkin
vektorlar deb yuritiladi. Vektomi fazoning ixtiyoriy nugtasiga o‘z-0'ziga
parallel ko‘chirish mumkin.

Bir tekislikda yoki parallel tekisliklarda yotuvchi vektorlar komplanar
vektorlar deb ataladi.

a va b vektorlar yig‘indisi deb a va i vektorlar bilan komplanar
bo‘lgana +6 vektorga aytiladi. Ikki vektorning yig*indisi uchburchak yoki
parallelogramm qoidalari bilan topiladi.

Bir nechta vektomi uchburchak usuli bilan ketma-ket qo*shib borish mum-
kin. Bir nechta vektomi bunday qo'shish usuliga ko pburchak goidasi deyiladi.

de



a va b vektorlaming ayirmasi deb, bvektor bilan yig‘indisi a
vektomi beradigan a-b vektortushuniladi.

a vektorning A*Osonga ko'paytmasi deb, a vektorgakollinear, uzunligi
|4 Ha Jga teng bo‘lgan, A>0 bo‘lsa a vektor bilan bir xil yo‘nalgan, A<0
bo'lganda a vektorga garama-garshi yo‘nalgan Ad vektorga aytiladi.

Agar b=Aa bo‘lsa, u holda a (a*0) va bvektorlar kollinear boMadi va
aksincha, agar a(a* o) va bvektorlar kollinear bo‘lsa, u holda biror A son
uchun b=Aa bo‘ladi.

a=|a\m", ya'ni har bir vektor uzunligi bilan ortining ko'paytmasiga
teng bo‘ladi.

1-misol. ABCD to‘g‘ri to‘rtburchakning tomonlari AB=3, AD=4
M - DC tomonning o‘rtasi, N-CB tomonning
o‘rtasi (3-shakl). AM,AN,MN vektorlami mos

ravishda AB va AD tomonlar bo‘ylab yo‘nalgan
i va j birlik vektorlar orgali ifodalang.

<S> a\a\-d bo‘lishidan, topamiz:

AB=\AB\i=7ii, AD=\AD\-J=4j.
3-shaklga ko‘ra
DM =MC=-DC=-AB=-T,
2 2 2
BN=NC=-BC=-J5=27.
2 2 ! 1-shakl.
Vektorlami qo‘shish goidasi bilan topamiz:

AM = AD +DM =4] +Ni-, AN = AB+BN = 3|+2j-,
MN =MC +CN=A"-JfC =§J—2j. o]

2.1.2. aa, +aa, +..+aral ifodaga a,a2..a, vektorlaming chizigli
kombinatsiyasi deyiladi, bunda a,,a2...a,, -tayin sonlar.

Agar a,,a2...an vektorlar uchun kamida bittasi nolga teng
bo'lmagan shunday a,,ar,...,aad sonlar topilsaki, bu sonlar uchun
a,a, +aal+..+arai = otenglik bajarilsa, u holda axa2...,a,, vektorlarga
chizigli bog'liq vektorlar deyiladi.



Agar a,at+a2a2+..+a,a,, =Otenglik fagat a, =a2=...=a,, =0 bo‘lganda
o‘rinli bo‘lsa, u holda, a,a2....aa vektorlarga chizigli erkli vektorlar
deyiladi.

Ikkita vektor chizigli bog‘liq bo‘lishi uchun ular kollinear bo*lishi zarur va yetarli.

Uchta vektor chizigli bog‘liq bo‘lishi uchun ular komplanar boMishi  zarur va yetarli.

Agar R" fazoda ixtiyoriy a vektomi n ta chizigli erkin e, e2,....en
vektorlaming chizigli kombinatsiyasi orqali ifodalash mumkin bo‘lsa, ya’ni
a*at\taZ2+..+a jn tenglik bajarilsa, u holda vektorlar R"
fazoning bazisi deb ataladi.

a-a” +azx2+a,e3 tenglikka a vektorning &,€20, bazis bo'yicha
yoyilmasi, a”a”a, sonlarga a vektorning é,620 bazisdagi (ffin
koordinatalari deyiladi.

<3) Uch o‘lchovli fazoda komplanar
bo‘lmagan &, é2&avektorlar bazis tashkil
giladi. Ikki o‘lchovli R1fazoda kollinear
bo‘Imagaii &,,62vektorlar bazis tashkil etadi.

2 -misol. Uchburchakli muntazam
piramidada AB,AC,AD- A uchning qgirralari,
DO-d uchdan tushirilgan balandlik (2-shakl).
Agar &,,628, mos ravishda AB,AC,AD qirralar

bO‘ylab yo‘nalgan vektorlar boMsa, DO
vektorning &,,ér,é3 bazis bo‘yicha yoyilmasini

toping.

® Vektorlami songa ko‘paytirish 2-shakl.
amalining- -xossasiga asoslanib, topamiz:
AB=0¢, AC=" 2 15=ng3 buyerda -hagqigiy sonlar.

Piramidada &,,82&} girralar komplanar emas. Shu sababli DO vektomi
8,,626, bazis bo‘yicha yoyish mumkin.

Piramida muntazam bo'lgani uchun uning balandligi asosining
medianalari kesishish nuqtasiga  tushadi, ya’'ni O -uchburchak
medianalarining kesishish nuqtasi bo‘ladi.



Vektorlami go‘shish qoidasiga ko‘ra DO =DA+AO.

Bunda
DA=-AD=-JLe, AO=-AM=—A -~£=1(0¢ H1ED.
4 7 3 3 2 3('&/‘e
Demak,
DO =-[1€3+ +1g). O
2.1.3. A nugtadan o‘qqga tushurilgan perpendikulaming A asosiga

A nugtaning | o ‘gdagiproyeksiyasi deyiladi (3—-shakl).
A va vOnuqtaJaming / o'qdagi Ava [ proyeksiyalarini tutashtiruvchi
nao  vektorga AB vektoming | o ‘gdagi H
tashkil etuvchisi deyiladi (3—shakl).
ABvektoming lo'qdagi proyeksiyasi deb
AIBt tashkil etuvchi va / o‘gning bir tomonga
yoki garama-garshi tomonlarga yo‘nalgan
bo‘lishiga garab, musbat yoki manfiy ishora
bilan olingan JABI | songa aytiladi va IMp, AB
bilan belgilanadi, ya’ni
np,AB"+\AJBI |
a vektor bilan uning /o'qdagi tashkil
etuvchisi a,orasidagi @ burchakka a vektor bilan lo ‘g orasidagi burchak
(ikki vektor (a va a,) orasidagi burchak) deyiladi (3-shakl).
Vektoming o‘qdagi proyeksiyasi quyidagi xossalarga ega:
1°. /J"esjelcos™»;
2°. Mp,(a, +a, +..+ar)=lNp,ax+Mp,ar+..+Jp,a,,;
3. [p,(J1-a) =A-TMp,a.

2.14. Bazisning vektorlari o‘zaro peendikular va birga teng uzunlikk
ega bo‘lsa, bu bazis ortanormallangan bazis deb ataladi. Dekart
koordinatalar sistemasi Oxyzortanormallangan bazis tashkil giladi. Bunda

bazis sifatida Ox, Oy, Oz o‘glamig ortlari bo‘lgan i,j,k vektorlar olinadi.

a vektor i,j,k bazisda quyidagicha ifodalanadi:
3=aj+aj mark. 11)



(1.1) ifoda vektoming I,j,k bazis boyichayoyilmasi deb ataladi va
gisgacha a={axay;ar} deb yoziladi. Bunda a”.a.larga a vektoming

koordinatalari yokiproyeksiyalari deyiladi.
a vektor uchun

[a\=Jo] +ay+a;, (1.2)
ya’'ni vektoming uzunligi uning koordinata o‘qlaridagi proyeksiyalari
kvadratlarining yig‘indisidan olingan kvadrat ildizga teng bo‘ladi.

a={axN/a,} vektoming yo‘nalishi uning Ox,Oy va Oz o‘glari bilan
tashkil gilgan a,p,y burchaklari bilan aniglanadi.

Bunda

cosa =E’~, cosp :3}’_, c03y:3 [
N\ lal N\

cosor, cos[l cosy sonlariga a vektoming yo naltiruvchi kosinuslari
deyiladi. Bunda cos2a + cos2/? +cos2y - 1.

a vektoming birlik vektori uchun a0={cosa,cosfi;cosy}.

3-misol. Uzunligi \a=2 ga teng vektor Ox,0y koordinata o‘qglari bilan
a =60", y?=120"li burchaklar tashkil giladi. a vektoming koordinatalarini
toping.

® Vektoming o‘qdagi proyeksiyasining 1I‘ xossasidan topamiz:

ax=jo|cosar = 2cos60° =2 -i=1; af =|a]c0os>9= 2c0s120° = 2- =-1.

Vektoming uzunligini topamiz:
2=¢p +\a].
Bundan a2=2yoki a, =V2 va at --42.
Demak,
a={;-1;>>/2} va a={;-1,-V2} O

215. a=aj+aj +akvab6=fcj+bj + vektorlar berilgan bo‘Isin.

U holda

axb=(axxbxi+(ayxbf)j +{actbljk (yoki axb={ax+xb/,aytby,at+6J),
Ha=Aax +Xayj +Aark (yoki Xa* {AaxAay;Aat}).

a=£ dan ax=bx, a,=by, ax=b, kelib chigadi.



4-misol. a=-4/-2] +4k vektor berilgan. Bu vektorga garama-garshi
yo‘nalgan, kollinear va uzunligi |iA]=9 bo‘lgan vektoming koordinatalarini
toping.

<S> b vektoming koordinatalari bxbvb2 ya’'ni b={ot-b/;bj bo‘lsin.
ava b vektorlar kollinear bo‘lsa a=/Jb bo'ladi, bu yerda X-ixtiyoriy son.

U holda ikki vektoming tengligi shartidan bx=%ax bv= Aay, bz= a yoki

bx=-4/1, br=-2A, b,=4A.
Bu koordinatalami va b vektoming uzunligini hisobga olib, topamiz:
9= -J6AR+A/R+HIGP, 9=46A yoki i=+ >

a va b vektorlar garama-qarshi tomonlarga yo‘nalgani uchun J1<0, ya’'ni

Demak,
b={6;3;-6}. O

Oxyz dekart koordinatalar sistemasida OM vektoming koordinatalari
M nugtaning koordinatalarini aniglaydi. OM vektor M nugtaning radius
vektori deb ataladi va r={*>>z} bilan belgilanadi. Bunda M nugtaning
koordinatalari M(jc;";z)kabi belgilanadi.
Afay”~z~va Bix"y"Zj) nuqgtalar berilgan bo‘lsin.
U holda
AB={x2-X,y1-y,;22-2}, (1.3)
ya’ni vektoming koordinatalari uning oxirgi va boshlang‘ich nuqgtalari mos
koordinatalarining ayirmasiga teng bo'ladi.
NABI=I(2-xDI +(y2-y1)2+(z2-2,)2, (1.4)
ya’ni AB vektoming uzunligi A va B nuqgtalar orasidagi masofani aniglaydi.
(1.4) tenglikka ikki nuqta orasidagi masofani topishformulasi deyiladi.
5-misol./i(1;2;-1), £(4;5;1), C(3;-1;I) nuqtalar berilgan. a=AB-3AC
vektoming uzunligini va yo‘naltiruvchi kosinuslarini toping.
® Vektorlaming koordinatalarini topamiz:
AB={332}, AC={2-3;2},

a=AB-3AC={3-3+23-3+(—3);2- 3+2}={-3,12—4}.



Bundan
1al=n/9+144 +16 =13, cosor=— ,c0SB=—,cosy=—_. O
11 13 13 13

Boslang‘ich va oxirgi nuqtalari Aix"y”~z,) va i?(*2;y2;z2)bo‘lgan AB
kesma berilgan bo‘lsin.

. . . . . AC
AB kecmani berilgan A>O0nisbatda bo‘luvchi, ya’ni bu kesmada EB=A

tenglik bajarilishini ta’minlovchi B nuqgta bilan ustma - ust tushmaydigan
C(Xx;y;z) nuqgtaning koordinatalari
X, +5AX2 Y, +ly2 __zt+Az2
A 1+ 1+1 ° 1+/1
formulalar bilan, xususan, kesma o‘rtasining koordinatalari
Xt+x2 v y+y2. —Z* z2
2 : 2 2

tengliklar bilan aniglanadi.

6 -misol. a={2-6;3) va b={-4;3,0} Vektorlardan hosil bo‘lgan burchak
bissektrisasi bo‘ylab yo‘nalgan d ={x;y;z} vektomi toping.
<@ a={2-63} va b={430} vektorlami O nuqtaga parallel
ko‘chiramiz. Bunda a,b,d vektorlar oxirlarining koordinatalari A{2;-6;3),
B(-4;3;0), D(x;y,z) bo‘ladi.
Burchak bissektrisasi xossasiga ko‘ra
NO\N N\ 4+36+9 _7
ID5] |*] V16+9+0 5
Kesmani berilgan nisbatda bo‘lish formulalaridan topamiz:

. . N
x,+5Ix3 2"'_5 -4) g, Y,+ﬁﬂ_ —6Hg 3 3,
1+A i+l 2’ 1+4 1+7 4’
5 5

__zZl+te2_ 5 15 5
“ 1+ 1+7 12 4
5
Demak,



2.1.1. Agar Ja+£ Ha-61bo‘lsa, a va i vektorlar ganday shartni
ganoatlantirishi kerak?

2.1.2. ABC uchburchakda AMto‘g‘ri chizig ZBAC burchakning
bissiktrisasi bo‘lib, M nuqta BC tomonda  yotadi. Agar
AB=a, AC =b\a\=2, Y| =Ilbo‘lsa, AM vektomi toping.

2.1.3. ABCD teng yonli trapetsiyada /.DAB=60°,]JADN\DC /1 CB\=2,
M,N-mos ravishda DC va BC tomonning o'rtasi. BC,AM,AN,NM
vektorlami mos ravishda AB va AD tomonlar bo‘ylab yo‘nalgan mva n
birlik vektorlar orqali ifodalang.

2.1.4. mning ganday giymatida c=a-mb va d=-Jia +6b vektorlar
kollinear bo‘ladi?

2.1.5. Tekislikda uchta a={3;-2}, A={-2;I} va c={7;-4} vektorlar
berilgan. Har bir vektoming qolgan ikki vektor bazisi bo‘yicha yoyilmasini
toping.

2.1.6. Biror bazisda a={m-1,2}, b={3,n,6) vektorlar berilgan. a va
b vektorlar kollinear bo‘lsa s va u ni toping.

2.1.7. a={2;l,0}, b={1;-1;,2}, c={2;2;-I} vektorlar berilgan. d - {3;7;-7}
vektoming a,b,c bazis bo'yicha yoyilmasini toping.

2.1.8. ABCD to‘g‘ri burchakli trapetsiya asoslari \ABN\A va \CD\=2 va
ZABC=45°. AB, AD, DC, ~AC vektorlaming CB vektor bilan aniglanuvchi
/ o‘gqga proyeksiyalarini toping.

2.1.9. ABC teng tomonli uchburchakning tomonlari — ga teng.

Uchburchak AB, BC, CA tomonlarining va AD, BF, CE balandliklarining
ZBAC burchak bissiktrisasi bo'ylab yo‘nalgan | o‘gga proyeksiyalarini
toping.

2.1.10. a={-I;5;-2} va 6 = {2;-I;:3} vektorlar berilgan. Quyidagi
vektorlaming koordinata o‘qlaridagi proyeksiyalarini toping:

1) 3a-2b; 2)--a+-b\ 3)-2a--b; 4)4b-a.
3 3 4

2.1.11. Agar a={2;-I)I} vektoming boshlang‘ich nuqtasi A(3;-2;-4}

nuqta bo‘lsa, uning oxirgi nuqgtasining koordinatalarini toping.



2.112. Agar a={2;4;-1} vektorning oxirgi nugtasi £(-1;3;-4}nugta
bo‘lsa, uning boshlang‘ich nuqtasining koordinatalarini toping.

2.1.13. Tomonlari 5={-1,0;7} va b={5;-4;-5}vektorlar uzunliklaridan
iborat bo'lgan parallelogramm diagonallarining uzunliklarini toping.

2.1.14. A va B nuqtalar berilgan. AB vektorning uzunligini va ortini
toping:

1) A(-4;-9,6), B(8;6;-10); 2) A(6;-1;9), 5(2;-4;-3).

2.1.15. Qxo‘gining berilgan A nugtadan a masofada joylashgan
nuqtasini toping:

1) a=5 2) A{412) a=13

2.1.16. Oy o‘qgining berilgan nugtalardan teng uzoglikda joylashgan
nuqtasini toping:

1) N(-4;2) va B(6;0); 2) A8;2) va S(3;-3).

2.1.17i Uchlari A(4;1;-3), B(l;4;-2), C(I;10;-8) nugtalarda bo‘lgan
ABC uchburchakning /iDmedianasi uzunligini toping.

2.1.18. A/nuqgtaning radius vektori koordinata o‘qlari bilan bir xil
burchak tashkil giladi va uzunligi 3 ga teng. M nugtaning koordinatalarini
toping.

2.1.19. a vektor OXva OZo‘qglari bilan mos ravishda 60°va 120°li
burchak tashkil qiladi. Agar |a|=4bo‘lsa, bu vektorning koordinatalarini
toping.

2.1.20. a={2;3}, A={l;-3}, ¢ ={-I;3} vektorlar berilgan. a ningganday
giymatlarida m=a-+ab va h=a+3cvektorlar kollinear bo‘ladi.

2.1.21. a—16/ - N\ +151vektor berilgan. Bu vektor bilan bir xil
yo‘nalgan, kollinear va uzunligi JA]=15 bo‘lgan vektorning koordinatalarini
toping.

2.1.22. A(2—1;0), B(l;-1;2), C(0;5;3) nugtalar berilgan. a=AB-CB
vektorning ortini toping.

2.1.23. Uchlari berilgan nuqtalardajoylashgan uchburchak medianalarining
kesishish nuqtasini toping:

1) N(7;-4), B(-1;8) va C(-12;-1); 2) N(-4;2), B(2;6) va C(0;-2).

2.1.24. a={5214} va b ={-3,0—4} vektorlar orasidagi burchak

bissektrisasining birlik vektorini aniglang.



22.VEKTORLARNI KO‘PAYTIRISH

Ikki vektoming skalyar ko‘paytmasi. Ikkivektoming vektor
ko‘paytmasi. Uchta vektoming aralash ko‘paytmasi

2.21. Ikki a va b vektoming skalyar ko'paytmasi deb bu vektorl
uzunliklari bilan ular orasidagi burchak kosinusi ko‘paytmasiga teng songa
aytiladi va ab, a -byoki (a,b) kabi belgilanadi, ya’'ni

ab Na\N\ON\aEp (2.2)
yoki
ab b |-Upfiqa |-Upjb,
bu yerda $=(a,b).

Skalyar ko paytmaning xossalari:
. ab=ba (o‘rin almashtirish xossasi);
2". (Ag)b = X{ab) (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi);
3" a(b +c)=ab +ac (go*shishga nisbatan tagsimot xossasi);
4, ax£=> ab=Q. Shuningdek, 56=0 (]aJ*o,|6 |*0)=> a Lb\
5°. 52=|«|2 yoki 'Yrr =Ja]/ia 3).

Koordinata o‘qglari ortlarining skalyar ko‘paytmalari:

J2=J2-p=i im=j m=Ai=j si=km =i m=0.
1-misol. Agar a4, b s, (P-(3,6)=] bo‘lsa, (33 -b)mea+4b)

ko'paytmani hisoblang.
® Skalyar ko‘paytmaning ta’rifi va xossalaridan foydalanib,
hisoblaymiz: ,
(Ya-b)(2a+4b) =ba-2a-b-2a+badb-b-4b=6al+LUb-4bl*

-6« +10]3]|-|6]cosy-4|6 p=6-42+10-4-6--J-4-62=96 +120-144=72. O

(

. _ 2n
2 -misol. Agar |i4]=4, | |=3,(9=I'a,bJ=— bo‘lsa, bu vektorlarga

qurilgan parallclogramm diagonallarining uzunliklarini toping.
. 3 va b vektorlarga qurilgan parallelogram diagonallari a+b va
a-b vektorlardan iborat bo'ladi.



Na+b\=HA(a+b f =n/iAl +2ab +b2= -yflap +2|3] | T \oosp+r\b j2=
=M6+2-4-3-~-]j+9=Vi3,

N\a-b \="{a-bf = nie -lab +b1= | -2|5] |i>|cosp+|b R=
="6 +2-4-3-] +9=V37. O

a=aj+aj +axk, b=
U holda

+fcj +bk. vektorlar berilgan bo‘Isin.

ab = aXox+a,by+ath,,

ya’ni koordinatalari bilan berilgan ikki vektoming skalyar ko'paytmasi
ulaming mos koordinatalari ko‘paytmalarining yig‘indisiga teng bo‘ladi.

(2-2)

3-misol. Agar a - {4;-2;3},b = {11—2;0},c ={2;;-3} bo‘lsa,
(a+3b) M| - b +c) ko‘paytmani hisoblang.
€& T-a-+bbva h-a-b +c vektorlamingkoordinatalarini topamiz:
or={4+3¢1;-2 +3¢ (-2);3+30} ={7:-8;3}, ={a-1 +2;-2 +2 +1;3-0-3} = {5;1,0}
Bundan (2.2) formulaga ko‘ra
mew=7+5+(-8)1+3m=27. O

Skalyar kopaytmaning ayrim tatbiglari

1 Ikki vektor orasidagi burchak. a=aj +ayj +ark va b=bj +6,J +bjE
vektorlar orasidagi burchak <p=(a,b) bo‘lsin.
U holda

. ab
cosip=———-m
IS
yoki
oJ1 +aJ1 +pA (2.3)
Ja] +al +a] mib] +b) +b)
/,(a,;4;r,) va L} ar;0r;rr) yo‘nalishlar orasidagi burchak uchun

COS(» = COSO', COSsOr2+ COsA cospa + COs  COos



2. Ikki vktomingperpendikularliksharti. alb bo‘lsin.
U holda
aj, +ayr +a,br=0. (2.4)
/, va 72 yo‘nalishlaming perpendikularlik sharti
coscr, cosor2+ Q08 COSp r+cosy, cosy2= 0.
3. Vektorning berilgan yo nalishdagi proyeksiyasi:
aA +ab,+ab,

I"])-I:§~a—b yoki TMpa=—
1*1 No + bl+b:

4. Kuchning bajargan ishi: A=FS-cosp yoki A=FS, bu yerda

ya’ni moddiy nuqtaning to‘g‘ri chizigli harakatida o‘zgarmas

kuchning bajargan ishi kuch vektori va ko‘chish vektorining skalyar
ko'paytmasiga teng.

4-misol. Moddiy nuqta A(l;-2;2) nuqgtadan 5(5;-5;-3) nuqgtaga
?«(2;-1;-3} kuch ta’sirida to‘g‘ri chiziqg bo‘ylab ko‘chgan. Quyidagilami
toping: 1) F kuchning bajargan ishini; 2) F kuchning ko‘chish
yo'nalishidagi proyeksiyasini; 3) F kuchning ko‘chish yo'nalishi bilan
tashkil gilgan burchagini.

. Moddiy nugta ko‘chish vektorini, uning va F kuchning uzunligini
topamiz:
Ve AB={4;-3,-5}, |5]=VlI6 +9+25=5V2, |F|=V4+1+9=VI4,
U holda:

1) A- PS2e+4+(-1) «(-3) +(-3) %-5) = 26 (ishb);

2) Hptr « 12« Hnsl32,

I5] Jv2 5"
J) cos —FS_— » —-22 37 ®=arccos]—3—rz7. O
|#2]iS] SvV2-VI4 35 A 3B
5 -misol. m=a+2b va a=5a-4b o'zaro perpendikular vektorlar bo‘Is:

Ava /»birlik vektorlar ganday burchak tashkil qgiladi?
® milri bo'lgani uchun {a+2b)-(5a-4b)=0 bo‘ladi.
Hundan
5a’ +6ab -&}=0 yoki 5|ap+s |al-I6 |cosp-8]£]2=0.



a va bhbirlik vektorlar bo‘lgani sababli: 5-+6cos<0-8=0.
Bundan .

cos<p=£yokf <p~n—. o

2.2.2. Agar komplanar bo‘lmagan vektorlar tartiblangaa uchligining
uchinchi vektori uchidan garaiganda birinchi vektordan ikkinchi vektorga
eng gisqga burilish soat strelkasi yo‘nalishga teskari bo‘lsa, bunday uchlikka
o‘ng uchlik, agar soat strelkasi yo'nalishida bo‘lsa chap uchlik deyiladi.
Masalan, 7,y vektorlar o‘ng uchlik, j,7 .k vektorlar chap uchlik tashkil
giladi.

a vektoming b vektorga vektor ko paytmasi deb quyidagi shartlar bilan
aniglanadigan c vektorga aytiladi:

1) ¢ vektor a va Avektorlarga perpendikular, ya’'ni ¢ JLa va ¢ Xb;

2) ¢ vektoming uzunligi son jihatidan tomonlari a va i vektorlardan
iboratbo‘lganparallelogrammningyuzigateng,ya’ni \ON_N\a\-\oN\singz

bu yerda 9= (d,b);
3) a,b,c vektorlar o‘ng uchlik tashkil giladi.
av&b vektorlaming vektor ko‘paytmasi axb yoki [ab] kabi belgilanadi.

Vektor kopaytmaning xossalari:

. axb =-bxa;

2°.(da) xb = /1(oxb) (skalyarko‘paytuvchiganisbatanguruhlashxossasi);
3. dx(b +c)=axb+axc (go‘shishganisbatantagsimotxossasi);

4°. Agar nolga teng bo'lmagan 5va b vektorlar kollinear bo‘lsa axb=0

bo‘ladi. Shuningdek, agar axb =0 (Ja |*0,]iA*0) bo‘lsa ava b vektorlar
kollinear bo‘ladi.

6-misol. Jj, k vektorlaming vektor ko‘paytmalarini toping.
® Vektor ko*paytmaning ta’rifldan quyidagi tengliklar bevosita kelib
chigadi:
i xj=k, jxk=J, kxi =j.
Hagigatan ham masalan, 7xj =k uchun: k=T ,k £j;



J) U H /K7 1sinQ0° =1; 3) TJ,k vektorlar o‘ng uchlik tashkil etadi.
BhU k»bl jxk=i,kxi=j.
U holda vektor ko'paytmaning 1° xossasiga ko'ra
jxi=-K, kxj=-i, ixk=-]j.
Vektor ko'paytmaning 4° xossasidan topamiz:
iXi=jxj-kxk =G. O
7-rnisol. Agar |5]=3,\b\=4, ax+b ho‘\s&,\(3a-b)x(a-2b)\ni
hliobling.
. Vektor ko'‘paytmaning ta’rifi va xossalaridan foydalanib
hliebbymiz:
(J#~A)x(d-2i) =3axa-bxa-6axb+2fexb = -5axb, chunki axa=0,bxb=Q.
Sundan

|(3d - fc)x (a - 26) H-5ax b [F51a e |b |sin<p=5m msiny =60+1=60. O

L@ +aj +ark, b=bj +b j +btk vektorlar berilgan bo'lsin.
U holda

ar _ 0 a
axb = r— ’ ’
K b, b K I* K K
i j K
axb = (2.5)
K K K

I-misol. Agar a={;3;-2},£ = {2;-2;5} bo'lsa, (2a+3b)x(a-2b)
ko'pftytmani hisoblang.
¢ m~2a +3D va h~a—~2b vektorlaming koordinatalarini topamiz:

m={2¢1+3m;2 +3+3m§-2);2 -2) +3+5}={8,0;11},

N={1- 22,3 -2¢(-2);-2 - 25} ={-3;7;-L.2}.
iUMUn
0 1 8 11 8

0 . .
n- 1- 7+ K=-77i +63j +56k O
7 -12 -3 -12 -3 7



Vektor kopaytmaning ayrim tatbiglari
l.Ikki vektoming kollinearlik sharti. ova bvektorlar kollinear bo‘lsa

axb =0
yoKki
Ek-£r.-£r. 2.6
b. b. 2.0)
9 -misol. m, n ning ganday giymatlarida a = {~2,3;n) va b ={m-6;2}
vektorlar kollinear bo'ladi?
Jo1onm
® Ikki vektoming kollinearlik shartiga ko‘ra — :—6 = >
m -—
Bundan m=4, n=-1. (0]
2. Parallelogramm va uchburchakningyuzlari:
1 2
S =25,= a. L a a .V
K b K b b, K
10 -misol. a=2j~3k va b=4f+3j vektorlarga qurilgan

parallelogrammning yuzini hisoblang.

® Parallelogrammning yuzini topish formulasiga ko‘ra

5 2_3+0_32+02 V92 +12 170
= = =+ +(- =
3 0 4 0 4 3 2 2+ ()2
3. Nugtaga nisbatan kuch momenti:
M =rxF,

ya’ni go‘zg‘almas nuqtaga nisbatan kuch momenti kuch qo‘yilgan nuqta
radius vektorining kuch vektoriga vektor ko‘paytmasiga teng.

2.2.3. Uchta a, b, ¢ vektoming aralash ko paytmasideb a vektorni
b wvektorga vektor ko‘paytirishdan hosil bo‘lgan axb vektorni ¢ vektorga
skalyar ko'paytirib topilgan songa aytiladi va abc kabi belgilanadi.

Komplanar bo‘lmagan uchta vektoming aralash ko'paytmasi qirralari
bu vektorlardan iborat bo‘lgan parallelepiped hajmiga ishora anigligida teng
bo‘ladi, ya’ni V=z=abc, bunda Vektorlar 0‘ng uchlik tashkil gilsa musbat
ishora, chap uchlik tashkil gilsa manfiy ishora olinadi.



Aralash ko paytmaning xossalari:

r. (axb)m =am xc);

2°. abc =bca=cab;

3. Ikkita go‘shni ko‘paytuvchining o‘rinlari almashtirilsa aralash
ko‘paytma ishorasini almashtiradi. Masalan, abc = -bac;

4°, Agar nolga teng bo‘lmagan a,b,c vektorlar komplanar bo‘lsa,
ularning aralash ko‘paytmasi nolga teng bo'ladi. Shuningdek, agar
abc=0 (Jal*o,|b |*ojc |*0) bo'lsa a,b,c vektorlar komplanar bo‘ladi.

a=aj +ar +atk, b-bj +bfj +bX, c=cj +cyj +c Kk vektorlar berilgan
bo'lsin.

U holda

ay 4
abc = A (2.7)

1 -misol. a={-1,-3;2}, b ={2;2;-4}, ¢ = {3,0;-5} vektorlar berilgan.
abc ko‘paytmani hisoblang.
® Aralash ko‘paytma formulasidan topamiz:

-1 -3 2 i Ui
abc= 2 2 -4 =10+36-12-30=4. O
3 o -5

Vektor Ko paytmaning ayrim tatbiglari
1 Fazodagi vektorlaming o'zaro joylashishi: agar abc>o bo‘lsa, u
holda vektorlar o‘ng uchlik tashkil giladi, agar abc <0 bo‘lsa, u holda
vektorlar chap uchlik tashkil giladi.
2. Uchta vektoming komplanarlik shartv.
abc=o
yoki
b br b =o. (2.8)
c c



' AN
ax a, a.

D; =£ = det *

K b
¢ oo @

12-misol. a={2;;-3}, b={;2;I}, c={;-3;} vektorlarga qurilgi
piramidaning bva ¢ vektorlarga qurilgan yoqiga tushirilgan balandliginii
uzunligini toping.

® a={2;-3}, b-{I;2;I}, c = {I;-3;I} vektorlarga qurilgan piramidaning
hajmini hisoblaymiz:

2 1 -3»
v.=ldtl1 2 1 =4+ +9+6+6-H=— .
6 6 6
1 -3 1

bva ¢ vektorlarga qurilgan yogning yuzini hisoblaymiz:

| 2 2

2 1 11 102 512
S=- + + =-n/52+02+(-5)2 =
210 -3 1 101 1 -3 2

Piramida uchun F=§AS. Bundan

25

Mustahkamlash uchun mashqlar

2.2.1.Agar 516, |A]=4,p=(0,i))=— bo‘lsa, quyidagilami toping:
Da b; 2) (2a+b)2 3) Ba-b)(a +h); 4) (2a-3b) (a-2b).

222. a={;-22 va b={24-5} vektorlar berilgan. Quyidagilami
toping: 1) a b, 2) -ld* 3) (3a-2b)-(a+b); 4) (a-b)2



2.2.3. Berilgan vektorlar m ning qanday qiymatlarida,perpendikular
bo‘ladi? 1) a={l;-2m;0}, b={;2;3w}; 2) a={2-2m}, b={E3ml};
3) a={3-m;0;8}, b={3+m;;2}; 4) = (n-52}, b = ffa- 2mN\m+3}.

2.2.4. @, e, birlikvektorlar uchun & +e2+f3=0bo‘lsa,
+E2, +8% ni toping.

2.2.5. Oxz va Oyz burchaklarning bissektrisalari ganday burchak
tashkil giladi?

2.2.6. Tomonlari a=2i +] va b=-] +2kvektorlardan iborat bo‘lgan
parllelogrammning diagonallari orasidagi burchakni toping.

2.2.7. Berilgan yo‘nalishlar orasidagi burchakni toping:

2.2.8. a={3;-6;-1}, b= {I;4;-5}, ¢ = (3—4;12} vektorlar berilgan.
Quyidagilami toping: 1) Mpra; 2) MNp;(@+s6); 3) Np,(2a - 36).
2.2.9. A{;2;-3) nugtani B(5;6;-I) nugtaga to‘g‘ri chiziq bo‘ylab
ko‘chirishda F ={2;-1;3}kuchning bajargan ishini toping.
2.2.10. a={3-15} va b= {I;2;-3} vektorlar berilgan. Agar X a=9,

xm=-4va x vektor Oz ogiga perpendikular bo‘lsa, X vektomi toping.

2.2.11. a={2;-3;I}, b={;-2;3} va c = {I;2;-7}vektorlar berilgan. Agar
XLa, xLb, X c=10bo'lsa, jc vektomi toping.

2.2.12. Agar a4, b E6 9= (a,b)=— bo‘lsa, quyidagilami toping:
1) ax£; 2) 2a-3b)x(@+Ab)]

2.2.13. Tomonlari a va b vektorlar uzunliklaridan iborat bo‘lgan
parallelogrammning yuzini toping:

Y '
1) a=m+2n, 6 =2m-+n, bu yerda In(=1, pz(mj:ln):g;



E n_ 3

2) a=371+2n, b=2T1-n, buyerda |[m|=4, |«]=3, <p:(-r,r|):_4;

- [* F

3) a=3T-2n, B=5T+An, bu yerda [m|=2, |IA]=3, <p=*(T,N)=—
2.2.14. Agar Ja |5, b [E10, a£ =25 bo‘lsa, Jaxb|ni toping.
2.2.15. Agar 1a 1=3, [ |F13» |ax A|=36 bo'lsa, abni toping.

2.2.16. a={-1;23} va 6 = {2;-1;3} vektorlar berilgan.
Vektor ko'paytmalami toping: 1) axb; 2) (3a-b)*b’,
3)(a +2A)xa; 4) (2a+b)x(3b-a).
2.2.17. Tomonlari a va b vektorlar uzunliklaridan iborat bo‘lgan
uchburchakning yuzini toping:
1)5 ={;-2;5}, b={0;5,-7} 2)5={2;-2;I}, b={841};
3) a={35-8}, b={6;3;-2}.

2.2.18. Uchburchak uchlari 7(1;2;0), B(3;0;-3), C(5;2;6) berilgan.
Uning yuzini va B uchidan AC tomonga tushirilgan balandlik uzunligini
toping.

2.2.19. NInugtaga F kuch go‘yilgan. Bu kuchning B nuqgtajga nisbatan
momentini toping: 1) F ={2;-4;5}, A(0;2;1), fi(-1;2;3);

2) F ={3:4;-2}, A(2;-1;-2), B(0;0;0); 3) F ={1;2-1}, A(-1;4;-2), S(2;3;-I).

2.2.20. Kollinear bo‘lmagan mva «vektorlar berilgan. a=am —+6n va
b =3m-2n vektorlar a ning ganday giymatida kollinear bo‘ladi?

2.2.21. d={-I;3;0r} va b= 6,—3> vektorlar a va *ning gqanday
giymatlarida kollinear bo‘ladi?

2.2.22. lkkita a={;-3}, b={315 vektorlar berilgan. Quyidagi
shartlami ganoatlantiruvchi X vektomi toping:
1) xLa va b x=7; 2) NNava b ic=17; 3)a x=b.

2.2.23.Quyidagi vektorlar komplanarmi? 1) a={3-21> b ={2;1,2},

c=8—-2} 2)a={2;-1;2}, 6 ={3-47}c ={1;2,-3};
3) a={23;-1}, b={1,9;-11},c = {1;-1;3}. !



2.2.24. a ning ganday giymatlarida a,b,c vektorlar komplanar bo‘ladi?
1) a={khar}, *={0;1;0}, c={3,0;}; 2) a={a;3;l}, i ={5;-1;2}, c={-1;5:4}.
2.2.25. Piramida uchlarining koordinatalari berilgan. Piramidaning
hajmini va D uchidan tushirilgan balandligini toping:
1) N(1;-2;2),5(-1;1;2),C(-1;-2;8), D(I;1;10); 2) A1;1;1),5(2;0;2),C(2;2;2),/>(3;4;-3);
3)N(5;1;-4),5(1;2;-1),C(3;3;-4),£>(2;2;2).

2.2.26. a, b, c vektorlar berilgan. Bu vektorlar ganday uchlik tashkil
etishini aniglang va qirralari bu vektorlardan iborat bo‘lgan parallelepiped
hajmini toping: -

1) 5={3:4,0}, 6 ={0;-3:I}, c={0;2;5}; 2) 5={1-21}, *={3;2;1}, c={-1;0:1};
3) a={3:6;3}, *={l;3;-2}, c={2;2;2}; 4) 5={1;33} A={-1;2,0}, c={1;2;-3}.

2.2.27. a=fil2> va b={1-22} vektorlar berilgan. Agar ax=-7, xab =6

va c=axX vektor Qxo‘gigaperpendikular bo‘lsa, X vektorni toping.
) -4

2-NAZORATISHI

1 a va b vektorlar berilgan. Bu vektorlar bo‘yicha tuzilgan cuy .3
vektorlaming kollinear yoki ortogonal bo‘lishi- bo‘Imasligini tekshiring. , ,

2. A nugtaga F kuch go‘yilgan. F kuchning to‘g‘ri chizig bo‘ylab
AB ko‘chishda bajargan ishini va 5 nugtaga nisbatan momentini toping.

3. Uchlari A,B,C,D nuqtalarda bo‘lgan piramidaning hajmini va ABC
yoq yuzini toping.

1-variant
1. 5={50;-1}, b={7;2%}, c=2i1-b, d =3b-6a.
2. F=(-6;25), A{-3;2;-6), 5(4; 5;-3).
3. A(L12), 5(-L1;3), C(2;-2;4), D(-10;-2).
2-variant
1. a={4;2,-7}, *={5,0;-3}, c=a-3b, d=6b-2a.
2. F=(-6; 1 4), A(-7;25), 5(4; -21).
/f(-1;2;-3), 5(4;-1,0), C(2;1;-2), D(3;4;5).

w



3-variant
1. 3={50;-2}, b={6;4;3}, c=53-3b, d =6b-I10a.
2-F=(@3:4;2), /(5 -43), B{4;-5;9).
3. N1(-4;2;6), S(2;-3;0), C(-10;5;8), D(-5;2;-4).

4-variant
.3 ={0;3;-2}, b={1;-211}, c=5a-2b, d=% +3a
2. F =(5;1;-3), NI(-5; -4; 2), B(7;-3; 6)
3. 40—, N(-2A45), C(1;-5;-9), 2)(-1;-6;3).

=

5-variant
1. 5={3;7,0}, 6={4;6;-1}, c=3a +2b, d =-7b+5a.
2. F=(-4;3;4), N(-9; 47), B(s;-I; 7>
3. N1(1;2;,0), S(3;0;-3), C(5;2;6), £(8;4;-9).

6-variant
1. a={;-2;3}, 6 ={3;0;-1}, c =25+ 46, d=3b-a.
2* F =(S;3;-3), A4 7;-5), B(2;-3;-6).
A N(1-1;2), A(2;1;2), C(l;1;:4), D(6;-3;8).

7-variant

1. 3—{l;-2;5}, 6={3;-1;,0}, c =4a-2b, d=b-2a.

2. F=(-5;-3;7), N(-5; 3,7), 6(3; 8;-5).

3. N(3-11), B(-20;3), C(21;-1), Z>(2,-2;4).
8-variant

1. 3={-1;3;4}, A={2;-1;,0}, c=65-2b, d=b-3a.

2. F=(3 I;-5), 42;-4;7), S(0;7; 4).

3. AUZ-3), 5(1;0;1), C(-2;-1;6), £5(0;-5;-4).
9-variant

1. a={3;7,0}, 6 ={I;-3;4>, e=4d-2A, d=b-2d.
2. F=(-2;4;2), N(-3;2,0), S(6;4 -23).
3. N1(Y;0), A(4;-1;2), C(3;0;), D(-4;3;5).



10-variant

. a={-1;28}, 6={3;7;-1}, c =45-36, 5=96-125.
. F={-544), A3 7,-5), 52, -4).

- AL02), X1,2-1), CZ-2]), £21,0).

11-variant
5={7;;-3}, 6={8;0;5}, ¢ =-95-126, 5=3F6-45.
. F=47-3), J¥5 -4 2), B(s; 5;-4).
. NI(4:4;3), 5(2;-4;5), C(-1,3,-4), £(4;-7;-9).

12-variant

. 5={217}, *={35-9> c=55+36, 5=26-5.
. F=2 29), /14 2;-3), 5(2; 4 0).

. A4;-29), 5(35;-1), C(5,;7), ZX(-6,-35).
13-varitint

. a={537}, 6={4;-2;1}, c =5-26, 5=66-35.
. F=(-4; -2; 7), N(-5;4;-2), 5(4; 6, -5).

. AG;-39), 58;-5,1), C(-7;5;-3), £(4;25).
14-variant

. 5={25-3}, 6={-1,7,-2}, c=25+36, 5=26+35.
. F=(-1;-3;6), A7 1;-5), 5(2; -3; 6).

. JI(5;-4;-2), 5(7.5;1), C(3;2;-4), £(-2;-5;3).

15-variant
5={327}, 6={-1,0;5}, c =35-66, 5=26-5.
. F=(-7:-1;8), A-3; 59), 5(; 6;-3).
. JI(-542), 5(-4,6,2), C(1;-53), £436,-4).
16-variant
5={0;-2:6}, 6={2;4;-1}, ¢ =35-66, 5=-26 -a.

.F=@-57), 123 -5), 50; 4 3).
. XK-4:4;3), 5(4;-3;-2), C(6;4;-1), DU3;1).



17-variant
1. a={7;-2;I}, £={1;4;-2}, c=-a +2b, d =5b-3a.
2. F=(5;4;11), JI6; ;,-6), 5(4; 2; - 6).
3. A(;3;6), B(2:2;,1), C(-1,0;1), Z>(-4:;6;-3).

18-variant
1. A={-103}, *={3-21> c=-a+3b, d=b-25.
2. F=(-9,5-7), n(; 6;-3), 5(4;- 35).
3. NI(7;2;4), 5(7;-1;-2), C(3;3;l), D(-4;2;l).

19-variant
1. a={-3,05}, *={-7;2;4}, c=-2a+6b, d =6b-3a.
2. F=(;5;-7), A7;-6;-4), 54; 9;-s).
3. N1(5;2,0), 5(2;5;0), C(I;2;4), D(-LLI).

20-variant
1. a=4{3;4,6}, *={-2;0;5}, c=4a+3b, d=-2b+3a.
2. F={-3-2;4), N(5; 3;-7), 5(4;-1;-4).
3. N(2;-1.2), 5(1;2;-1), C(3;2:1), D(-4;2;5).

21-variant
1. a={5;-1;-2}, b={6;0;7), c =3a-2b, d =4b-6a.
2. F=(5-3; 9), 43;4;-6), 5(2; 6; 5).
3. 1(2;3;1), 5(4;1;-2), C(0;3;7), D(7;5;-3).

22-variant
1. a={;0;ly5 b={-2;3;5}, c=a +2> d=-b+3a
2. F=(3; U-9), N(6;-35), 5(9;5; 7).
3. N1(4;-1;3), 5(-2;1;0), C(0;-5;l), Z2(3;2;-6).

23-variant
1. 5={3;4;-1}, b={2;-1;I}, c=6a-36, d =b-2a.
2. F=(2,19;-4), n(5; 3;4), 5(6; -4;-1).
3. )K1;2;,0), 5(1-1;2), C(0;l;-1), O(-3;0:1).



24-variant

. 3={354}, 6 ={59;7}, ¢ =-23+6, d=-2b+la.

2. F=(-4;5;-7), A(4--2;3), 5(7; 0;-5).

. A3;10;-1), 5(-2;3;-5), C(-6;0;-3), D(I;-4;2).
25-variant

. a={-lap2}, 6 ={3;-20}, c=2a-b, d=2b-6a.
. F=@& 11;-6), N3;5; 1), 5@4; -2 -23).

. N(0;-3;1), 5(-4;1;2), C(2;-1;5), £>(3;I;-4).
26-variant

. a={3;-I;6}, 6={5;7;10}, c=4a—~2b, d=b-2a.
.F=@-5;7), N(2;3,-5), 5(0; 4; 3).

. 0-3;-5;6), 5(2;1;-4), C(0;-3;-1), D(-5;2;-8).
27-variant

. a={5;0;8}, 6={-3;I;7}, c =3a-46, d=12b-9q.

2. F=(5;4;11), A(; 1,-6), 5(4; 2;-6).

. N(2;14), 5(-1;5;-2), C(-7;-3;2), £5(-6;-3;6).

28-variaht

. a=ft-2;4}, 6 ={7;3,5}, c =6a-3b, d=b-2a.
. F=(-9;5;-7), Ny 6;-3), 5(4;-3;5).

. N(2;-1;-2), 5(1;2;1), C(5;0;-6), D(-10;9;-7).

29-variant
. a={8;3;-1}, 6={4;1;3}, c =2a-b, d=2b-Aa.

2. F=(;5;-7), N(7;-6;-4), 5(4; 9; -6).

. N(3;1-1), 5(2;3;1), C(3;2;1), D(5;9;-8).
30-variant
. a={-24;l}, 6={1;-2;7}, ¢ =55+36, d =~b+2a.

. F=(-4; 1 3), 43;-6;-1), 5(6;-2;3).
. N(=3;4;-7), 5(1;5;-4), C(-5;-2;0), 2)(2;5;4).



2-MUSTAQIL ISH

1.AB,C nuqtalar berilgan. Quyidagilami toping: a) ab skalyar
ko‘paytmani; b)Mp3 proyeksiyani; ¢)ip=(a,c) burchak kosinusini;

d) dvektor ortini; e) / kesmani a-.p nisbatda bo‘luvchi M nuqgta
koordinatalarini.

2. a,b vektorlar berilgan. Quyidagilami toping: a) tomonlari av&b
vektorlardan iborat bo‘lgan parallelogramm yuzini; b) parallelogramm
diagonallari orasidagi burchak sinusini, bu yerda <= (in,a).

3. a,b,c,d vektorlar berilgan. Quyidagilami toping: a) vektorning
a,b,c bazis bo‘yicha yoyilmasini; b) girralari a,b,c vektorlardan iborat
bo'lgan parallelepiped hajmini; c) parallelepiped balandligining uzunligini
( &, bvektorlar parallelepiped asosida yotadi).

1-variant
1. N1(1;3;2), -B(-2;4;-1), C(I;3;-2};
aeAC, b=CB,c=AB, d=2c+5b, I=AB, a=2, p=4

2. aEm-+it, b=2m-it, linkF2, In]=3,
h C={4&21 rf={8;0;5}.
2-variant

1. A(4;6;7), B(2;-4;l), C(3;-4;3};
a=BC, b*AC,c” AB, d=5c-2b, |=BA a=4, P=3.
2. a=ih—2n, b=ih+3n, NN\ \o\=2 \.

3. a={1;2-1>, 2={3,0;2}, c={-L;I;I}, d={8112}.
3-variant
1. Air4;-2;-5), S(3;7;2), C(4;6;-3};

a=>r, b=BA,c=BC, d=3c+9b, bl AB, a=3, /7=4
2. a=6m-ri, b=ih+it, lin|=3, it =4, (p:T
3. a={l;0;1}, *={l;-2;0}, c={0;3;1}, rf={2;7;5}.



4-variant
1. A(B4)), B(5;-2;6), C(4;2;-7};
an=-c, b=AB,c=AC, d=-Ic+Sh, /=14, » =2, [?=3.
2. a=3m+2n, b=3m-n, NNIN\d, \a\2 (p:6——
3. 5={0:1;2}, 5={1,01}, c={-1;2;4}, rf={-2;4;6}.

5-variant
1. N(6:45), fI(7;1:8), C(2;-2;-7};

a=AB, b~CB,c=IC, d--2c+5b, I=BA a=2, =3
2. a=3m+n, b=2m-n, N\aNA |u]=3 :Z*
3. a={21-1}, *={0;3;2}, c={l;-1;1}, &={1;-4,4}.

6-variant
1. N1(4;3;-2), B(-5;2,6), C(4;-4;-3},

a=AB, b=CB,c=AC, d=-c+Ab, |=AB, a=3 /?=5.
2. a=2m+An, b=2m-n, N\r\d, o\ (p="-
3. 5={-2,0;1}, * ={1;3;-1}, c={0:41}, rf={-5,-55}.

7-variant
1. N(2:45), A1;-23), C(;-2;4};

a=BC, b=-2Cc=AB, d=3c-Ab, |=BA a=2 P=3
2. a=m+3n, b=2m-3h, \a\2 |n]=l, <p=g.
3. 5={011> b={-2,0;1}, c={3;I;0}, rf={-19;-1;7}.

8-variant
1. NI(-5;-2;-6), fi(3;4;5), C(2;-5;4};

a=AB, b=AC, c=-B; d=-5¢c+&bh, I=CA a=A 0=3
2.a=m+2n, b=3m-2n, \X\N\3 |»|=2, <.

3. a={3L0} b={-12;1}, c={-l02}, J ={3;3-1}



9-variant
1. AB5-4), B(-5;-2;2), C(3;3;2};
a=AC, b=AB, c=CB, d=-5c+6b, 1=CB, a =5, B=\

2. a=ih-4n, b-m+3n, \mp2, |A=L, <p:;;-
3. a={L14}, b={0;-3;2), c={2L-1>, rf={6;5-14}.

10-variant
1. A5;4;4), B(-5;2"), C(4;2;-5}

a=5C, b=AB,c=AC, d=Uc-6b, I=CB, a=1 0=3
2. a=3m-2n, b=m+2n, N\ B=1, P=
3. a={1,05} A={-1;3;2}, ? ={0;-1;I}, d = {5150}

11-variant
1 AZ-4;3), B(-3;-2;4), C(0;0;-2};
a=AC, b=AB,c=BC, d=3a-4c, |=AC, a=I, 0=2
2. a=3m+2n, b-m-2n, |#A= [Z EN <p=z.
3. a={o;2;1}, 6 ={0;1;-1}, c={5-3;2}, d ={15;-20;-I}.

12-variant
1. A(#;3;-2), B(-3;-1;4), C(2;2;1};
a=AB, b=AC,c=CB, d =2c-5b, | =CB, a=4, 0 =3
2. a=5m-3n, b=m+3n, |m[= Iml=, *=—
3. a={130}, b={;-L;1}, c={0;-1;2}, f={6;12;-1}. ,
13-variant
1. A(—3;-5;6), £(3;5;-4), C(2;6;4};
a~CB, b=BA, c=AC, d=4c-5b, I1=AB, a=2, 0=4.

2.a=3m-24 b=m+2n, |m|=2, 19 =4,

3. a={11, A={2,0;-3}, c={-1;2;1}, d ={-9;55}.



14-variant
1. A346), 5(-4:6;4), C(5;-2,-3}

a=BA, b=CA c=BC, d=Uc-6b, |=AB, a =3, /3=5
2. a=2m-n, b=br+n, |w|=4, |[n[=, <P:?-
3. a={5;0}, A={2;-1;3}, c={I;0;-I}, rf={13;2;7}.

15-variant
1. N354), S(4:2;-3), C(-4:2;7},

a=-B b--B5c=AC, d=-4c+3b, I=AB, a =5, /3=2
2. a=2m-+n, b=2m-3n, X2, |n]==2, CP:Z'
3. a={1,0.2}, A={0;1;1> c={2;-1;4), d ={3;-3;4}.

16-variant
1. N(3;4;-4), 5(-2;1;2), C(3;2;-5};

5= b=AB,c=AC, d =-4c+3b, I1=AB, a=1 ?=f
2.a=m-2n, b=2m+2n, pil=l, A4, <p:j—l-
3. a= 6={2;0;3}, c=ftl;-1}, rf={-I;7;-4}.

17-variant

1. N(2;-3;2), B(l;4;2), C(;-3;3};

a=Ifl, b=BC,c =AC, d =-&c+4b, I=CB, a=1 0O=3
2. a=2m-2h, b=m +2n, M\ =8, =4
3. a={;-2;,0}, 6={-1;I;3}, c={1;0;4}, rf={6;-I;7}.

18-variant
1. A3;2;4), B(-2,1,3), C(2;-2;-1};

a=BA b=AC,c =BC, d =4c-3b, | =AC, a =4, PB=2.
2. a=m-+n, b=m-Art, |m)=3, |14, <p=z

3. 5={1;1,0} 6 ={o;l;-2}, c={1;0;3}, <={;-L;II}.



19-variant
1. A{2:4:6), B(-3;5), C(4;-5;-4};
a=CA b=BC,c =BA, d=2c-6b, I=CB, a =3, /7-1.
2. a=rh-3n, b=m +2h, |Jw]=j, |Inl=, ®=\
3. a={0L3 * ={12;-1}, c¢={2,0;-1}, * = {318}

20-variant
1. VvA(-2;-2;4), S(I;3;-2), C(1;4;2};

a=BA b=BC,c=AC, d=2c—6a, |=CB, a =3, p »2.
2. a=4m+4, b=m-n, NN\E,  [n]=2, <p:’gr—
3. a={1,02}, A={-1,0;1}, c = {2;5;-3}, rf={1l;5;-3).

21-variant
1. [04:3:2), A(-4,-3;5), C(6:4,-3};

a=AB, b=BC,c=AC, d=«c-5b, 1=CB, a =5 P =2
2.a=3/n+2w, b=m +2n, |m|=8, [H[F1 <O=".
3. a={0;1,5}, 6 ={3;-I;2>, ? ={-I;0;I}, d ={8;-7;-13}.

22-variant
1. A(2;-24), B3i-4), C(-1,2;2},

a=14 b=c=AC, d=4c+2a, /=AB, a=2, P=3
2. a=m+2n, b=3m+2n, |[m|=2, A=, (p:Z'
3. a= {11114}! *= {_31012}1 c= {112:_1}! d = {_13:2118}

23-variant
1. 00;2;5), B(2;-3;4), C(3;2;-5};

a-= BC, b:ﬂC,c:j4B, c/:—30+4a,/:AC, a =3, P=2
2. a=2A+24 b=3m-2n, Yafs, |[n|F2, <p=—.

3. a={0;3;I}, A={1;-1,2}, c={2;-1;0}, <={-I;7;0}.



24-variant
1. N(5:61), B(-2:4;-1), C(3;-3;3};
a=AC, b=BC,c=AB, d=-Ac+3b, 1=BC, a=2, P=%h
2. a=T1 +5n, b=1-bn, N\NI\8 \i\2 o
3. {101}, b={0;-2;1}, c={1;3;0}, rf={8,94}.

25-variant
1. A453), A(-4,2.3), C(5;-6;2};
a=/1C, b=BC,c =AB, d =9c-Ab, |=CA, a=1, jff=5.
2. a=371-2n, b=3m-+2n, XINY, |J«=4, <P=——
3. a={051}, 6 ={3;2-1>, c={-1;1;0}, rf={-15;56}.

26-variant

1. N1(-5;4;3), 5(4;5;2), C(2;7;-4};

a=CA, b=-BCc =AB, d=2c+3b, 1=CB, a =4, 0 =3.

2. a=21+2n, Bb=371-2n, \I\&2 [H|=B, P=~"-

3. a={1;41}, A={-3;2;,0}, c={1;-1;2}, f={-9;-17;-3}.
27-variant

1. N(-2;-3;4), 5(2;-4;0), C(L;4;5%

a=AB, b=AC,c =BC, d =-Sc+4b, 1=CA, a =2, p =4.

2. a=31-4141, b=3T1-n, M8 [V, <p=—6-
3. a={0-21}, in={3;1;-1}, c={4;0;1}, rf={0;-8;9}.

28-variant
1. JI(10;6;3), J1(-2;4;5), C(3;-4;-6};
a=A4, b=BC,c =AC, d=5c-2b, 1=CA, a =5, /3=1

2. a=»3T+34 b=71-3n, \N\2 |45, P=—

3. a={L-12}, *={3;2,0}, c={-1,1;1}, =



29-variant
1. A{-2;3;-4), 5(3;-1;2), C(4;2;4};
a=AB, b=AC,c=C5, d=4c+76, /=BA a=5 p=3
2. a=3ihii, b=3m—2n, |w[=l, [A]=2 <p=€.
3. 5={;10}, A={1,0;1}, c={-2;;I}, f={-5I3}.
30-variant
1. A(-1-24), B(2:45), C(;-2.3};
a=CA b=BAc=BC, d=3c-4b, I=BC, a=2 3=4

2. a=4dm+2ft, b=m+2n, Y[E2 W[ $=5-

3. a={0;l;-2}, * ={3;-I;I}, c={4;1;,0}, d={-5;9;-13}.
NAMUNA VIY VARIANT YECHIMI

1.30. O-1;-2;4), A(2;4;5), C(;-2;3};
a=CA b=BA c=BC, d=3c-4b, |-BC, a=2, h=4

® a,b,c vektorlarni topamiz:

a=CA ={-2,0;1}, b=BA={-3;-6;-1}, c=5C ={-1;-6;-2}.
U holda
d =3c -4b={-3 +12—18 +24;-6 +4} = {9;6;-2}.
a) ab skalyar ko'paytmani aniglaymiz:
ab = (-2) *(-3) +0+(-6) +1+(-1) =5.
b) cd skalyar ko‘paytmani topamiz va |[d\modulni hisoblaymiz:
cd=(—D9+(—5)m +(-2) @=-49, |d F"92+62+(-2)2=11.

Bundan

c) ac skalyar ko‘paytmani va |a\Jc |modullami topamiz:
ac=(-2)¢(-1)+o+(-6)+1°(-2)=0, |a]=/(-2)3+02+12=S,

lcl=V(-D2+(-6)J +(-2)2=V41.



Bundan
ac 0 nf an
N—TTRAOCTIr-10 ")
d) d={96;-2} vektoming modulini topamiz: \I\F'R+61+(-2)2 =11.

U holda d'
Ml 1 1

e) A=—=- =2. U holda
P 2

_XB+AXA_2+2-1 4 N +¥ys 4+2'(=2).n
' 1+N 1+2 3’ 1+A 1+2
-z« + N . < -5+ 2 '3 - n
I+A " 1+2 _ 3¢

Demak,

(M) °
2.30. a=An+2li  b=m+2n, lin|l=2, |, 9=

<S> a) axb vektor ko‘paytmani topamiz:
axb = (4in+2n) x (m +2) = 4in xTa + &ixtA + 2 A XT + 4bixia =
= 8WwWx - 2m X = BiwX 1
Vektor ko‘paytmaning ta’rifiga ko‘ra tomonlari avab vektorlardan
iboratbo‘lgan parallelogrammning yuzi

S=laxb [£61Im }|n [sing= 610 = 6/ bfy1>).

b) a va b vektorlaming yig‘indisi va ayirmasi tomonlari bu vektorlardan
iborat bo'lgan parallelogrammning diagonallari bo‘ladi.
d, =a+bva d2=a-b, y/=(a,b) boisin. U holda vektor ko‘paytmaning
ta’rifiga ko‘ra [dixd1 N \\Niny/. Bundan
\d,xdzz_b

smu/ = zr—
K N4 | *

d,, dit d, xd2vektorlami topamiz:
dt=4m+2n +m+2n=5h +44
d2=4m +249 - m-2h=3m,
d x d 1= (5in +4I1) x 3= 12/x in.



Bundan
dX]=/(5M+45) 2 = V25m1+40/us +161R = ~yf5|MJ2+40] gal - | A coB +16]iA|r =

="25-4 +40-2 1~+161=2n/39, | |=3/nr = 3]|«|=3-2=5,

<, x~Ar[E120Akm (= 12k I{w Isine= 12 -1m = 12V3.

U holda

\/
smh=—FC- =—i‘?—. O
2V3omb 13

3.30. a={0;;-2}, 6={3;-LI}, c={4l,0}, rf={-59;-13}
<S> a) d =aa +pb +yc bo‘lsin. U holda

3N+4r= -5, a- /7+ y= 9 a- P+ y- 9,
a—p+y= 9= -2a+ P =-13,=> -P+2y= 5 =
—2a+P =-13 3p +4r= -5 3p +4y= -5
a- /[>+ y= 9 r= 1 r= 1, a= 5,
p-1ly= -5- p-21=-5 P=-3 = p=-3
10 a-p+y=1409 C+3= 8 r= -
Demak, d=5a-3b +c.
o 1 -2
b) ofc ko‘paytmani topamiz: abc= 3 -1 1 =-10
4 1 0

Bundan
F =] abc j= 10(/rN).

C) a xb ko‘paytmani aniglaymiz:

i J A
1 -2 . -
axb=0 1 -2 = 1 21I— 0 i7+2 iI'K:—/—bj—Sk_

3
3 -1 0

U holda s flaxb [r/(-1)2+(-6)2 +(-3)2 = V46. Parallelepiped uchun V=S h

Bundan

S 446 23
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TEKISLIKDAGI ANALITIK GEOMETRIYA

3.1. TEKISLIKDA KOORDINATALAR SISTEMASI

Dekart koordinatalari. Qutb koordinatalari
Koordinatalarni almashtirish

3.1.1. Umumiy boshlang‘ich O nuqtaga va bir xil masshtab birligigj
ega bo‘lgan o‘zaro perpendikular Ox va Oy o‘qlar”tekislikda dekar
koordinatalar sistemasini hosil giladi. Bu sistemaning Ox o'giga abssissalai
0'gi, Oyo'giga ordinatalar o'qi va ular birgalikda koordinata o'qlari del
ataladi. Bunda Ox va Oy o'glaming ortlari I va y bilan belgilanadi
(I/N7]=1, 7£j),0 nuqtaga koordinatalar boshi deyiladi, Ox,0y o‘qglai
joylashgan tekislik koordinata tekisligi deb ataladi va Oxy bilan belgilanadi.

Oxy tekislik Mnugtasining OM vektoriga M nuqgtaning radius vektor
deyiladi.

OM radius vektorning koordinatalariga Mnuqtaning to'g'ri
burchakli dekart koordinatalari deyiladi. Agar OM =N Dbo'lsa, u holda
M nugtaning koordinatalari MOO\y)kab\ belgilanadi, bu yerda X soni
M nugtaning abssissasi, ysoni M nuqtaning ordinatasi deb ataladi.

3.1.2. Tekislikda sanog boshiga, musbat yo'nalishga va masshtab
birligiga ega bo‘lgan Op o‘gq qutb o'gi, uning
O sanoq boshi qutb deb ataladi.
Tekislikning qutb  bilan  ustma-ust
tushmaydigan ixtiyoriy M nugtasining holati
ikkita son, O qutbdan M nugtagacha bo’lgan
r masofava Op qutb o‘gi bilan OM yo'nalgan
kesma orasidagi tp burchak bilan aniglanadi.
®E) r va p sonlariga M nugtaning qutb
koordinatalari deyiladi va M{I;<p) deb
yoziladi. Bunda r masofa qutb radiusi,
$burchak qutb burchagi deb ataladi. 1-shakl.



Qutb koordinatalari o <r <+00, -n <(p<4 kabi o‘zgaradi.
Nugtaning qutb koordinatalaridan dekart koordinatalariga
X=rcosq Yy =rsin<p. (1.1)
tengliklar bilan o‘tiladi (1-shakl).
Nugtaning dekart koordinatalaridan qutb koordinatalariga o‘tish
r=V*2+y\ tg9= o 1-2)
tengliklar orgali amalga oshiriladi. Bunda <p burchakning giymati nugtaning
joylashgan choragiga (x,jylaming ishoralari asosida) garab, —a <¢p<A
oraligda tanlanadi.
1-misol. M(-3;-3) nuqta berilgan. M nugtaning qutb koordinatalarini

toping.
® (1.2) formuladan topamiz:

r =>/(-3) +(-3)' =3V2, Pp=ag ct’\~|J =arclgl =~ +ns.

M nugtan I1l chorakda yotadi. U holda n=-1 vatp=" - 4 =-~- bo‘ladi.

Demak,
"(3/1-T) ®

2-misol. Qutb koordinatalarida berilgan A/,(r,;pt)va M) nugtalar
orasidagi masofani toping.
® Ikki nuqta  orasidagi masofa Yy
formulasida (1.1) bog‘lanishni hisobga olib
topamiz:
d=il(x2-x,y +(yt-y]D1l=

= 4(r, cos2- rtcos<p)! +(r2sing2- psinPyY =
~4\HT ~2rtr (c°sgtcos<F +sin [@singr) =

=Jr* +r' - 2rr, cos(«Jj2 - .
Demak,
d="/r2+rl - 2nttoos(<se - ). O 2-shakl.



3-misol. ABC uchburchakning uchlari berilgan: Aix?y,), B(x2y?2),
C(x3y3. Uchburchakning yuzini koordinatalar usuli bilan toping.
<S> /I,5,Cuchlardan Ox o‘qgiga AA, BBif CCl perpendikularlar

tushiramiz. 2-shakldan topamiz:

Bundan
_Y1YX
=2(w *“ +N - FANR2HXY2- X2+ XY, - XD, - X3/, +XY, - X3/3+xlyd =
=M (y2-y,) - xHyz -y d = Xily> ~Y,)+X (Y, -3'))=
=~((Y2~YXx, =X,)=(y3-y,)(x2-*,))=!
y,-y, y2-y>
Demak,
B Xi-xXt XxX2-X,
Y>-Y, N1 -M
3.1.3. Nugtaning bir sistemadagi koordinatalarini uning boshc

sistemadagi koordinatalari bilan almashtirishga koord.inatala.mi almashtirish
deyiladi.

Tekislikda Oxy to‘g‘ri burchakli koordinatalar sistemasi berilgan bo‘lIsin.

Koordinata o'glarini parallel ko'chirish - bu Oxy sistemadan uning
o'glari yo‘nalishlarini va masshtablarini o‘zgartirmasdan fagat koordinatalar
boshining joylashishini o‘zgartirish orgali yangi 0,X}yl sistemaga o ‘tishdir.

Koordinata o‘qglarini  parallel ko‘chirishda tekislik ixtiyoriy
M nuqgtasining Oxy sistemadagi (X;y) koordinatalari OX)y, sistemadagi
(*';/) koordinatalari orgali

X=xt A y=y0+y’ (1.4)

formulalar bilan bog'lanadi, bu yerda xQy0- OlX}yl sistema O] koordinatalar
boshining Oxy sistemadagi koordinatalari.

Koordinata o ‘glarini burish — bu Oxy sistemadan uning koordinatalar
boshini va o'glari masshtablarini o'zgartirmasdan faqat koordinata
o'glarini biror burchakka burish orgali yangi Oy, sistemaga o'tishdir.



Umumiy O nuqtaga va bir xil masshtabli o‘qlarga ega bo‘lgan Oxy va
Oxlyl koordinatalar sistemalarida M nugtaning koordinatalari

X=Xx'cosa-y’sina, y =x's,ma +y'cosa (1-5)
tengliklar bilan bo‘g‘lanadi.

Agar yangi sistema eski sistemadan koordinata o‘glarini parallel
ko'chirish va burish orqali hosil gilingan bo'lsa, u holda

X =X0+;c'cosar-ysinar, y -y O0-+jc'sinar +ycosa. (1.6)
4 -misol. To‘g‘ri burchakli koordinatalar sistemasining o‘qglari A(12;—6)
3
nugtaga parallel ko‘chirilgan va a:arctg;1 burchakka burilgan. Yangi

sistemaga nisbatan A va B(5;5) nugtalaming koordinatalarini toping.
(1.6) formulalardan topamiz:
Xx'cosa -ysina =x-X0, jc'sinar +ycosa=y-yQ

Bundan

jr'=(jc-x,,)cosa +(~-"0)sina, y'=(y-ya)cosa-(x-x0)sina. (1.7)

a= arctgiaa cosa =
4

U holda
r_4(x=Jf0) +3(>->0) , A y—O—IAx—i),
5 5
Nuqtalaming yangi sistemadagi koordinatalarini oxirgi tengliklar bilan
topamiz:
A nugta uchun:

X =£2_:];2)\_+3(—6 +6) = 8’ y’ = i(:Qj_G)___g"(_l_z___l_z)_: 8, ya’m' ]:ll'(()r],g)'

B nugta uchun:

y , M N ) +3(5B+6)=li y =4(5+6b 3(5-J2) =13>ya,ni 5(1;13X o



3.1.1. Ox, Oy o‘glariga va koordinatalar boshiga nisbatan
A(-3;2) nugtaga simmetrik bo‘lgan nuqgtalarni toping.

3.1.2. Berilgan nugtalarga | va 11l chorak bissektrisalariga nisbatan
simmetrik bo*lgan nugtalarni toping:

3.1.3. Berilgan nugtalaming qutb koordinatalarini toping:
A3 , C(-3;-3), D(0;-3), . £(-3;0).
3.1.4. Berilgan nuqtalaming to‘g‘ri burchakli koordinatalarini toping:
b §8), zfuf)

3.1.5. Qutbga va qutb o‘giga nisbatan berilgan nugtalarga simmetrik
bo’lgan nugtalarni toping:

A3 N €™

3.1.6. ABCD parallelogramm diagonallarining kesishish nugtasi qutb
koordinatalar  sistemasining qutbi bilan ustma-ust tushadi. Agar

AN3;~1, parallelogrammning ikkita uchi bo‘lsa, uning golgan ikki
uchini toping.
31.7. 45 va nugtalar orasidagi masofani toping.

3.1.8. Uchlari o qutbda va JI(r,;<>), B{rm\{® nugtalardajoylashgan
GAB uchburchakning yuzini toping, bu yerda (pr>

3:1.9. Kvadratning ikkita garama—garshi uchlari berilgan:
*h .Kvadratning yuzini toping.
3.1.10. Kvadratning ikkita qo‘shni uchlari berilgan: ~6;jj,

Kvadratning yuzini toping.



3.1.11. Uchlari A(-3;2), B(3;4), C(6;l), £>(5;-2)nuqgtalarda bo‘lgan
to‘rtburchakning yuzini toping,

3.1.12. A(1;2), £(4;4)nuqgtalar berilgan. Agar ABC uchburchakning yuzi
5ga teng bo‘lsa, Oxo‘gida yotuvchi C nugtani toping.

3.1.13. /I(5;5), 5(2;-3), C(-2;3)nugtalar berilgan. Koordinata o'glarini
o‘zgartirmasdan koordinatalari boshi ko‘chirilgan: 1) A nuqgtaga;
2) B nuqtaga; 3) C nugtaga. A,B,C nugtalaming yangi sistemadagi
koordinatalarini toping.

3.1.14. Koordinata o‘glarini a-3® ga burib J 1), fi(V3;2), c(0;2n/3)

nugtalar hosil gilingan. Bu nuqtalaming eski sistemadagi koordinatalarini
toping.

3.2. TEKISLIKDAGI TO'G‘RI CHIZIQ

Tekislikdagi chiziq. Tekislikdagi to‘g‘ri chizig tenglamalari.
Tekislikda ikki to‘g‘ri chizigning o‘zaro joylashishi.
Nugtadan to‘g‘ri chiziggacha bo‘lgan masofa

3.2.1. Oxy tekislikdagi chizig tenglamasi deb aynan shu chiziq bar
nuqtalarining  jrva>koordinatalarini  aniglovchi  ikki o*‘zgaruvchining
F(ry)=0 tenglamasiga aytiladi; koordinatalari ikki o‘zgaruvchining
F(x,y) =0 tenglamasini ganoatlantiruvchi Oxy tekislikning barcha M(x;y)
nuqgtalari to'plamiga tekislikda shu tenglama bilan aniglanuvchi chizig
(to*g‘ri chiziq yoki egri chiziq) deyiladi.

Tekislikdagi chizig qutb koordinatalar sistemasida F(r,<p)=0 tenglama
bilan beriladi, bu yerda r ,<p- chiziq nugtalarining qutb koordinatalari.

Ayrim hollarda tekislikdagi chiziq y- f(x) tenglama bilan beriladi.
Bunda chiziq y =f(x) funksiyaning grafigi deb ataladi.

Tekislikdagi chiziq ikkita x=x{t),y=y(t),t&T tenglamalar bilan ham
berilishi mumkin. Bunda x=x(t),y ="(0tengliklami ganoatlantiruvchi
barcha M(x-)y) nugtalar to‘plamiga tekislikdagi chizigning parametrik
berilishi, x=x(t),y=y(t) funksiyalarga bu chizigning parametrik



tenglamalari, t ga parametr deyiladi. Chizigning parametrik tenglamalaridan
P'(x,y) =0 tenglamasiga *=x(t),y =~(?) tengliklaming har ikkalasidan
gandaydir usul bilan i parametmi chigarish orgali o‘tiladi.

Tekislikdagi chizigning ikkita x =x(t),y =y(t) parametrik (skalyar)
tenglamalarini bitta r = r(t) vektor tenglama bilan berish mumkin.

3.2.2. <3> x,y o0'zgaruvchilaming har qanday birinchi daraja
tenglamasi tekislikdagi biror to‘g‘ri  chizigni ifodalaydi va aksincha,
tekislikdagi har qanday to‘g‘ri chizig X,y o‘zgaruvchilaming biror birinchi
darajali tenglamasi bilan aniglanadi.

To‘g‘ri chizigning tekislikdagi har xil o‘mi (berilish usuli) turli
tenglamalar bilan aniglanadi.

1. Berilgan nuqtadan o'tuvchi va berilgan vektorga perpendikular
to 'g ri chiziq tenglamasi:

A{x-x0 +B{y-yQ=0, (2.1)
bu yerda A,B - to{ ‘ri chizig normal vektori (to‘g‘ri chizigga perpendikular
bo‘lgan vektor) «={/(;5}ning koordinatalari; xayO-berilgan nugtaning
koordinatalari, X,y— to‘g‘ri chizigda  yotuvchi ixtiyoriy nugtaning
koordinatalari.

2. To ‘ri chizigning umumiy tenglamasi'.

AX +By +C =0, (2.2)
bu yerda C -ozod had; A1+B1¢ 0.
Bu tenglama bilan aniglanuvchi to‘g‘ri chizigning xususiy hollari:

Ax+C =0 (B=0)-0y o‘qqa parallel yoki Ox o‘gga perpendikular;

By +C =0 (A =0)~ Ox o‘qga parallel yoki Oyo'qga perpendikular;

Ax+By=0 (C =0) - koordinatalar boshidan o‘tuvchi;

x=0 (B=0,C=0)- Oyo‘qda yotuvchi;

y =0 (A=0,C=0)- Oxo‘qda yotuvchi.

3. To'g'ri chizigning kanonik tenglamasi ( yoki berilgan nugtadan
0 'tuvchi va berilgan vektorgaparallel to g ri chiziq tenglamasi)'.
(2.3)

p q
bu yerda p;q - to g 'ri chiziqyo naltiruvchi vektori (to‘g‘ri chiziqga parallel

bo'lgan vektor) J ={p;"} ning koordinatalari.



4. Toqg Ti chizigningparametrik tenglamalari:
X=X, +pty0=y +qft, (2.4)
bu yerda t- parametr.
5. Tog ri chizigning vektor tenglamasi:

r =10-+ts, (2.5)
bu yerda r,rO- mos ravishda M(X;y), MOXay0) nugtalaming radius
vektorlari.

6 . Berilgan ikki nugtadan o ‘tuvchi to g ri chiziq tenglamasi:

*—m N Y-YX t (2.6)
Y2 N
bu yerda -berilgan ikki nugtaning koordinatalari.
7. 7b'gW chizigning kesmalarga nisbatan tenglamasi:
g"‘é =1, -7

bu yerda a,6 - to‘g‘ri chizigning moc ravishda Ox va Oy o‘glarida ajratgan
kesmalari.
8. To'g'ri chizigning burchakkoeijfitsiyentli tenglamasi:

y = kx+b, (2.8)
bu yerda k=tg<p-to'gTri chizigning burchak koeffitsiyentv, <p- to'g'ri
chizigning og'ish burchagi (Ox o‘gning musbat yo‘nalishdan berilgan to‘g‘ri
chizigga soat strelkasiga teskari yo'nalishda hisoblangan eng kichik
burchak); b- to‘g‘ri chizigning Oy o‘qda ajratgan kesmasi.

9. Berilgan nuqtadan berilgan yo'nalish bo'yicha o'tuvchi to'g'ri
chizig tenglamasi (yoki to'g'richiziglar dastasi tenglamasi):
y~vyi=k(x~xl), 2-9
bu yerda x,,y, —berilgan nuqtaning koordinatalari.
10. To'g'ri chizigning qutb tenglamasi:

rcos{a-(p)-p, (2.10)
bu yerda p - qutbdan to‘g‘ri chizigqacha bo‘lgan masofa; a-qutb ogi bilan
berilgan to‘g‘ri chizigga perpendikular o‘q orasidagi burchak; rN\op to'g'ri
chiziqda yotuvchi ixtiyoriy nuqtaning qutb koordinatalari.

11. To'g'ri chizigning normal tenglamasi:
Xcosar +,>'sinfr-/>=0 (2.11)
bu yerda p —koordinatalar boshidan to*g‘ri chiziggacha bo‘lgan masofa;



a-Ox o‘gi bilan berilgan to‘g‘ri chizigga perpendikular o‘q («normal
vektor) orasidagi burchak.

*3) ToXg'ri chizigning (2.1)-(2.11) tenglamalaridan har birini
golganlaridan keltirib chigarish mumkin.

1-misol. aning ganday giymatlarida (a-2)x+(a2-3a)y-2a+1=0
to‘g‘ri chizig: 1) Ox o‘qga parallel bo‘ladi; 2) Ox o‘gga perpendikular
bo‘ladi; 3) koordinatalar boshidan o‘tadi.

<§> 1) To'g'ri chizigning umumiy tenglamasida A=0 bo‘lsato‘g‘ri
chizig Ox o‘qqaparallel bo‘ladi. Bundan a-2=0yoki a=2

2) (2.2) tenglamada 5 =0 bo‘lsa to‘g‘ri chizig Ox c"gga pependikular
bo‘ladi. U holda a2-3a=0 yoki a=0,a=3.

3) To'g‘ri chiziq koordinatalar boshidan o*tishi uchun to*g‘ri chizigning
umumiy tenglamasida C =0 bo'lishi kerak. Bundan -2a+1=0

yoki a=— ®

2-misol. 3x- 2y- 6= 0 tenglama bilan berilgan to‘g‘ri chizigni chizing.

® Tekislikdagi to‘g‘ri chizigni chizish uchun uning ikkita nugtasini
bilish yetarli.

To‘g‘ri chiziq tenglamasida, masalan *=odeb, y=-3ni, ya’ni [0;-3)

nugtani va shu kabi B\l;--) nugtani topamiz. Bu nugtalami tutashtirib,

berilgan tenglamaga mos to‘g‘ri chizigni chizamiz. (3-shakl).

Bu masalani boshgacha, ya’ni to‘g‘ri chiziq tenglamasini kesmalarga
nisbatan tenglamaga keltirib yechish mumkin.
Buning uchun tenglamaning ozod hadi (-6)ni Yy
o‘ng tomonga o‘tkazamiz va hosil bo'lgan /
tenglikning har ikkala tomonini 6 ga bo‘lamiz:

3X-2y =6, im 1/

2 (-3
Bu tenglama bilan aniglanuvchi to‘g‘ri chiziq _y g
koordinatalar boshiga nisbatan Qxo‘gida o‘ng /
tomonga 2 ga teng kesma va C"o‘qida pastga 3 ga 3_shakl.
teng kesma ajratadi (3—shakl). O



3-misol. To‘g‘ri chizig tenglamasini tuzing: 1) Mt(2;—3)nugtadan
o‘tuvchiva a={-3;4} vektorga perpendikular; 2) M2J-2;2)nugtadan o‘tuvchi
va A={3;-2} vektorga parallel; 3) M,(4;-1) va A/,(I;-3) nugtalardan o‘tuvchi;

4) Otco‘qi bilan <p:Z burchak hosil giluvchi va Oy o‘gni M3(0;4)nugtada

*
kesuvchi; 5) MX2—2) nuqtadan o‘tuvchi va Ox o‘g bilan cpcizt burchak

hosil giluvchi; 6) koordinata o‘glarida 3 va (-4)ga teng kesma ajratuvchi.
® To'‘g‘ri chizig tenglamalarini misol bandlarining shartlariga mos
holda tuzamiz:
1) berilgan nugtadan o‘tuvchi va berilgan vektorga perpendikular to‘g‘ri
chizig tenglamasi (2.1) ga ko‘ra
-3(jc-2) +4{y +3)=0, -3x+6+4y+12=0 yoki
3X-4y -1S=0;

2) berilgan nugtadan o‘tuvchi va berilgan vektorga parallel to‘g‘ri chiziq
tenglamasi (2.3) ga asosan
-2(x +2)=3(y-2), 2x+4+3y-6 =0 yoki
2x+3y-2=0;
3) berilgan ikki nugtadan o‘tuvchi to‘g‘ri chiziq tenglamasi ga binoan
Xz4_ v+l x-4_y+l

1-4 -3+1 -3 -2
2jf-3"-11 =0;

,  2jc-8=3v+3 yoki

4) to‘g‘ri chizigning burchak koeffitsiyentli tenglamasi (2.8) ga binoan
y =thx +4 yoki
y=x+4
5) to‘g‘ri chiziglar dastasi tenglamasi (2.9) ga ko‘ra
y+2:thO— 2), y+2=-(jc-2), x-2 +y +2=0 yoki

aA+y =0
6) to‘g‘ri chizigning kesmalarga nisbatan tenglamasi (2.7) ga ko‘ra
—+-— =1 vyoki
3 (-4
4x-by-\2=h O



4-misol. M,’\4;I)/I/J va M2(4;0) nuqtalardan o‘tuvchi to‘g‘ri chizigning

gutb tenglamasini tuzing.

<S> To‘g‘ri chizigning Mxva M, nuqtalar orasidagi kesmasi katetlari
4 gateng bo'lgan to‘g‘ri burchakli uchburchakning gipotenuzasi bo'ladi
(4-shakl). Bunda qutbdan to‘g‘ri chiziqgacha
bo‘lgan masofa to‘g‘ri burchak uchidan
gipotenuzaga tushirilgan balandlikdan iborat.
Uning uzunligini (pni) va yo‘nalishini (a ni)

topamiz:
b= N\OMMOMA 4-4 a=IL
“MvioMm, YHomr  vaz+42 ’ 4
Bundan (2.10) formulaga ko‘ra
2V2. 0
5-misol. To'gri chizigning

5% - \/+8 =0 tenglamasini normal ko‘rinishga keltiring.
<S> Berilgan tenglamani normal ko'rinishga keltiramiz. Buning uchun
tenglamaning chap va o‘ng tomonini normallovchi ko'paytuvchi deb

ataluvchi M =2 1 B: soniga ko‘paytiramiz. Bunda M ning ishorasi
+

G ning ishorasiga garama-garshi qilib tanlanadi.

U holda M=— ! Y chunki C>o0. Bundan
ob2+(-12)2 13:
5% 12v 8
—— '—'_ ——————— =
13 13 13
bu yerda cosor = - sinazl—z, pzi. O
13 13 13
3.2.3. i&> Ikki to‘g‘ri chiziqg orasidgi pburchak to‘g‘ri chiziglar

tcnglamalarining ko‘rinishi asosida topiladi.
Agar to‘g‘ri chiziglar umumiy tenglamalari AX+Bly +C,=0 va
A* +H)y +C; = Obilan berilgan bo‘lsa, u holda

csqr  TTTBA__ 2.12)

V42+6 2V 2+Bl



Bunda to‘g‘ri chiziglar orasidagi o‘tkir burchak (2.12) tenglikning o‘ng
tomonini modulga olish orqali topiladi.

Agar to‘g‘ri chiziglar kanonik tenglamalari —* n
Pi =4
va ——=Y~VYi bilan berilgan bo‘lsa, u holda
Pi Y
@ (2.13)

VP\ +<-\p\ + 5

Agar to‘g‘ri chiziglar burchak koeffitsiyentli y=kix+b wva
y = KiX +b}tenglamalari bilan berilgan bo‘lsa, u holda

N= r;,c-ﬂ'ar\'/}é— N4>

Bunda to‘g‘ri chiziglardan qaysi biri birinchi ekani ko‘rsatilmasdan
ular orasidagi o‘tkir burchakni topish talab qilinsa (2.14) formulaning o‘ng
tomoni modulga olinadi:

op= ke (2.15)

6 —misol. To‘g‘ri chiziglar orasidagi burchakni toping:

?) )_(:il:_\/_—l Va X+2__2\_/_1

B jc-5v-3=0va 3*-2v +9=0;
! 3 -8

3)j':5<—7 va y =2x+5; 4)y—ix+6 va 5x+y +&=0.

® 1) To‘g‘ri chiziglaming har ikkalasi umumiy tenglamalari bilan
berilgan. Bunda A,=I, B, =-5, A2=3, B2=-2. To‘g‘ri chiziglar orasidagi
(p burchakni (2.12) formula bilan topamiZ'

cos<a=—= 1'3+( 5) ( 21)_ . Bundan o =l
VIJ+( 5)2"32+( 2)2 2 4

2) Birinchi to‘g‘ri chizig kanonik tenglamasi bilan berilgan. lkkinchi
to‘g‘ri chizigning tenglamasini kanonik ko‘rinishga keltiramiz:
1

gex2 =22l ildan £+x2 =L _1.
3 -8 3 -4



Buiidan p, =4, qt=3, p2=3, g2=-4. U holda (2.13) formulaga binoan

asz= —pzil:’)—_'_:.”—*_:“)::({)yoki o=X
VAr7 F A32+(-4)2 2
3) To'‘g‘ri chiziglaming har ikkalasi burchak koeffitsiyentli tenglamalar
bilan berilgan bo‘lib, bunda A =-, =2.

U holda (2.15) formulaga ko‘ra

1-2 3
= 2 Bundan arctg—-«37°.
tg<P - = g4<<
I +i -2
2
d) Birinchi tenglamaga ko‘ra A =-. Ikkinchi to‘g‘ri chiziq

tenglamasidan topamiz: Sc+ +8=0, y=-5x-8, bunda k2=-5.
U holda

- +5 vl
tgp= 2__ =1. Bundan 9=

To'g‘ri chiziqg tenglamalarining ko‘rinishiga qarab, ulaming
perpendikular bo 1ishi quyidagi shartlardan biri bilan aniglanadi:

AAj+BB2=0; (2.16)
PPi+Wi=0> (2.17)
1+ktk2=0. (2.18)

Quyidagi shartlardan biri to‘g‘ri chiziglar tenglamalarining
berilishiga ko‘ra, ulaming parallel bo ‘lishim aniglaydi:

A =A- (2.19)
A2 B2
Pi_ 4\, (2.20)
Pi  4i’

K, = L. (221)



7-misol. To‘g‘ri chizig tenglamasini tuzing: 1) M,(-2;2) nuqtadan
o‘tuvchiva 2x-3y+4=0 to‘g‘ri chiziqga perpendikular bo‘lgan;

2) MZ-13) nugtadan o‘tuvchi va = to‘g‘ri chizigqa parallel

bo'lgan; 3) v=2x-1 to‘g‘ri chiziq bilan <p:Zga teng burchak hosil giluvchi
va ordinatalar o‘gida 4 ga teng burchak ajratuvchi.

® 1) To‘g‘ri chizig tenglamasini Ax+By +C =0 ko'rinishda izlaymiz.
Masalaning shartiga ko‘ra:

-2A+2B+C =0 (to'g‘richizig M(-2;2) nuqtadan o'tadi),
2m\+-3) B =0 (tolg‘ri chiziq 2x—3y+4=0 to'g'ri chiziqga J.).

3
Sistemaning yechimi: A=-C, B=C.
Ava B koeffitsiyentlami izlanayotgan tenglamaga qo'yamiz:
ECX +Cy +C=0.

Bundan
3X+2y+2=0.

2) To‘g‘ri chiziq tenglamasini Ax+By +C =0 ko'rinishda izlaymiz.
U holda
-A+3B +C =0 (to‘g'richizig M(-1;3) nugtadan oHedX),

A o g'ri chrmg x3 =Y 108 n chizigga ﬂl

Bundan A=-C, B=—:23C.
Demak, izlanayotgan to‘g‘ri chiziq tenglamasi:
—jc—:—gv +1=0 yoki
3*+2y -3=0.

3) Ordinatalar o‘gida 4 ga teng kesma ajratuvchi to‘g‘ri chizignin
burchak koeffitsiyentli tenglamasiy =fa:+4 ko‘rinishda bo‘ladi. Misol

shartiga ko‘raj» =fac+4 va y=2x-1 to‘g‘ri chiziglar <p:Z ga teng burchak



3X+y-4=0va jc—3y+12=0. O

To‘g‘ri chiziglar umumiy tenglamalari Ax—+Bly +C,=0 va
AX+B2/ +C2=0bilan berilsa, ulaming kesishish nuqgtasi koordinatalari
quyidagi sistemadan topiladi:

fAXx+Bly +Cl =0, (2.22)
[A% +B2/+C3=0.
Bunda M(X;y) kesishish nugtasi orgali o‘tuvchi to‘g‘ri chiziglar

dastasi ushbu
AX+By +C, +AAX+B3/+C2)=0 (2.23)

tenglama bilan aniglanadi, bu yerda J1- sonli ko‘paytuvchi.
g8 -misol. 2x-y-2=0a to‘g‘ri chizig bo'ylab yo‘naltirilgan yorug‘lik
nuri X-2y+2=0 to‘g‘ri chizigda akslanadi (gaytadi). Qaytuvchi nur

yo'nalgan to‘g‘ri chizig tenglamasini tuzing.
<& Yorug'lik nurining gaytish nuqtasi 2x-y-2=0 va x-2y +2=0

to‘g‘ri chiziglarning kesishish nuqtasi boMadi.
Bu nugta M(X;y) bo‘lsin.
Uni quyidagi sistemadan topamiz:
f2x- y-2=0,
] x-2y +2=0.

Bundan A/(2;2).Yorug*lik nuri akslanuvchi va yo‘nalgan to‘g‘ri chiziglar
orasidagi burchak tangensini topamiz:

Bu son yorug‘lik nuri gaytuvchi va akslanuvchi to‘g‘ri chiziglar orasidagi
burchak tangensiga teng bo‘ladi.



bu yerda k- nur gaytuvchi to‘g‘ri chizigning burchak koeffitsiyenti.
Bundan k=-—.
1
Demak, izlanayotgan to‘g‘ri chizig M(2;2)nugtadan o'tadi va uning

. . 2
burchak koeffitsiyenti £=-—ga teng. U holda (2.8) tenglamaga ko‘ra

2
Y- 2=——(O-2) yoki
2*+1lj>-26=0. O

To‘g’ri  chiziglar umumiy tenglamalari Ax+B j+C =0 va

A +B3/ +C2=0 bilan berilgan bo‘lsa
A ="r1=£ 1. (2.24)
A2 Br C2 \Y '

tengliklar to‘g‘ri chiziglaming ustma-ust tushish shartini ifodalaydi.

9-misol. a va b ning ganday qgiymatlarida 5x-by+%0 va
ax +by- 2=0to‘g‘ri chiziglar ustma-ust tushadi?
N To'g‘ri chiziglaming ustma-ust tushish shartiga ko‘ra

a” b ~-2
Bundan
Aa=-10, b=6. O
S 2.24. Nuqgtadan to‘g‘ri chiziggqa tushirilgan pedendikulamir

uzunligiga nugtadan to g 'ri chiziggacha bo‘lgan masofa deyiladi.
Mt(xGye) nugtadan Ax+By+C =0 to‘g‘ri chiziggacha bo‘lgan masofa
dJ.AS +By+c \ (2.25)
Ja'+B2 kK
formula bilan topiladi.



10-misol. ABC uchburchakning A(4;1) uchidan 5x+I2y -6=0 tenglama
bilan aniglanuvchi BC tomoniga tushirilgan balandlik uzunligini toping.

® Izlanayotgan balandlik uzunligi A uchdan BC tomongacha bo‘lgan
masofaga teng bo‘ladi. Uni (2.25) formula bilan hisoblaymiz:

d_15_—4—»—1 12&1__2{ B). ©
Ve +122

11-misol. 3x+4y-4=0 va ex+8y+5=0 parallel to‘g‘ri chiziglar
orasidagi masofani toping.

<S> Birinchi to‘g‘ri chizigda ixtiyoriy MX\y)nugtani olafniz. Masalan,
agar X=0 bo‘lsa, u holda y =1 bo‘ladi, ya’ni M(0;l),U holda berilgan parallel
to‘g‘ri chiziglar orasidagi dmasofa AT(O;l)nugtadan ikkinchi &* +8p>+5=0
to‘g‘ri chiziggacha bo‘lgan masofaga teng bo‘ladi. Uni (2.25) formula bilan
hisoblaymiz:

q=160+81 451 13( W, 0
VA+F

Mustahkamlash uchun mashglar

3.2.1. Chizigning berilgan parametrik tenglamalarini
F(x;y) =0 ko‘rinishga keltiring:
=/+1, [ic= 4 cos?,
D y-3eR j> =3sin/,/e[0;2"]’
X—t—2, f* =0,50f\.
3 y-tl-4/ +5 fe«’ [/=vf/Ei?+

3.2.2. To‘g‘ri chiziglaming burchak koeffitsiyentini va koordinata
o'glarida ajratgan kesmalarini toping:

1)3jc+4y-12=0; 2)x =3y-2; 3 )N =n Hf+f =|-

3.2.3. To‘g‘ri chizigning tenglamasini tuzing: 1) MX2-3) nugtada
o‘tuvchi va n={34} normal vektorga ega bo‘lgan; 2) MZ-2,-3) nuqtadan
o‘tuvchi va s={213} yo‘naltiruvchi vektorlarga ega bo‘lgan; 3) m,(-23)
nuqtadan o'tuvchi Ox o‘qqa perpendikular bo‘lgan; 4) Mt(3;2) nugtadan
o‘tuvchi Oy o‘gda b=5 ga teng kesma ajratuvchi.



3.2.4. Tenglamalardan qaysilari to‘g‘ri chizigning normal tenglamasini
ifodalaydi?
)>>+2=0; 2)*-2,5=0;

3) —X - -3=o0; 4) —X+—VY +2 =0.
) gX-gY ) XY

3.25. To‘g‘ri chiziglaming kesishish nugtalarini va ular orasidagi
burchakni toping:

1) 5*--3 =0, 2x-3y+4=0; 2) y:§x—i 4r+3j'-5=0;
*+l=y-| X 3 4)fAN 1 =Z+3 £7M2=2r2
3 1 1 5 - 2 3

326. m va n ning ganday giymatlarida nmx+9y+n=0 va
4x+my-2=0 to‘g‘ri chiziglar: 1) parallel boiadi; 2) ustma-ust tushadi;
3) perpendikular boiadi?

3.2.7. mning qanday giymatlarida to‘g‘ri chiziglar: 1) parallel
boiadi; 2) perpendikular boiadi?

1) x-my+5=0, 2x+3j/+3=0; 2) 2x-by +4=0, mx-6y+7=0;

3.2.8. jc+y - 7=0 to‘g‘ri chizigda koordinatalari 2x-y +4=0 tenglik
bilan bogiangan nuqtani toping.

3.2.9. A(4;2) nugtadan o‘tuvchi va koordinata o‘glari bilan yuzi
2(Lyi>.)gateng uchburchak ajratuvchi to‘g‘ri chiziq tenglamasini tuzing.

3.2.10. Uchburchakning uchlari berilgan: [0-3;2),2?(5;-2),C(0;4).
BD balandlik tenglamasini tuzing.

3.2.11. Uchburchakning uchlari berilgan: [-2;0),£(5;3),C(1;-1).
AD mediana tenglamasini tuzing.

3.2.12. 2x-.y +3=0 vajc +.y-2 =0 to‘g‘ri chiziglaming kesishish

nugtasidan o‘tuvchi va 3* -4y-7=0 to‘g‘ri chiziqga pedendikular to‘g‘ri
chiziqg tenglamasini tuzing.



3.2.13. To'‘g‘ri burchakli teng yonli uchburchak gipotenuzasining
tenglamasi 3x+2y - 6 =0dan va uchlaridan biri A(-1;-2) nuqtadan iborat.
Uchburchakning katetlari tenglamalarini tuzing.

3.2.14. Parallelogrammning ikki uchi A(l;l) va B(2;-2) nuqtalarda yotadi
va diagonallari (-1;0)nuqtada kesishadi. Parallelogrammning tomonlari
tenglamalarini tuzing.

3.2.15. ABCD to‘rtburchakning uchlari berilgan: A(5;3), C(3;5),
D(s;6).Uning diagonallari kesishish nuqtasini va diagonallari orasidagi
burchakni toping.

3.2.16. Uchburchakning uchlari berilgan: J1(8;3),5(2;5),C(5;-1).

Uchburchakmedianalariningkesishishnuqtasidano‘tuvchi vajc +*- 2 =0
to‘g‘ri chiziqga perpendikular to‘g‘ri chiziq tenglamasini tuzing.

3.2.17. Burchak tomonlaridan birining tenglamasi 43" +9=0dan va
bissektrisasining tenglamasi x - ly +21=0dan iborat. Burchak ikkinchi
tomonining tenglamasini tuzing.

3.2.18. Uchburchakning ikki uchi /*G;l),£(1;3)va medianalari kesishish
nugtasi M (3;4) berilgan. Uchburchak tomonlarining tenglamalarini tuzing.

3.2.19. Uchburchakning ikki uchi A(2;,-2),B(-6;2) va balandliklari
kesishish nugtasi M(1;2) berilgan. Uchburchakning B uchidan tushirilgan
balandlik tenglamasini tuzing.

3.2.20. Uchburchak tomonlar o‘rtalarining koordinatalari berilgan:
IV, (1-3), M2(2;-2),M, (—3;4). Uchburchak tomonlarining tenglamalarini tuzing.

3.2.21. Parallelogrammning ikki tomoni 2x+y-2=0, x-y +17=0
tenglamalar bilan berilgan va uning diagonallari M(- 3,5;3,5) nugtada
kesishadi. Parallelogramm qgolgan ikki tomonining tenglamasini tuzing.

3.2.22. jc-2>»+5=0 to‘g‘ri chiziq bo'ylab yo‘nalgan yorug‘lik nuri

3x—-2y+7=0 to‘g‘ri chizigda akslanadi (qaytadi). Qaytuvchi nur yo'nalgan
to‘g‘ri chiziq tenglamasini tuzing.



3.2.23. Kvadratning uchlaridan biri A(3;4) nuqtadan iborat bo‘lib,
tomonlaridan biri 2x+5y +3=0 to‘g‘ri chizigda yotadi. Kvadratning yuzini
toping.

3.2.24. 4x-3y +S=0va 8x-6.y-7 =oto‘g‘ri chiziglar orasidagi
masofani toping.

3.2.25. Kvadratning ikki tomoni 5x+12y -61=0 va 5x+12y +17=0
tenglamalar bilan berilgan. Kvadrat diagonalining uzunligini toping.

3.2.26. M(-8;12) nugtaning /I(-5;l)va £(2;-3)nugtalardan o‘tuvchi
to‘g‘ri chizigdagi proyeksiyasini toping.

3.2.27. 3x+4y— =Q to‘g‘ri chizigqa parallel bo‘lgan va
/A(3;-Dnugtadan 3(ici>) masofada yotuvchi to‘g‘ri chiziqg tenglamasini
tuzing.

3.3. IKKINCHI TARTIBLI CHIZIQLAR

Aylana. Ellips. Giperbola. Parabola.
Ikkinchi tartibli chiziglarning umumiy tenglamasi

3.3.1. 88 Oxy koordinatalar sistemasida X,y o‘zgaruvchilami
ikkinchi darajali tenglamasi bilan aniqglanuvchi chiziq (egri chiziq)
tekislikdagi ikkinchi tartibli chiziq deyiladi.

Tekislikdagi ikkinchi tartibli chiziglarga aylana, ellips, giperbola va
parabola kiradi.

88 Markaz deb ataluvchi nuqtadan teng uzoqlikda yotuvchi tekislik
nuqtalarining geometrik o‘rniga aylana deyiladi.

(*-*,)2+CY-JT)2=~2
tenglamaga aylananing kanonik tenglamasi deyiladi. Bunda MQXGy0 nugta
aylana markazi, R masofa aylana radiusi deb ataladi.

x1+yr=R1 tenglama markazi koordinatalar boshida yotuvchi va radiusi

R gateng aylanani aniglaydi.



1-misol. Koordinatalari X=Rcost, y =Rsinttenglamalar bilan
aniglanuvchi M(X;y)nugta aylana nugtasi bo‘lishini ko‘rsating.

® M(X;y)nugta koordinatalarining har ikkala tomonini kvadratga
ko‘taramiz va hadlab qo‘shamiz:

x2 +Yy 2= R10c0s21+R2sin2t = RASin2t +oos2t) =R2
yoki
x1+yr=R2
Demak, koordinatalari x=Rcost, y=Rsint tenglamalar bilan aniglanuvchi
M(X;y) nuqgta markazi koordinatalar boshida yotuvchi va radiusi R ga teng
aylanada yotadi. O

Aylanani aniglovchi ushbu

y =Rsint, te[0,2r1] (3:2)

tenglamalar sistemasiga aylananingparametrik tenglamalari deyiladi.

2 -misol. Aylananing kanonik tenglamasini tuzing: 1) markazi
koordinatalar boshidajoylashgan va radiusi R=5 ga teng bo‘lgan;
2) markazi A(-4;3) nugtadajoylashgan va koordinatalar boshidan o‘tgan;
3) B(-4;2) nugtadan o‘tuvchi va koordinata o‘glariga uringan;
4) diametrlaridan birining uchlari koordinatalar boshida va C(-4;6) nuqtada
yotgan; 5) markazi koordinatalar boshida joylashgan va [12x-5y +26=0
to‘g‘ri chiziqga uringan.

. 1) Markazi koordinatalar boshida yotuvchi va radiusi R ga tel
aylana tenglamasidan topamiz:

X2+y2=25.

2) (38.1) tenglamaga binoan: (x+4)2+(y-3)2=R2 Bu aylana

koordinatalar boshidan o‘tadi. Shu sababli (0 +4)2+(@© - 3)2=R2 Bundan

R2=25. U holda
(X +4y2+(y-3)2=25.

3) S(-4;2) nugtadan o‘tuvchi va koordinata o‘qglariga uringan aylana
markazi M,,(-R;R)nugtada yotadi. (3,1) tenglamadan topamiz:
(-4 +R)2+(2 -R)2=R2 yoki J12-12/1+20=0.



Bundan R, =2, ~ =10. U holda izlanayotgan tenglama
(r+10)2+(y —10)2=100 yoki (c+2)2+(y—2)2=4.
4) 0(0;0)va C(-4;6) nuqtalardan o‘tuvchi diametming kvadratini
topamiz:
d1=(-4-0)2+(6 - 0)2=52.
Bundan 4R2=52 yoki R2=13. Aylana markazi M(a;b) diametr o‘rtasida

gotadi. 8husababli a- :fit(): -2, B= —6—_2';0: 3

Bundan

(c+22+0-3)2=13.

5) Markazdan, ya’ni koordinatalar boshidan urinmagacha bo‘lgan masc

R gateng. Nuqtadan to‘g‘ri chiziggacha bo‘lgan masofa formulasidan
topamiz:

o 112-0-5-0+261 ,,

C VI224(-5)2
U holda
X2+y2=4. O

3-misol. (ic-3)J+(y +2)2=25 aylanaga M(0;3)nuqtada o‘tkazilgan
urinma tenglamasini tuzing.
® M(0;3)nugtadan o‘tuvchi urinma (to‘g‘ri chiziq) tenglamasini
y =kc+3 ko‘rinishda izlaymiz.
Aylana bilan urinmaning umumiy nugtasini topish uchun quyidagi
sistemani yechamiz:
fj/= Ax+3
{=-3)2+(y +2)2=25.
Bundan (X-3)2+(kx+3+2)2=25  yoki (A2+ 1)jc2 +(10/1- 6)ic +9=0.Bu
tenglama to‘g‘ri chiziq aylanaga uringani uchun yagona yechimga ega
bo‘ladi. Su sababli tenglamaning diskreminanti nolga teng, vya’ni
(Bbk-3)2-9(k2+1) =0 yoki \&K-30k=0. Bundan Kk,=0, k2:§. To'‘g'ri
chizigning burohak koeffitsiyentini y = kx+3 tenglamaga qo‘yamiz:
y=3va y=%x+3yoki

y=3va 15*-8"+24=0. O



3.3.2. 61 Har biridan fokuslar deb ataluvchi berilgan ikki nugtagac
bo‘lgan masofalaming yig‘indisi o‘zgarmas migdorga teng bo'lgan tekislik
nuqtalarining geometrik o‘miga ellips deyladi.

+ 4 - 3 . 3
a th ( )

tenglamaga ellipsning kanonik tenglamasi deyiladi.

4-misol.x =acos/, y =bsmt tengliklar ellipsning nuqtasini aniglashini

ko‘rsating.
. K . X \Y4 .
® x=acost, y=bsint tenglﬂdardan topamiz: - =cos/, E: bsint
a
U holda + Nj =cos2/+sin2/=1 yoki 'T +"r=1-

Demak, x=acost, y =bs'mt tengliklar ellipsning nugtasini aniglaydi. O

Ellipsni aniglovchi ushbu

Ly=2Z>sirv, '6[0;2:1]
tenglamalar sistemasiga ellipsningparametrik tenglamalari deyiladi.
Ellipsda 2a, 2b uzunliklariga mos ravishda katta va kichik o‘glar,

a,b sonlarga mos ravishda katta va kichik yarim o‘qglar deyiladi.

e =— kattalikka ellipsning ekssentrisiteti deyiladi. Bunda o<e<1.
a

M nugtadan dlitd2 masofada o‘tuvchi va tenglamalari x=2— dan
e

Iborat bo'lgan to‘g‘ri chiziglar ellipsning direktrisalari deb ataladi.
Direktrisalar ushbu
A-=ii-=
dt~d~ E
tengliklami gqanoatlantiradi. Bunda r, ,r2 fokal radiuslar deb ataladi.
Ellipsning fokal radiuslari
rn=a-ex, r2=a +ex
formulalar bilan aniqglanadi.
a<b bo'lganda (3.3) tenglama uzunligi 2bga teng katta o‘gi Oy o‘gida
yotuvchi va uzunligi 2aga teng kichik o'gi Ox o‘gida yotuvchi ellipsni



aniglaydi. Bu ellkPsninS fokuslari ~ (0;e)va F2(0;-c)nuqtalarda yotadi, bu

yerda ¢ =4br -<t%

a=b boMgt®”" tenglama markazi koordinata boshida yotuvchi
varadiusi a ga teng aylanani aniglaydi.

5-misol. Fokuslari abssissalar o'gida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlarni ganoatlantiruvchi ellipsning
kanonik tenglamasil’ tuzing: 1) A(8,0) va S(0;7) nuqgtalardan o'tuvchi;
2) katta o‘gi 8 ga, fokuslari orasidagi masofa 6 gateng; 3) katta o‘qi 16 ga,

ekssentrisiteti - ga ten& 4) katta o‘qi 10 ga, direktrisalari orasidagi
4

masofa 25ga teng; d) fokuslari orasidagi masofa 3 ga, direktrisalari

orasidagi masofa 8ga ten8-
® Ellipsning tenglamalarini har bir bandda berilgan shartlar asosida

tuzamiz.
1) n(8;,0) va XK°;?) nuqtalaming koordinatalari (3.3) tenglamani

ganoatlantirishi kerak, ya ni
64 0 , 0 49 ,

a b a b
Bundan a2-64, b2=49. U holda
XS N2y
64 49

2) shartgako‘ra: 2a=8, 2c=6.Bundan a=4, c=3,

bMNa'-c2=16-9=7- Uholda

X2, X2,
6 7
3) shartgabinoan: 2a=16, f = Bundan a=8, " =i yokic=~a =2.

U holda a2=64, bl==64-4=60 va

64 60
4) Shartga asosan: 2a -10, d, +d2-25. Bundan a -5,

, imrt+ri _ 2a~ =25yoki c=—_ =2.
T+T | — T 25



N —

=1
5 21
5) Shartda berilishicha 2c =6, dx+<2=8. Bundan c=3, — =8.
C
U holda a2:7:_2 =12, b2=12-9=3va
—+—=10
12 3

6 -misol. 24*2+49y2=1176 tenglama bilan berilgan ellipsda toping:
1) yarim o‘qglar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;
4) direktrisalaming tenglamalari va ular orasidagi masofani; 5) ellipsning
MOAO\y)nugtasidan chap fokusgacha bo'lgan masofa 12 ga teng bo‘lsa,
M(X;y) nugtani.

® Ellips tenglamasining har ikkala tomonini 1176 ga bo'lib, uni
kanonik shaklga keltiramiz:

X_2_|_/\/}:|
49 24

1) Bu tenglamadan topamiz: a2=49, b2=24,ya’ni a=7, b=2s/6.

2) c1=a2-62Zenglikdantopamiz: c2=49-24 =25, c=5.
Bundan (5;0), Ft(-5;0).

3) £- £ formuladan topamiz: f :g.
a

4) Ellipsning direktrisalarini x==- formulalar orgali topamiz:

e

7 .49 . 49 49
X—t—=2%— ya'ni x =— X, =---.

5 5 ' 5 5

7

U holda direktrisalar orasidagi masofa
49 ( 49N 98
“- T T-¢ 3T

5) M(x;y) nugtadan chap fokusgacha bo‘lgan masofa rs=12.



U holda rx=a+ex formulaga ko‘ra 12=7+"x. Bundan x=7. xa\ellipsning

kanonik tenglamasiga qo‘yib, MOX\y) nugtaning ordinatasini topamiz:

7

1+~=1 yoki y=0. Demak, M(7;0). o

3.3.3. Har biridan fokuslar deb ataluvchi berilgan ikki nugtagac
bo'lgan masofalar ayirmasining moduli o'zgarmas miqdorga teng bo'lgan
tekislik nuqtalarining geometrik o'miga giperbola rfeyiladi.

4-1T =I, br=c'-a’' 3.5
4- 1T, (3.5)
tenglamaga giperbolaning kanonik tenglamasi deyiladi.

y:i;x tenglama bilan aniglanuvchi to'g'ri chiziglarga giperbolaning

asimptotalari deyiladi.
Giperbolada 2a uzunlikka haqigiy o'q, 2b uzunlikka mavhum o‘q,
a,b sonlarga mos ravishda haqiqiy va mavhum yarim o'glar deyiladi.

e= 3 kattalikka giperbolaning ekssentrisiteti deyiladi. Bundae > 1

M nugtadan d, va d2masofada o'tuvchi, tenglamalari x=#— dan ibo-
e

ratto’'g'ri chiziglar giperbolawrcg direktrisalari deb ataladi. Direktrisalar ushbu
r r

dx di
tengliklarni ganoatlantiradi.
Giperbolaning fokal radiuslari ushbu
x>0 bo'lganda rt=£x-a, m=ex+a\
Xx<0 bo'lganda r,=-a-sc, r, =a~ex
formulalar bilan aniglanadi.

7-misol. Fokuslari abssissalar o'qgida koordinatalar boshiga nisbatan
simmetrik joylashgan va quyidagi shartlami qanoatlantiruvchi giperbolaning
kanonik tenglamasini tuzing: 1) A/,(8;2V2) va M2(-6;1) nuqtalardan o'tuvchi;
2) fokuslar orasidagi masofa 26 ga, mavhum o'qi 5 ga teng; 3) fokuslar
orasidagi masofa 8 ga, ekssentrisitet 2 ga teng; 4) fokuslar orasidagi masofa

20 ga, direktrisalar orasidagi masofa ~ gateng ; 5) fokuslar orasidagi



masofa 26 gateng, asimptota tenglamalari y =+—x dan iborat.

<@ 1) M ,(8;2j2) va M2A-6;l) nuqtalaming koordinatalari
(3.5) tenglamani ganoatlantirishi kerak, ya’ni
6 4 36_J_
al bl 'al b2~"
Bundan a2=32, b2=8. U holda

£E1_/ =i

32 8
2) Giperbolada a=4c2-b2. Shartga ko‘ra c =13, A» 5.

Bundan a=VI69-25 =12. Uholda al=144, b1=25 va

— ="M=1
144 25

3) Giperbola ekssentrisiteti r=- ga teng. Shartga binoan c=4, e=2.
a

Bundan tf=—=2 va =c2-a2=16-4=12. Uholda
e

Ao>1=1,
4 12

202

4) Giperbolada direktrisalar orasidagi masofa —' ga teng. Shartda
c

berilishicha c=10, » .Bundan a2=64, 62=c2-a2=100-64 =36 va

c 5
"1 -/"=1

5) Giperbolaning asimptotalari y-+-x tenglamalar bilan aniglanadi.
a

ghartga asosan ¢ =13, y=i1—52x. Bundan 3=1—52 b:1—52a,
a

0'*cJ-bl1=169-— a2 yoki fl+— }a2:169.
25 | 25
U holda al=25, b2=169-25=144 va

X1 y2:l (@)
25 14



8-misol. 5x2-4y2=20 tenglama bilan berilgan giperbolada toping:
1) yarim o‘qglar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;

4) asimptota va direktrisalaming tenglamalarini; 5) A/"3;-jnuqtaning fokal

radiuslarini.
® Giperbola tenglamasini kanonik shaklga keltiramiz:
+1-r=1
4 5
1) Bu tenglamadan topamiz: a2=4, bl=5,ya’ni a=2, b=J5.

2) cl=a2+b2tenglikdan topamiz: c2=4+5=9, ¢c=3.
Bundan F,(3;0), FX-3;0).

Q . 3
3) e=—formuladan topamiz: e=—

4) asimptota tenglamalari y =+-X=2+— X,
a

N

direktrisa tenglamalari x=+—= i?
s

4) M"3;7jnuqta giperbolaning o‘ng tarmog‘ida yotadi (ic=3>0).
U holda n=ex-a, m=ex+a formulalarga ko‘ra
r=38 ®,S (-33,7-13 ¢
2 2"2 2 2

Yarim o‘qglari teng (a-b) bo‘lgan giperbolaga teng tomonli giperbola

deyiladi. Teng tomonli giperbola
*2-/=a?2 (3.6)

tenglama bilan aniglanadi. Asimptotalari Otcva Oy o‘qglardan iborat bo‘lgan

- K .
teng tomonli giperbola y =—ko‘rinishdagi tenglama bilan aniglanadi.
X
® ) Adgar giperbolaning fokuslari Oyo‘qida yotsa, u holda giperbola
§-4 =1 3-7)

tenglama bilan aniqlanadi. Bunda giperbolaning ekssentrisiteti s :l_) tenglik

bilan, asimptotalari y=+-—xtenglamalar bilan, direktrisalari y=24—
a e



tenglamalar bilan topiladi. (3.5) va (3.7) tenglamalar bilan aniglanuvchi
giperbolalarga qo 'shma giperbolalar deyiladi.

9-misol. £2_ 'ngl giperbolaning chap fokusi bilan bu giperbolaga *
go'shma giperbolaning o‘ng fokusi orasidagi masofani toping.
<S> c2=al+b2 tenglikdan topamiz: c¢1=9+16=25 c¢=5. U holda
berilgan giperbola uchun #(5;0), FA-5;0)va go'shma giperbola uchun
/+'(0;5), F;(0;-5) bo‘ladi. '
Bundan
IFft EV(-5-0)2+(0-5)2=5v2(ujb). 0

3.34. Il Fokus deb ataluvchi berilgan nuqtadan va direktrisa de
ntaluvchi berilgan to‘g‘ri chiziqdan teng uzoglikda yotuvchi tekislik
nuqtalarining geometrik o‘migaparabola deyiladi.

Fokusdan direktrisagacha bo'lgan p masofaga parabolaning parametri
deyiladi.

y2=2px (3.8
tenglamagaparabolaning kanonik tenglamasi deyiladi.

Parabolada 0(0;0) nugta uning uchi, Oxo‘q uning o'qi deb ataladi.

Parabolaning ekssentrisiteti fim= +—"r =1 ga teng, direktrisasi x= >

tenglama bilan aniglanadi.

10-misol. x2=by tenglama bilan berilgan parabolada toping:
1) fokusning koordinatalarini; 2) direktrisaning tenglamasini;

J) nuqtaning fokal radiusini.

® 1) Shartga ko'ra 2p =6. Bundan p =3.
U holda: 1) fokus /"0;yj= koordinatalarga ega bo'ladi;

2) dlroktrim y m- ~=- - tenglamaga ega bo'ladi;

3) 2;7jnugtaning fokal radiusi r=y0+-j=| +" =4ga teng bo'ladi. O



3.3.5. Ikki xva yo‘zgaruvchining ikkinchi darajali tenglamasi umumiy
ko'rinishda

AX2+2Bxy +Cy2+2Dx +2Ey +F =0, A1+B1+C2*0 (3.9
kabi yoziladi.
Bu tenglamani koordinata o‘qglarini a burchakka burish orqali
AX2+Cy2+2Dx+2Ey +F =0 (3.10)

ko'rinishga keltirish mumkin.

Teorema. (3.10) tenglama hamma vaqt yoki aylanani (A =Cda), yoki
ellipsni (A C>0da), yoki giperbolani (A C<0da), yoki parabolani
(/4 C =0da) aniglaydi. Bunda ellips (aylana) uchun -nuqgta yoki mavhum
ellips, giperbola uchun - kesishuvchi chiziglar juftligi, parabola uchun -
parallel chiziglar juftligi kabi buzilishlar bo‘lishi mumkin.

11-misol. 3x2+4y2+30x-32y +91 = 0tenglama bilan berilgan ikkinchi
tartibli chiziq ko‘rinishini aniglang.
Berilgan tenglama ellipsni ifodalaydi, chunki 4 «C =3¢4>0.
Hagigatan ham

3(*2+10x+25) +4 (/ -8y +16) - 75-64+91=0,
3(x+5)2+4(y —4)2= 48,
(*+5)2t(Y-4)2
16 12
Shunday qilib, markazi 0(-5;4)nugtada joylashgan va yarim o‘qglari
a=4, b~2>/3gatengbo‘lganellipsning kanoniktenglamasikelibchiqdi. o

Mustahkamlash uchun mashqlar

3.3.1. Aylananing kanonik tenglamasini tuzing: 1) markazi M,(-I;
nuqtada joylashgan va radiusi R=6 ga teng bo'lgan; 2) markazi M r(-3;5)
nuqtada joylashgan va A(4;4) nuqtadan o‘tgan; 3) diametrlaridan birining
uchlari J2(—43) va C(-3;5) nuqtalardan iborat bo‘lgan; 4) D(8;-4) nuqtadan
o‘tgan va koordinata o‘glariga uringan; 5) markazi M(2;-1) nuqtada
joylashgan va urinmalaridan biri 3*+4y +3=0 to‘g‘ri chizigdan iborat
bo'lgan.



3.3.2. X2+y2-2x+4y - 20=0va*2+y2- 10y +20=0 tenglamalar bilan
berilgan aylanalar markazlari orasidagi masofani toping.

3.3.3. Zr+3—:1to‘g‘ri chizigning koordinata o‘qglaridan kesgan
kesmasi aylana diametriga teng. Aylananing kanonik tenglamasini tuzing.

3.3.4. A(2;-1), 5(3;4)nuqgtalardan o‘tgan va markazi x-y-4 =0to‘g‘ri
chizigda joylashgan aylananing kanonik tenglamasini tuzing.

3.3.5. Uchburchakning uchlari berilgan: A(~2;2),B(0;-2),C(-I-1).
Uchburchakka tashgi chizilgan aylananing markazi va radiusini toping.

3.3.6. Aning ganday giymatlarida y =kx to‘g‘ri chiziq

x1+y2-8x-2_y +16=0aylanani kesadi, bu aylanaga urinadi?

3.3.7. (Xx-4)2+(y—~ 2)1=4 aylanaga uringan va koordinatalar boshidan
o'tgan to‘g‘ri chiziglar tenglamalarini tuzing.

3.3.8. Aylana kanonik tenglamalari bilan berilgan:
1)x 2+y2=16x; 2)X2+y2-4y; 3) x2+yl1l=2x+2y.
Qutbi koordinatalar boshidajoylashgan va qutb o‘gi Ox o‘q bo‘ylab
yo‘nalgan koordinatalar sistemasida aylananing parametrik tenglamasini
tuzing.

3.3.9. Fokuslari ordinatalar o‘gida koordinatalar boshiga nisbatan
ulmmetrik joylashgan va quyidagi shartlami qganoatlantiruvchi ellipsning

kanonik tenglamasini tuzing: 1) kichik o‘gi 12 ga va ekssentrisiteti 4 gateng

bo'lgan; 2) fokuslari orasidagi masofa 10 ga va ekssentrisiteti y ga teng
bo'lgan; 3) A/,(6;0)va M,(0;9) nuqgtalardan o‘tgan; 4) direktrisalari
ornxidagi masofa ~ ga va ekssentrisiteti e =| ga teng bo‘lgan.

3.3.10. X1, ve_ 1ellipsga tomonlari ellips o‘qlariga parallel qili.b

kvadrat ichki chizilgan. Kvadratning yuzini toping.
3311 X +VZ: lellipsning * +y-20=0to‘g‘ri chiziqga parallel

bl)'1usn urinmosi tenglamasini tuzing.



3.3.12. 16x2+25y2- 400=0 ellipsning fokularining biridan uning kichik
o'giga parallel o‘tgan vatari uzunligini toping.

x1 vyl
3.3.13. g0+%8:Iellipsning M(x,y) nugtasidan uning o‘ng fokusigachi

bo'lgan masofa chap fokusigacha bo‘lgan masofadan 4 marta katta. M(X\y)
nugtani toping.

|
3.1.14. %14_18 =lellipsning M(X;y) nugtasidan uning chap fokusigacha

bo'lgan masofa o‘ng fokusigacha bo'lgan masofadan 2 marta katta.
M (x;y) nugtani toping.

3.3.15. Ellipsning fokuslaridan biridan uning katta o ‘qi oxirlarigacha
bo'lgan masofalar 2 va 8 ga teng. Ellipsning kanonik tenglamasini tuzing.

3.3.16. Kanonik tenglamalari bilan berilgan ellipsning parametrik
tenglamalarini tuzing: 1) 16x2+25y1-400=0; 2) 144x2+25Y -3600=0.

3.3.17. Fokuslari ordinatalar o'gida joylashgan va quyidagi shartlami
ganoatlantiruvchi giperbolaning kanonik tenglamasini tuzing:

1) direktrisalari orasidagi masofa 1—Sga va ekssentrisiteti jsga teng bo'lgan;
. . . 2 . *

2) direktrisalari orasidagi masofa —gﬁ—ga teng va asimptotalari tenglamalari
12 , . . . S 32 S

y =x7JX bo'lgan; 3) direktrisalari orasidagi masofa — gava haqigiy o'qi

8 gateng bo'lgan; 4) direktrisalari orasidagi masofa ~ ga va fokuslari

orasidagi masofa 14ga teng bo'lgan.

3.3.18. Giperbolaning nuqgtalaridan biri va asimptotalarining
tenglamalari berilgan. Giperbolaning kanonik tenglamasini tuzing:
5 K
1) M(618),y = +— -X- 2) M(4;2)y =% *x;
3) = 4) M(6;3),y =x"-X.

3.3.19. Giperbolaning ekssentrisiteti 2 ga teng. Uning asimptotalari
orasidagi burchakni toping.



3.3.20. Giperbolaning asimptotasi hagiqiy o‘q bilan —ga teng burchak
4
tashkil giladi. Giperbolaning ekssentrisitetini toping.

3.3.21. b ning ganday giymatlarida y =2x+b to‘g‘ri chiziq
18x2- 7y 2= 126 giperbolani kesadi, bu giperbolaga urinadi?

3.3.22. 5x2+17y2-85=0 ellips berilgan. Ellips bilan bir xil fokuslarga
ega bo'lgan teng tomonli giperbolaning kanonik tenglamasini tuzing.

3.3.23. Giperbola 25*2+9y2=225ellips bilan bir xil fokuslarga ega.
Giperbolaning ekssentrisiteti 2 ga teng boisa, uning kanonik tenglamasini
tuzing.

3.3.24. Berilgan fokusi va direktrisasi tenglamasiga ko‘ra parabolaning
kanonik tenglamasini tuzing: 1)F(-3;4),x-5=0; 2)F(5;3),y +2=0.

3.3.25. Berilgan tenglamasiga ko‘ra parabolaning uchini va simmetriya
0‘gining tenglamasini aniglang:
1) y2-2y +16x+65=0; 2) 2x2+y-8x +5=0.

3.3.26. y2=4x parabolaga uringan va quyidagi shartni ganoatlantiruvchi
to*g‘ri chiziq tenglamasini tuzing: 1) y =2x+7 to‘g‘ri chizigqa parallel
bo'lgan; 2) A(-2—2) nuqgtadan o‘tgan.

3.3.27. A:ning ganday giymatlarida y=foc-l to‘g‘ri chiziq / +5*=0
parabolani kesadi, bu parabolaga urinadi?
3.2.28. Berilgan tenglamalar bilan ganday ch|2|qlar aniglanadi?

2
2) o* '37; y=-2V?TI; )x=-V7"4.
y:_
3.3.29. Egri chizigning tenglamasini soddalashtiring, chizigning turini
aniglang va shaklini chizing:
1) 5x2+9y2-30x+18y +9=0; 2) 2x2-12* +y +13=0;
3) 5x2- 4y2+3y +8y +21=0; 4) 2y2-* - 12v+14=0,

5) x2-6x+y2-8=0; 6) x2+y +y2-1=0.
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3-NAZORATISHI

1. ABC uchburchak tomonlari tenglamalari bilan berilgan:
a) AB tomon uzunligini toping; b) BD balandlik tenglamasini tuzing
va uning uzunligini toping; c¢) BC tomonni B uchdan C uchga
garab 1:3 nisbatda bo'luvchi E nuqtadan va A uchdan o‘tuvchi
to‘g‘ri chizigning parametrik tenglamasini tuzing.

2. Ko'‘rsatilgan nugtadan o‘tuvchi va markazi CX\y) nugtada
joylashgan aylana tenglamasini tuzing.

1-variant

7x+3y-3-0 (AB), 4x-3y+3=0 (BC), x+2y-13=0 (CA).

. 33x2+49y2=1617 ellipsning o‘ng fokusi ,C(1;7).

2-variant

4x-9y-6 =0 (AB), 2x-y+4=0 (BC), x+3y-12=0 (CA).

. 3x1- 5yr=30 giperbolaning chap fokusi, C(0;6).

3-variant

Ax+3y+3=0 (AB), x+4y+4=0 (BC), 5x+7y-6=0 (CA).

. 2x2-9y2=18 giperbolaning o‘ng uchi, C(0;4).

4-variant
At +74v+15=0 (AB), 2x~3y+5=0 (BC), 6x+yr 15=0 (CA).

. \&R2+41y2=656 ellipsning o‘ng fokusi, C - uning quyi uchi.

5-variant

X-4y-10=0 (AB), 2x-3y-10=0 (BC), x+y-5=0 (CA).

. Sx2—IN\R2=55 giperbolaning chap fokusi, C(0;5).

6-variant

. 3X+4y+9=0 (AB), 2x-7y+6=0 (BC), 5n-3"-14=0 (CA).
. 5/gT-64y2=3648 giperbolaning o‘ng fokusi, C(0;8).
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7-variant
x+y+l=0 (AB), 3*+5y+3=0 (BC), x-y-1 =0 (CA).

. 12x2-13y2=156 giperbolaning chap fokusi, C(0;-2).

8-variant

3x-5"+8=0 (AB), x+Ay-3=0 (BC), Ax-y-\2=0 (CA).

. 2Ay2- 25xr=600 giperbolaning o‘ng fokusi, C(0;-8).

9-variant

. X-4y-7 =0 (AB), y+2=0 (BC), x+y-2=0 (CA.
. Ax2-9y2=36 giperbolaning uchi, C(0;4).

10-variant

. 4jc-3 y-14=0 (AB), x-y-4=0 (BC), 6x-Sy-20=0 (CA).
. AOX2-81y2=3240 giperbolaning o‘nguchi, C(-2;5).

11-variant

. jt-2.y +3=0 (AB), 6x+7y+3=0 (BC), Ax-3y+7=0 (CA).
. Ix2+25y2=1 ellipsning o‘ng fokusi, C(0;6).

12-variant

. X+4y-6 =0 (AB), 5*+3;y-30=0 (BC), 3x-5y+%=0 (CA).
. 5(1;4), C-2y2=x-A parabolaning uchi.

13-variant

. *+4y-8=0 (AB), 5x+3y-40=0 (BC), 3x-5y+10=0 (CA).
. 3x2+1y 2= 21 ellipsning chap fokusi, C(-1;-3).

14-variant

1. Ax-3y-\0=0 (AB), 4*+5>-26=0 (BC), 4x+y-2=0 (CA.
2. 5x2-9y2=45 giperbolaning chap uchi, C(0;-6).
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15-variant

2x-3y+5=0 (AB), 6*+y-15=0 (BC), 2x+Hy +I15=0 (CA).

. 24x2+25y2= 600 ellipsning o‘ng fokusi, C-uning yuqori uchi.

16-variant

3x-4y-13=0 (AB), 3x-y-10=0 (BC), y+4=0 (CA).

. 3x2-4y2=12 giperbolaning chap fokusi, C(0;-3).

17-variant

. 12x+5y-47=0 (AB), *-1=0 (BC), 3x+5y+7=0 (CA).
. 3x2+4y2=12 ellipsning o‘ng fokusi, C - uning yugqori uchi.

18-variant

. 4x+3y-1=0 (AB), x+3y+2=0 (BC), x-4=0 (CA).
. X2-16y2=64 giperbolaning o‘ng uchi, C(0;-2).

19-variant

. 4x-3y+19=0 (AB), 3jt+8j'+4=0 (BC), Ix +5y-\b=Q (CA).
. 4x2- 5y 2=80 giperbolaning chap fokusi, C(0;-4).

20-variant

. 3x+4y-2=0 (AB), 2x+3y-2=0 (BC), x+y-2=0 (CA).

2. 0(Q;0), C- 2y2=-x-5 parabolaning uchi.

N

21-variant

. X=-2y +22=0 (AB), IX+y-4\=Q(BC), 3x+4y-14=0 (CA).
. X2+10y2=90 ellipsning o‘ng fokusi, C-uning quyi uchi.

22-variant

. 3c+4j'-36 =0 (AB), 7x+y-59=0 (BC), x-2y+28=0 (CA).
. 3x2- 25y2=75 giperbolaning o‘nguchi, C(5;-2).
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3x+4y +5=0 (AB), 7x+y-30=0 (BC), x-2y+15=0 (CA).
. 5(3;4), C- 4y2=x-7 parabolaning uchi.

24-variant

. X-y+5=0 (AB), 4jc-j'-10=0 (BC), 5x+4y-2=0 (CA).
. 13x2+49y1=637 ellipsning chap fokusi, C(I;8).

25-variant

1. 2x-y-1=0 (AB), x-3y+7=0 (BC), x+2y—3=0 (CA).
2. 42-5552=20 giperbolaning o‘ng fokusi, C(0;-6).

=

=

26-variant

5x+y+4=0 (AB), x-3>-12=0 (BC), 3x+7y-4=0 (CA).
. <2(0;0), C-y2=3(x-4) parabolaning uchi.

27-variant
3n-4>?-14=0 (AB), 5x-2y-28=0 (BC), x-+y=0(CA).
. 3x2-16y2=48 giperbolaning o‘ng uchi, C(l;3).

28-variant

1. 4x+3y-14=0 (AB), 10x+3y+10=0 (BC), 2x-3y+2=0 (CA

. 7x2—9y7=63 giperbolaning chap fokusi, C(-1;-2).
29-variant

. X-Ay-7 =0 (AB), 2x-5y-& =0 (BC), x-y-4=0 (CA.
. B(2;-5), C- x2=-2(y +1) parabolaning uchi.

30-variant

. X=-2y +\¢0 (AB), x+3y-19=0 (BC), 4x-3y-1=0 (CA.
. X1+4y2=12 ellipsning o‘ng fokusi, C(2;-7).
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FAZODA ANALITIK GEOMETRIYA

4.1. TEKISLIK

Fazoda dekart koordinatalari. Silindrik va sferik koordinatalar.
Fazoda sirt va chizig. Tekislik tenglamalari. Fazoda ikki tekislikning
o‘zaro joylashishi. Nuqtadan tekislikkacha bo‘lgan masofa

41.1. Umumiy boshlang'ich O nugtaga va bir xil masshtab birligic
ega bo'lgan o‘zaro perpendikular Ox, Oy va Oz o‘qglar fazoda dekart
koordinatalar sistemasini hosil giladi. Bu sistemada Ox abssissalar o gi, Oy
ordinatalar o ‘gi, Oz applikatalar o 'gi va ular birgalikda koordinata o glari
deb ataladi. Bunda Ox,0y va O: o'glaming ortlari i,) .k
(i Hi HxkEL iJ.j,j £k,k =j) bilan belgilanadi, O nugtaga koordinatalar
boshi deyiladi, Ox,0y\a Oz o'glar joylashgan fazoga koordinatalar fazosi
deb ataladi va Oxyz bilan belgilanadi.

Oxyz fazo M nuqgtasining OM vektoriga M nugtaning radius vektori
deyiladi.

OM radius vektoming koordinatalariga Mnugtaning to'g'ri
burchakli dekart koordinatalari deyiladi. Agar OM ={x;y;z} bo'lsa, u holda
M nugtaning koordinatalari M(x;yz) kabi belgilanadi, bunda x soni
M nuqtaning abssissasi, y soni M nugtaning ordinatasi va z soni
M nugtaning applikatasi deb ataladi.

4.1.2. & r<pz sonlar uchligiga.Oxyz fazo M(x;y;z) nugtasining
silindrik koordinatalari deyiladi, bu yerda r- M nugtaning Qxytekislikka
proyeksiyasi radius vektorining uzunligi, <p~ bu radius vektoming Ox 0°‘q
bilan tashkil gilgan burchagi, z- M nugtaning applikatasi (1-shakl).

Silindrik va dekart koordinatalari quyidagi bogianishga ega:

X =rcosg> y—smo>, 2=12,
bu yerda O<th-£25, 0SrS+00,-00<r<+Q
<B4 r,<p,B sonlar uchligiga Oxyz fazo M(x;y;z) nugtasining sferik
koordinatalari deyiladi, bu yerda r- M nuqta radius vektorining uzunligi,



<p- radius vektorning Oxy tekislikka proyeksiyasining Ox o‘qg bilan tashkil
gilgan burchagi, 9- radius vektorning Oz o‘gdan og‘ish burchagi (2-shakl).
Sferik va dekart koordinatalari quyidagi bog'lanishga ega
X =rcossps\e, y =rsinpsin0, z=rcos0,

bu yerda Of<pf£2Tr, or<.+< 0<0<n.

4.1.2. Oxy: fazodagi sirt tenglamasi deb aynan shu sirt barcha
nuqtalarining x,y,z koordinatalarini aniqlovchi uch o‘zgariivchining
F(x,y,z) =0 tenglamasiga aytiladi.

Koordinatalari uch  o‘zgaruvchining F(x,y,z) =0  tenglamasini
ganoatlantiruvchi Oxyz fazoning barcha UXN\Y\2) nuqtalari to‘plamigafazoda
shu tenglama bilan aniglanuvchi sirt deyiladi.

Fazodagi chizigni ikki sirtning kesishish chizig'i yoki ikki sirt umumiy
nuqtalarining geometrik o‘mi deb garash mumkin.

/chizigni aniglovchi ikki sirt F(x,y,z) =0 va G(X,y,z) = 0 tenglamalar
bilan berilgan bo‘lsin. U holda / chizig ikkala tenglamani ham
ganoatlantiruvchi M(x-,y;z) nuqtalar to'plamidan tashkil topadi.

Koordinatalari \’a(,x,z;\ tenglamalar sistemasini ganoatlantiruvchi
c",z)=

Oxyz fazoning barcha M(x;y;z) nuqtalari to‘plamiga fazodagi shu tenglama
bilan aniglanuvchi chiziq deyiladi.



Oxyz fazodagi chiziq tenglamasi deb aynan shu chiziq barcha
nugtalarining X,y,z koordinatalarini aniglovchi Ne’%,y,z" tenglamalar
[G(xy.2)=0
sistemasiga aytiladi.
Fazodagi chizigni nuqtaning trayektoriyasi deb garash mumkin. Bunda
chiziqg r=r(t) vektor tenglama bilan yoki x=x(t),y =y(t),z =z(t),teT
parametrik tenglamalar bilan beriladi.

4.1.3. Tekislikning fazodagi har xil o‘mi turli tenglamalar bilan
aniqlanadi.

1 Berilgan nugtadan o'tuvchi va berilgan vektorga perpendikular
tekislik tenglamasi:

A(x-x0) +B(y-y0 +C(z-z0)=0, (1.1)
bu yerda A,B,C- tekislik normal vektori (tekislikka perpendikular bo'lgan
vektor) ii={A;B;C}ning koordinatalari; xQy0,z0-berilgan nuqtaning
koordinatalari, x,y,z-  tekislikda yotuvchi ixtiyoriy nuqgtaning

koordinatalari.

2. Tekislikning umumiy tenglamasi-.

AX+By+Cz+D=0 (1-2)

bu yerda D -o0zod had; A1+B2+C2* 0.

Bu tenglama bilan aniglanuvchi tekislikning xususiy hollari:

By +C: +D =0 (A=0)- Ox o‘qqa parallel;

Ax+Cz+D=Q (B=0)-0y o‘gqgaparallel;

Ax+By+D -0 (C=0)- Oz o‘qga parallel;

Ax+By+Cz =0 (D =0)-koordinatalar boshidan o‘tuvchi;

By+Cz=0 (A=0,D =0)—Qx o‘qdan o‘tuvchi;

Ax+Cz=0 (B=0,0 =0)-0y o'gdan o'tuvchi;

Ax+By=0 (C=Q,D=0)-0z o‘qgdano'tuvchi;

Cz+D =0 (A=0,B=0)-Oxy tekislikka parallel yoki Oz o‘gqa
perpendikular;

By+D=0 (A=0,C=0)-Oxz tekislikka parallel yoki Oy o0‘qga
perpendikular;

Ax+D=0 (B=0,C=0)-Oyz tekislikka parallel yoki Ox o‘qqa
perpendikular;



r=0(A=0B =0,D =0) - Oxytekislik;
x=0(B =0,C =0,D =0) - Oyrtekislik;
y = O(A= OC= 0,D - o) - Gxztekislik.
3. Berilgan nugtadan o ‘tuvchi va berilgan ikki vektorgaparallel tekislik
tenglamasi:
X=X, y-y0 2-Z0
Pi | © =0. (1.3)
Pr 4 r
bu yerda xQyQz0-berilgan nuqtaning koordinatalari;
- berilgan ikki vektorning koordinatalari.
4. Berilgan uchta nugtadan o ‘tuvchi tekislik tenglamasi
X—X  Y-¥X r-5,
*i-x> Y2 Y 2 =0. 1.4)
X=Xy, =, -3—
bu yerda x,,y,.z,, X2y2z2, X,,y },z} —-berilgan uchta nugtaning koordinatalari.

5. Tekislikning kesmalarga nisbatan tenglamasi:
X +¥+—S: 1, (1.5)
a b c
bu yerda a,b,c- tekislikning mos ravishda Ox,0y va Oz o‘glarda ajratgan

kesmalari.
6. Tekislikning normal tenglamasi:

Xcosa +ycosP +zcosy =-p=0, (1-6)
bu yerda p -koordinatalar boshidan to‘g‘ri chiziggacha bo'lgan masofa;
cosff,cos/J,cosy-tekislikka pedendikular birlik vektorning koordinatalari.

Tekislikning umumiy tenglamasini normal tenglamaga (1.2) tenglikning
chap va o'ng tomonini M =+ -j= —i normallovchi ko'paytuvchiga
VMA-+B1+C1

ko'paytirib, o'tkaziladi. Bunda M ko'paytuvchining ishorasi
D koeffitsiyentning ishorasiga garama-garshi qilib tanlanadi.

<S> X,y,: o'zgaruvchilaming har ganday birinchi darajali tenglamasi
fazodagi biror tekislikni ifodalaydi va aksincha, fazodagi har ganday tekislik
X,y,z o0'zgaruvchilaming biror birinchi darajali tenglamasi bilan aniglanadi.



1-misol. Tekislik tenglamasini tuzing: 1) Oy o‘qdan va MOQ(5;3;-2)
nuqtadan o‘tuvchi; 2) Oz o‘qga parallel bo‘lgan va M, (5;0;-1),M X-3;4;-2)
nuqtalardan o‘tuvchi; 3) Ox o‘qga perpendikular bo‘lgan va M34;-2;4)
nugtadan o‘tuvchi; 4) Oxy tekislikka parallel bo‘lgan va M4(-13,-2)
nuqtadan o‘tuvchi.

® 1) Oy o‘gqdan o‘tuvchi tekislik tenglamasi Ax+Cz=0 bo‘ladi. Bu
tenglamani M(5;3;-2) nuqtaning koordinatalari ganoatlantiradi, chunki bu

. 2
nuqta tekislikda yotadi. U holda 5A-2C=0 yoki A=-C. Bundan

2
%Cx +Cr=0 yoki

2x+5;=0.

2) Oz o‘qqga parallel tekislik tenglamasi Ax+By +D =0bo‘ladi. Bu
tenglamani M t(5;0;-1), M 2—3;4—2) nuqtalaming koordinatalari
ganoatlantiradi, ya’'ni

tf 5A +D =0,
N\-3A+4B +D =0.

1 1 2 .
Bundan A=—5D anB=—5D .U holda —5Dx—5Dy+D =0 yoki

A+2y-5=0.
3) Ox o‘qga petgendikular tekislik tenglamasi Ax+D =0. M 34;-2;4)
nuqtada 4A +D =0 yoki D =-4A Bundan
X—4=0.
4) Oxy tekislikka parallel tekislik tenglamasi Cz +D =0bo‘ladi. Bu
tenglikdan M,(-1;3;-2) nugtada -2C +D =0 yoki D =2Ckelib chigadi.
U holda
;+2=0. O
2-misol. Tekislik tenglamasini tuzing: 1) MQ(-1;3;2)nuqtadan o‘tuvchi
va normal vektori h={3;2-2} bo‘lgan; 2) M,(3;-1;2) nugtadan o‘tuvchi,
={1-12} va s2={2;-3,0} vektorlarga parallel bo‘lgan; 3) M23;2;-I),
A/ {U—1;2) nuqtalardan o‘tuvchi va s, ={2;1;-1} vektorga parallel bo‘lgan;
4) MAO1;-1;2), M5-2;3;) va M§(;-3;3) nuqgtalardan o‘tgan; 5) koordinata
o‘glarida a=-2; b=3; c=-5 birlik kesmalar ajratgan; 6) koordinatalar



boshidan 26 ga teng masofada yotuvchi va normal vektori A= {3;-4;12}
bo‘lgan.
® Berilgan masala shartiga mos tekislik tenglamalaridan foyda-
lanamiz.
1) Shartga ko‘ra  tekislik MO(-I;3;2) nugtadan o‘tadi va
n = {3;2;-2} vektorga perpendikular bo‘ladi. (1.1) tenglamadan topamiz:
3 X +1) +2>-3) - 2+(z - 2)=0 yoki
3jc +2y -2z +1=0.

2) Shartga binoan tekislik M,(3;-1;2) nuqtadan va
s, ={1,-1,2},S, = {2;-3,0} vektorlardan o‘tadi. (1.3) tenglamadan topamiz:
je-3 y+1 z-2
1 -1 2 =0.
2 -3 0]
Bundan (*-3)-6-0'+IM-4) +(z-2)-(-3+2)=0 yoki
6x+4y -z-12=0.

3) Tekislik M1(3;2;-1), M,(1,-1;2) nuqtalardan o‘tib, S, ={2;1;-1} vektorga
parallel bo‘lgani sababli u MJ3l;-1;2) nugtadan va MM, ={-2;-3;3},

s, ={2,1,-1} vektorlardan o‘tadi. U holda
x-1 y+l =2

-2 -3 3 =0.
2 1 -

Bundan (Xx-1)+3-3)-(y+1) s - 6)+(z - 2) 2 +6)=0 yoki
y +z-1=0.

4) Shartga ko‘ra tekislik uchta nuqtadan o‘tadi. (1.4) tenglamadan
topamiz:

X -1 y+l z-2 X-1 >+1 z-2
-2-1 3+1 1-2 =o0, -3 4 -1 =o0.
1-1 -3+1 3-2 0 -2 1

Bundan (jc-1) s - (7 +1) %-3) +(z - 2) 6 =0 yoki
2X +3y +6z - 11=0.



5) Tekislik koordinata o‘glarida a=-2; 6=3; c=-5 kesmalar ajratadi.

.- . . . X T
Tekislikning kesmalarga nisbatan tenglamasidan topanu.z; +f + =1

yoki
15* - |0y +62 +30=0.

6) Tekislikning normal tenglamasidan foydalanamiz. Buning uchun
11={3;2;-2} vektorning yo‘naltiruvchi kosinuslarini topamiz:
3 3 . 4 12
cosar=-p —=—, cosa=—, COosy=—.
3 +(—4)J+122 13 m 13 13
U holda (1.6) tenglamaga ko‘ra izlanayotgan tekislik tenglamasi
3£ _4j'+12£ 26=0
13 13 13 13
yoki
3x-4y +12z-26=0. O

4.1.4. Ikkitekislikning normal vektorlari orasidagi burchakka ikki
tekislik orasidagi burchak deyiladi.
<, va cr,tekisliklar orasidagi burchak <pgateng bo'lsin.
Agar tekisliklar Ax+B)y +C,z+D,=0 va AX+B% +CZ +D3=0
tenglamalar bilan berilgan bo‘lsa
AA2+B B2+C,Cj n t
CO0S0° —F —r_ mm —e u-1J
' jJAt +Bt+C'JAT+Bi+ClI
Bu tekisliklar orasidagi qo‘shni burchaklardan kichigi (1.7) tenglikning
o‘ng tomonini modulga olish orgali topiladi.
e,va<r2 tekisliklar perpendikular bo‘Isin.

U holda
AtA2+BIB2+C,C2=0. (1.8)
a,vao-j tekisliklarparallel bo‘Isin.
U holda
A = 9)
a2 b2 c

a,va<3 tekisliklar ustma-ust tushsin.
U holda

A = = i.i0
A B, C, D, ( )



3-misol. 4x-10y +z-3 =0 va 1Ix-8y-7z+8=0 tekisliklar orasidagi
burchakni toping.
<& lkki tekislik orasidagi burchak formulasi (1.7) bilan topamiz:

4 11+(-10)(-8) HA-7) _ _ _ 4l

cos@= i =
VA2+(-10)2+12 Vh 2+(-8)2+(-7)2 2

Bundan fi»=—. O
Y4

4-misol. Tekislik tenglamasini tuzing: 1) M(Q(;-2;3) nugtadan o‘tuvchi
va 2x - 6y +3z - 5=0 tekislikka parallel bo‘lgan; 2) M, (3;-2;), M 22;-1;4)
nuqtalardan o‘tuvchi va 3x -4y +r - 2=0 tekislikka perpendikular bo‘lgan.
® 1) Tekislik tenglamasini Ax+By +Cz+D =0 ko‘rinishida izlaymiz.
Misolning shartiga ko‘ra:
(A-2B +3C+ D =Q (tekislik MO(1;,—2;3) nuqtadan o'tadi),

o= -"~=— (tekislik 2x-6y +3z-5 =0 tekislikka |).
[2-6 3 '

Bundan A:§C, B=-2C, £>=——3C. U holda

jCx-2Cy +Cr-~C =0 yoki
2x -6y +3z-23=0.

Bu masalani boshgacha yechish mumkin. Tekislik UQ1—2;3) nugtadan
o‘tgani uchun (1.1) tenglamaga ko‘ra A(x-1)+B(y +2) +C(z - 3)=0.
Tekislik 2x-6y +3z-5=0 tekislikka parallel boigani uchun uning normal
vektori sifatida n ={2;-6;3} vektomi olish mumkin. U holda
2¢(x-1) - 6¢(y+2) +3+(z - 3) = Oyoki
2x-6y +3:~23 =0.
2) Tekislik tenglamasini Ax+By+Cz +D =0 ko‘rinishida izlaymiz.
Misol shartiga ko‘ra:
3A-4B+C =0 (tekislik 3x-4j>+r-2 =0 tekislikka J.),
* 3A-2B+C = -D (tekislik A/,(3;-2; 1) nugtadan o'tadi),
2A-B +4C = -D (tekislik J¥22;-1;4) nugtadan o'tadi).
Sistemaning yechimi: A=13C, 1=10C, D =-20C.



A, B ,D koeffitsiyentlami izlanayotgantenglamagaqo‘yamiz:
13Cx +10Cy +Cz- 20C =0

Bundan
13c+10y+s-20=0. O

4.1.5. Nugtadan tekislikka tushirilgan perpendikulaming uzunligiga
nuqtadan tekislikkacha bo ‘lgan masofa deyiladi.

MQOxGyGz0) nugtadan Ax+By+Cz +D =0 tenglama bilan berilgan
tekislikkacha bo'lgan masofa ushbu formula bilan topiladi:

| +Bya+Cp+DlI (1.12)
mAl1+B1+C1

5-misol. AJ/O(5;4;-1) nuqtadan Af,(3;C;3), M:(0;4,0) va M,(0;4;-3)
nugtalardan o‘tuvchi tekislikkacha bo‘lgan masofani toping.

® Berilgan uchta nugtadan o‘tuvchi tekislik tenglamasini tuzamiz:

-3 y z-3 jc-3 'y z-3
°.3 4 O.3 =0, -3 4 -3 =0
©.3 4 -3-3 -3 4 -6

Bundan -12+(x-3)-9my+0<(z -3) yoki 4c+3j>-12=0.
Af0(5;4;-1) nuqtadan 4jc+3*—12=0tekislikkacha bo‘lgan masofani

(1.11) formula bilan hisoblaymiz:
14-5+3-4—21
d= 5+3 = 4u)>). O

V42+32+02

Mustahkamlash uchun mashglar

4.1.1. Oz o‘gning M,(-1;-2;5) va A/r(2;1;3) nuqtalardan teng uzoqlike
yotuvchi nugtasini toping.

4.1.2. Oxy tekislikning M,(I;-3;1), A%1;9,5) va M,(0;-1;-2)
nugtalardan teng uzogqlikda yotuvchi nuqtasini toping.

4.1.3. A/,(2;-1;3) nugtadan o‘tuvchi va shu nugtaning radius vektoriga
perpendikular bo'lgan tekislik tenglamasini tuzing.

4.1.4. n={2;-3;4} vektorga perpendikular bo‘lgan va Oz manfiy
yarim o‘gda 5ga teng kesma ajratuvchi tekislik tenglamasini tuzing.



4.1.5. Tekislik tenglamalarini tuzing:

1) M(Q(I;3;-2) nugtadan va berilgan o‘qdan o'tuvchi: a) Ox; b) Oz;

2) A/O2;-I;3) nuqgtadan o‘tuvchi va berilgan o‘qga perpendikular
bo‘lgan: a) Oy; b) Oz;

3) M0(3;-2;4) nuqtadan o'tuvchi va berilgan tekislikka parallel bo‘lgan:
a)Ooxy; b) Oy:;

4) N/,(2;-3;1), A/X3;4;0) nuqtalardan o ‘tuvchi va berilgan o‘qqa
parallel bo'lgan: a) Oy; b) Oz;

5) koordinatalar boshidan va berilgan nugtalardan o‘tgan:
a) M,(3-4;2), MZA-1;3;4); b) M,(2;4;5), M2-1;2;-1);

4.1.6. 2x +Yy - 3z +6 =0tekislikning koordinata o‘glari bilan kesishish
nugtalarini toping.

4.1.7. M0O(;-2;3) nugtadan va berilgan ikkita vektorga parallel tekislik
tenglamasini tuzing:
1)5 ={21;1} va 5=(31-1> 2) a={I;4;-2} va b= {52;-2}.

4.1.8. N/,(2;-1"), N/r(-1;3;2) nuqtalardan o'tuvchi va Ox, Oz o‘qglarida
teng musbat kesmalar ajratuvchi tekislik tenglamasini tuzing.

4.1.9. M0(2;5;-2) nugtadan o‘tuvchi va Ox,0z o‘glarida Oy o‘qga
nisbatan uch barobar uzun kesma ajratuvchi tekislik tenglamasini tuzing.

4.1.10. Berilgan uchta nuqtadan o'tuvchi tekislik tenglamasini tuzing:
1) N/,(2;1;-1), M2X3;1;0), MI-1;2;-1); 2) A/(1;-2;3), M24;1;3), A/,(;2;-1).

4.1.11. 9x- 2y +6z -11=0 tekislik tenglamasining kesmalarga nisbatan
va normal ko‘rinishlarini yozing.

4.1.12. M0(3;3;3) nugtadan koordinata tekisliklariga tushirilgan
pedendikular asoslari orgali o‘tgan tekislik tenglamasini. tuzing.

4.1.13. Tekisliklar orasidagi burchakni toping:
1) x-2y +2z+5=0va x-y-3=0;
2) 3x-.y+2z+12=0va 5*+97-3z-1=0;
3) 2x-3>>-4z +4=0va 5x+2y+z-3 =0;
4)jc +2>'+3=0va>'+2z-5=0



4.1.14. mva «ning ganday qiymatlarida tekisliklar parallel bo'ladi:
1)3x—by-n=-2-=0, mx+2y-3z+11=0;
2)nx-6y-6z +4=0, 2x-+my+3z-8=0.

4.1.15. mning ganday giymatlarida tekisliklar perpendikular bo‘ladi:
1) 4x—7y +2z2—3=0,—3x+2y+mz +5=0! 2) x-my+z=0,2x +3y+mz—4=0.

4.1.16. Tekislik tenglamalarini tuzing:
1) MQ(2;2;-2) nuqtadan o‘tuvchi va berilgan tekislikka parallel bo‘lgan:
a) Xx-2y-3z=0; b) 2x+3y+z-1=0;
2)M0O(-1;-1;2)nugtadan  o‘tuvchi  va  berilgan  ikki tekislikka
perpendikular bo‘lgan: 1) x+2y-2z +6=0, x-2y +z+4=0;
2) x+3y+z-1=0, 2x-y +z-2 =0.
3)M,(5;-4;3), M2X-2;I;8) nuqtalardan o ‘tuvchi va berilgan tekislikka
pegendikular bo‘lgan: a) Oxy; b) Oyz; c) Oxz
4.1.17. M(-2;I;3)nugtadan va x-2y-2z +6=0, 2x+3y-z +3=0
tekisliklaming kesishish chizig*idan o'tuvchi tekislik tenglamasini tuzing.
4.1.18. M(2;1;-2)nuqgtadan o‘tuvchi va x +3y +2z +1 =Q, 3x+2y-z +8=0
tekisliklar kesishish chizig‘iga petendikular tekislik tenglamasini tuzing.
4.1.19. M,(2;0;0), Mr(0;1,0) nugtalardan o‘tuvchi va Oxy tekislik bilan
45°1i burchak tashkil giluvchi tekislik tenglamasini tuzing.
4.1.20. Tekisliklaming kesishish nugtasini toping:
1) Xx+2y—-;+2=0, X-y-2z +7=0, 3x-y-2z +l1 =0
2) Xx-2y-4-=0, Xx+2y-4z +4=0, 3x+y - :-4 =0.
4.1.21. MQ(5;-1;4) nugtadan M,(3;3;0), M 2A0;-3;4), M30;0;4)nuqtalardan
o‘tuvchi tekislikkacha bo*‘lgan masofani toping.
4.1.22. 2x+y-2z +6=0, x+2y +2z-9 =0tekisliklardantenguzoglikda
yotuvchi Cbcogning nuqtasini toping.
4.1.23. 2x-y-2z-5 = Otekislikka parallel bo‘lgan va /1/04;3;-2)
nuqtadan d =3masofadan o‘tuvchi tekislik tenglamasini tuzing.
4.1.24. Ikki yoqi 12x +3y-4z-4 =0 va 12*+3y- 4z +22 =0tekisliklarda
yotuvchi kubning hajmini toping.



42. FAZODAGI TO'‘G‘RI CHIZIQ

Fazodagi to‘g‘ri chiziq tenglamalari. Fazoda ikki to*g‘ri chizigning
0‘zaro joylashishi. Fazoda to*g‘ri chiziq bilan tekislikning o‘zaro
joylashishi. Nugtadan to‘g‘ri chiziggacha bo‘lgan masofa

4.2.1.To‘g‘ri chizigning tekislikdagi har xil o‘mi turli tenglamalar bilan
aniglanadi.
1.To'g 'ri chizigning kanonik tenglamasi:
£ 4 . 2
p q r
bu yerda, p,q,r- to'g'ri chizig yo'naltiruvchi vektori (to‘g‘ri chiziqga
parallel bo‘lgan vektor) s={p-g-r}nmg koordinatalari; x0y0,z0-berilgan
nugtaning koordinatalari, Xx,y,z- to‘g‘ri chiziqda yotuvchi ixtiyoriy
nuqtaning koordinatalari.
2. To'g'ri chizigning parametrik tenglamalari:
X =x0+pt,

w=Y,+aun (2.2)

bu yerda, t-parametr.
3. Tog'ri chizigning vektor tenglamasi:

r =10+ts, (2.3)
bu yerda, ?={%>_-} F={xXQy0;-J- mos ravishda M(x;y;z), MOXG0yQ;:0)
nuqtalaming radius vektorlari.

4. Berilgan ikki nugtadan o ‘tuvchi to'g'ri chiziq tenglamasi:
=Zz21=jlz £1 > (2.4)
Xi-X, Yr-=y, =2—,
bu yerda, X,,y,,z,, X2y2z7-berilgan ikki nugtaning koordinatalari.
5. To'g'ri chizigning umumiy tenglamalari:
J A* +B,y+C,z+D,=0,
[Ax +B%/ +CZ +D2=0,
bu yerda, A2B2C2-ikkita parallel bo‘Imagan tekislik g, ={"15,;C,}
va nr={A2B2-®@) normal vektorlariningkoordinatalari.



Umumiy tenglamasi bilan berilgan to‘g‘ri chizigning yo‘naltiruvchi
vektori

C, B,
s« BCG g AC A 1 2.6)
B c, a2 c2 A, B, j
formula bilan topiladi.
. fx+4y —z+2=0, L . -
1-misol. +§ y to g n chizigning umumiy tenglamasini
1 ANy

kanonik va parametrik ko‘rinishlarga keltiring.
® To'‘g‘ri chizigda yotuvchi Ma nuqtaning koordinatalarini topamiz.
Buning uchun berilgan sistemani
J X+4y= z- 2
[2x-3y = -z +7.
ko‘rinishga keltirib, z ga z0=0 giymat beramiz va sistemadan x=x0 va
y =yOlami aniglaymiz: x0=2, yO=-1
To'g‘ri chizigning yo‘naltiruvchi vektorini (2.6) formuladan topamiz:
4 -1 1 -1 1

4
5= ={I-—3:
3 2 15 {3113

U holda (2.1) formulaga ko‘ra berilgan tenglama ushbu
X-2 y+1 z

1 -3 -1
kanonik shaklga keladi.
t parametr kiritamiz: -—-= =t.Bundan
1 -3 -1
X=2+t, y=-1-3t, z=-nt, teT.

2-misol. M(2;-I;l) nugtadan o'tuvchi va koordinata o‘qglari bilan a =—,

/?:—4, r:? burchaklar tashkil qiluvchi to‘g‘ri chizigning umumiy

tenglamasini tuzing.
<8> To'‘g‘ri chizigning yo‘naltiruvchi vektori s ={p;q;r} bo‘lsin.

Masala shartiga ko‘ra: p=cosa=cos_-= r;\:cosB:cos—4 =,
y



m oL _f2 w2
r =cosr = cos—=0, Xam =< ":=—=10
2 [2 2
To‘g‘ri chizig M{2;-I;I) nugtadan o'tadi. Shu sababli (2.1) tenglamadan
x-2 v+l -1 -
-3 *rrt™ vy
2 2
c—=2 >+ -4
1 “ -1 0"
x-2=-(y +\ _
Bundan oki
r-1=0 y
A+y-1=0,
r-1=0.
422 7@ Y=Y, yax tenglamalari bilan
P, 2 L pr g2 ry

berilgan ikki /, va 120 g'ri chiziglar orasidagi burchak <pgateng boisin.
U holda
cosp= , . (2.7)
Va2+9,! + *Vaz2+?22+K
Bunda to‘g‘ri chiziglar orasidagi o‘tkir bugchak (2.7) tenglikning o‘ng
tomonini modulga olish orqali topiladi.
/,va/2 to'g ri chiziglarperpendikular bo‘lsin. U holda cos™=0 yoki
PiPr+A0r+r/i=om (2.8)
/va/2  to'g'ri chiziglar parallel boisin. U holda s, ={£,;?,;/;}va
J2={/?2"2r2} vektorlar kollinear boiadi, ya'ni
A =M1=2L (2.9)
Pi A r2
/, va /2to g i chiziglar bir tekislikdayotsin.
U holda s, ={pl'dl i12={p2°2r2}, M,M1={xi -xl;yl-y,;z2-2,} vektorlar
shu tekislikda yotadi, ya’ni
D ek, 2-=
A rr =0- (2-10)
Pr a ]



Agar /, va I12to'g'ri chiziglar aygash bo‘lsa
*o~* i Y2-Y, Z,-%,

P, 4, t *o. (2.11)
Pi 4] r2
I, va I12to 'g 'ri chiziglar ustma-ust tushsin.
U holda
n. =q
P& f (2.12)
Xi~ _¥Y2-Y, -2
Pi 4, r,
3- misol. X-2 y*3 -1 a 17* +2r-8=0, to4g'n' chizigfar
7 11 |4jt+_y +6=0

orasidagi o‘tkir burchakni toping.
® Birinchi to‘g‘ri chizigning yo‘naltiruvchi vektori J, ={8;7;11},
Ikkinchi to‘g‘ri chizigning yo‘naltiruvchi vektorini (2.6) formuladan
topamiz:
0 2 72 7 0
10 407 4 1 r

U holda (2.7) formulaga ko’ra

COS(E>i ———— -=

, — . Bundan «=— O
V8] +72+11) wy](-2)2+8r+T 2 4

4.2.3. To‘g‘ri chizig bilan uning tekislikdagi proyeksiyasi orasidagi
burchakka to g ‘ri chiziq bilan tekislik orasidagi burchak deyiladi.

*.*0 Y~Yo z-z0
q
Ax+By+C: +D =0 tenglama bilan berilgan boisin.

U holda

/ to‘g'ri chiziq tenglama bilan va a tekislik

sin(p=- Ap+Ba+Cz (2.13)
VA2+B2+C1) pl+q2+r2
bo’ladi, bu yerda <p- to‘g‘ri chiziq bilan tekislik orasidagi burchak.
Bunda to‘g‘ri chiziq bilan tekislik orasidagi o‘tkir burchak
(2.13) tenglikning o‘ng tomonini modulga olish orqali topiladi.



A=B=C

p q r
I to'g'ri chizig a tekislik parallel bo‘lsin.
Bunda
Ap +Bq+Cr=0. (2.15)

Agar N\\a bo‘lmasa, u holda to'g'ri chiziq va tekislik kesishadi.
Shu sababli

Ap +Bqg +Cro0. (2.16)

4- misol. =——-=—— to‘g'ri chiziq bilan 2x-y-z +9=0 tekislik

orasidagi o‘tkir burchakni toping.
® (2.13) formuladan topamiz:

simtp =—= ]2‘+$/_1)i+{_1).(_2)| :—1. Bundan =
2+(-1)2+(-1)2wmil2+12+(-2)2 2 w

n
~. 0
6 A

5- misol. to‘g‘ri chiziq bilan 2x+3y-z-3 =0

tekislikning kesishish nuqtasini toping.
<S> Ap +Bqg +Cr =2m(-1) +3m(-2) +(-1)-3=-U*0. Demak, to‘g‘ri chiziq
bilan tekislik kesishadi.
To'g‘ri chiziq va tekislik A/(c ;2,) nuqgtada kesishsin. U holda bu
nugta ham to‘g‘ri chiziqda, ham tekislikda yotadi. Shu sababli A/,(jc,;2,)

nugtaning koordinatalari to‘g‘ri chiziq va tekislikning tenglamalarini
ganoatlantiradi:
To'g‘ri chiziq tenglamalarini parametrik ko‘rinishga keltiramiz:
X, =-2-1 yt=-1-21 s, =1+3t.
Bu koordinatalami tekislik tenglamasiga qo‘yamiz:
2(-2-NH+3(-1-2t)- @+3/)-3=0.
Bundan /=—1 t ning qiymatlarini parametrik tenglamalarga go‘yib, topamiz:
L=-2-(-)=-I, yt=-I1-2- (D=1, - =1+3«(-1)=-2.
Demak, M,(-I;I;-2). O



Mp +Bg+Cr=0, (2 184
[Ax0+By0+Cz0+D =0.

6- misol. Af)(-1;2;-3) nugtadan o ‘tuvchi va 2*-3y+6; -1 =0 tekislikk
perpendikular to‘g‘ri chiziq tenglamasini tuzing.
® To'g‘ri chiziq bilan tekislikning pethendikularlik shartidan topamiz:
2_~376
p q r

3
Bundan q=-—p, r=3p.
(2.1) tenglamadan topamiz:

X+1: /\y___2 __Z__-':§ VOKI )_(_-l-_lz X;g = _Z_:'__§
P -3 3 2 -3 6
2 *

Bu masalani boshgacha yechish mumkin. To‘g‘ri chizig tekislikka
pecendikular bo‘lgani sababli tekislikning normal vektori to‘g‘ri chizigning
yo‘naltiruvchi vektori bo‘ladi, ya'ni s = {2;-3;6}.

U holda MQ(-1;2;-3) nuqgtadan o‘tuvchi to‘g‘ri chizigning kanonik
tenglamasi:

x+1 y~2 z+3

~~ -3-~6

7 - misol. mning qanday qiymatida 3 =—-—-= 1 to‘g‘ri chiziq

va 3x+y - 3z-1=0 tekislik parallel bo‘ladi?
® To'g'ri chiziq va tekislikning parallellik shartiga ko‘ra
3-3+1-m+(-3)(m +I)=0. Bundan m=3. O

L3x—y+ z-3=0,

[2x+y-2z +9=0

to‘g‘ri chiziqg va A/(-2;-3;2) nugtadan o‘tuvchi tekislik tenglamasini tuzing.
® Berilgan to‘g‘ri chizigdan o‘tadigan tekisliklar dastasi tenglamasini

tuzamiz:

8- misol.

3x-y +z-3 +A(2x+y-2z +9)=0.



M(-2;-3;2) nuqgta koordinatalari tekislik tenglamasini ganoatlantiradi.

Shu sababli
3¢(-2) - (-3) +2-3+4A(2 2) - 3- 2-2+9)=0.

Bundan A=-~2.
fAAning topilgan giymatini tekisliklar dastasi tenglamasiga qo‘yamiz:

X+3y-5z +21=0. O

424, MQOx0y0z0 nugtadan x x°=y y°=-—" tenglama bilan
p q r

berilgan | to‘g‘ri chiziggacha bo‘lgan masofa d gatengbo‘lsin.
U holda

(2.19)

9- misol. Af,(-5;4;3) nugtadan —’1\ = —— to‘g‘ri chiziggacha
bo‘lgan masofani toping.

<8> Masalaning shartiga ko‘ra: M,(-5;4;3), MO(2;3;1), j ={-1;3;2}.
Bundan
M,MO0={2-(-5);3-41- 3}={7;-1;-2}.
U holda

i ] K
7 -1 -2
-13 2

=(-2+6)i -(14-2)j +(21-1)k =4I -12j +20%,
JA/,MOX S [FV42+(-12)2+202 = 4/1/35,
Is]|=V(-1)2+32+2] =VI4.
(2.19) formula bilan topamiz:

=" A =20Te(Mzi>). O
ma



4.2.1. To‘g‘ri chizigning kanonik tenglamasini tuzing:

1) nugtadan o‘tuvchi va s ={2;3;-1] vektorga parallel bo’lgan ;

2) M2(2;-3;-l) nugtadan o'tuvchi va Oy o‘qga parallel bo'lgan;
X=3+2t,

3)M,(-1;-2;3) nuqtadan o'tuvchi va <y=-1+3r, to'g'ri chiziqqa parallel
Z=\-t

bo'lgan;

t n, fx+3y+ z+6=0, t <. i*.
4)M4-1;-2;-nuqtadan o tuvchiva { _ >_4. +3_0 to g n chizigqa

parallel bo'lgan.
4.2.2. M(-3;6;2) nuqtadan o'tuvchi va Oz o'gni to'g'ri burchak ostida
kesuvchi to'g'ri chiziq tenglamasini tuzing.

4.2.3. To'g'ri chiziqg tenglamasini parametrik ko'rinishga keltiring:
f5x +.y-3z +5=0, 2) fx+y-z- 1=0.
[8x-4y-z +6=0; {wr—>'+27 +1=0.

424, { X+2Y+4- 8 tenglama bilan berilgan to'g'ri chizigning
6X+3y +2z - 18=0

yo'naltiruvchi vektorini toping.

4.25. Berilgan nuqgtalardan o'tuvchi to'g'ri chizigning umumiy
tenglamasini tuzing: 1)M,(-1;2;2), M (3;l;-2);
2)M, (L-21), Mr(3;1;-1); 3)M, (3;-1,-2), M2A2;2;2).

4.2.6. M(2;2;-1) nugtadan o'tuvchi va a={l;l;2},6 ={-I;3;I} vektorlarga
perpendikular to'g'ri chiziq tenglamasini tuzing.

4.2.7. M(-1;2;-3) nugtadan o'tuvchi va koordinata o'qlari bilan a =~i

P - —, y=— burchak tashkil giluvchi to'g'ri chiziqg tenglamalarini tuzing.

4.2.8. Uchburchakning uchlari berilgan: /1(-1;2;3),4(-1;-2;1),C(3;4;5).
A uchdan o'tkazilgan mediana tenglamasini tuzing.



4.2.9. ABCD parallelogrammning ikki uchi ~(-1;2;0),5(4;1;3)va
diagonallari kesishish nuqgtasi 0(-2;1;2) berilgan. Parallelogramm
CDtomonining tenglamasini tuzing.

4.2.10. To‘g‘ri chiziglar orasidagi o‘tkir burchakni toping:

X=-2+3t, x=—1+2,
X+y+z-1=0, (X-y+2=0,

o y=0  va y=o, +3z+1=0, A2 —6=0
X- Z +| = * +y - =0.
z=3-t z=—3+ y S y-z
4.211. M(-2;3;-I) nugtadan o ‘tuvchi va berilgan to‘g‘ri chiziglarga
perpendikular to‘g‘ri chizig tenglamasini tuzing:
u*r y -2 x+H_y +Hl_z-2
oA g 2
2) X-5 y+1 z-—3 x+2 vy _z+1
3 T— -2 ' ~2~“A5_~
4.2.12. To'g‘ri chiziglaming o‘zaro joylashishini aniglang:
5 4 7-3 2t
X~ y-4 _z-
- =6t
D _ar--n3 o~ Y7o
z=-3-4;
2) X+4 y+3_s-1 x y-1 z+2
3 —2 __1r -1
4.2.13. To'g'ri chiziq bilan tekislik orasidagi burchakni toping:
1)— =-=— , 2*+2y-9=0;
) 2 1-2 Y
, f*=2y-1=0,
2V -2 =0, *+2M -+ 6="-

4.2.14. To'g‘ri chiziq bilan tekislikning o‘zaro joylashishini aniglang:

v I*-y +472-6 =0,

1)< 3*-y +62-12=0;
[2x +y -z +3=0,

2—lt—t]) Y= z¥2 . o , 2X+y-4z-8 =0.

2 8 3



4.2.15. To'g‘ri chiziq bilan tekislikning kesishish nuqtasini toping:

)£ -4=Z-7=£-5);c-3 2 ; +5=o0;

f=Zx13=£+7

2 17 3

4.2.16. m va nning ganday giymatlarida —-=—1= 1 to‘g‘ri
chiziq:

1) mx+2y-4: +n=0 tekislikda yotadi;
2) mx+ny+3z-5 =0 tekislikka perpendikular bo‘ladi;
3) 2x+3y +2mz - n =0 tekislikka parallel bo‘ladi.

4.2.17. M(l;-1;-1) nugtadan o‘tuvchi va berilgan to‘g‘ri chiziqga
perpendikular tekislik tenglamasini tuzing:
X+1 y+2_z +2' ~X+3_y-I1_z_-5, Jx-1=0,
; 2 _ _3 LR 4 L 4 [ _I [ _2 L )W+2:Q
4.2.18. M{4;5;-6) nugtadan berilgan tekislikka tushirilgan perpendikular
tenglamasini tuzing:
1) *-2~-3=0; 2)x-y +z-5=0.

f x-3v+5=0, o .
4.2.19. M(0;l;2) nugtadan va + + A~ Ato‘g‘ri chizigdan o‘tuvchi

tekislik tenglamasini tuzing.

4.2.20. A/(5;2;-Dnugtaning x+2r-1 =0 tekislikdagi proyeksiyasini
toping.

4.2.21. M(2;3;4) nugtaning XA _y-toazl t@'@lm chizigdagi
proyeksiyasini toping.
4.2.22. M(2;-3;-1) nugtadan berilgan to‘g‘ri chiziggacha bo'lgan

masofani toping:



43. IKKINCHI TARTIBLI SIRTLAR

Sfera. Ellipsoid. Giperboloidlar. Konus sirtlar.
Paraboloidlar. Silindrik sirtlar

4.3.1. Oxyz koordinatalar sistemasida X,y,: o‘zgaruvchilarning ikkinchi
darajali tenglamasi bilan aniglanuvchi sirt ikkichi tartibli sirt deyiladi.
Uchta x,y va - o‘zgaruvchining ikkinchi darajali tenglamasi umumiy
ko‘rinishda
Ax2+By2+C:2+Dxy +Ex: +Fyz +Gx+Hy +K: +L=0, A2+B2+C2¢p0 (3.1)

kabi yoziladi.
(3.1) tenglamani koordinatalar sistemasini almashtirish orgali
AX2+By2+Cz2+L =0 (3.2
yoki
Ax2+By2+Kz +1=0 3.3)

ko‘rinishdagi tenglamalardan biriga keltirish mumkin.

(3.2) ko‘rinishdagi tenglamalar bilan aniglanuvchi sirtlarga sfera,
ellipsoidlar, giperboloidlar va konus sirtlar, (3.3) ko‘rinishdagi tenglamalar
bilan aniglanuvchi sirtlargaparaboloidlar kiradi.

Shu bilan birga ikkinchi tartibli sirt

F(x,y) =0 (G(x,2) =0, H(y,z) =0)
tenglama bilan berilishi mumkin. Bunday tenglamalar bilan aniglanuvchi
sirtlarga silindrik sirtlar kiradi.

Markaz deb ataluvchi nuqtadan teng uzoqlikda yotuvchi fazodagi
nuqtalaming geometrik o‘miga sfera deyiladi.

Markazi A/0xC.yG2)nuqtada bo‘lgan va radiusi Rg& teng sferaning
kanonik tenglamasi'.

X -x02+(y- y02+(z-z0)2=R2 (3.4)

Markazi koordinatalar boshida bo'lgan va. radiusi Rg& teng sferanig
kanonik tenglamasi:

X2+y2+2z2=R2

1-misol. Markazi MOQ(-2;2;l)nugtada yotgan va 2x+y-2z-5=0
tekislikka uringan sfera tenglamasini tuzing.

® Tekislik sferaga uringani sababli sferaning markazidan, ya’ni

M0(-2;2;1)nugtadan 2x+y-2z-5 =0 tekislikkacha bo'lgan masofa sferaning



radiusiga teng boiadi. Nugtadan tekislikkacha boigan masofa formulasidan
topamiz:

R= 2+(-2) +1-2+(-2)M-51 9

T V22+124(-2)2 3
Bundan

(c+2)2+{y—2)r+(r-1)2=9. O

4.3.2. Oxyzkoordinatalar sistemasida
g+bl r(;l— 4=i (3.5)
kanonik tenglama bilan aniglanuvchi sirtga ellipsoid deyiladi.

Ellipsoidning Oxy, Oxz, Oyz tekisliklarga parallel tekisliklar bilan
kesimlari ellipslardan iborat boiadi. a, b, ckattaliklar ellipsoidning yarim
o 'glari deyiladi. Agar ular har xil boisa, u holda ellipsoid uch o ‘gli ellipsoid
boiadi; agar ulardan ixtiyoriy ikkitasi bir-biriga teng boisa, u holda ellipsoid

aylanish ellipsoidi boiadi; agar ulaming uchalasi teng boisa, u holda
ellipsoid sfera boiadi.

2 -misol. il+’y—2=1 ellipsning Ox va Oy ogqlari atrofida aylanishidan

hosil boigan sirtlarning tenglamalarini toping.
® Agar ikkinchi tartibli chizig F(x,y) =0 tenglama bilan berilgan

boisa, u holda bu sirtning Ox oqi atrofida aylanishidan hosil boigan sirt
f(x;xVj/2+z1)= 0 tenglama bilan, Oy oqi atrofida aylanishidan hosil boigan
sirt esa f(x -»2+: 2;>)=0tenglama bilan aniglanadi.
X2 ¥
a
tenglamasini topamiz:

X1 AtW1+:2) g yoki 1(2 +¥‘L+—:_2= i
a b a b
Ellipsning Oy oqi atrofida aylanishidan hosil boigan sirt tenglamasini

shu kabi topamiz:

=lellipsning Ox oqi atrofida aylanishidan hosil boigan sirt

X2+£1+X_2: 1
a b



Hosil bo‘lgan tenglamalaming har ikkalasi ham aylanish ellipsoidini

aniglaydi. O
4.3.3. Oxyzkoordinatalar sistemasida
rl vi 2
a b c 0«>

kanonik tenglama bilan aniglanuvchi sirtga birpallali giperboldid deyiladi.

Bir pallali giperboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari ellipslardan, Ox: va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari giperbolalardan iborat bo’ladi. a=b bo‘lganda (3.6) tenglama bir
pallali aylanish giperboloidim ifodalaydi.

3 -misol. x2-4y2+4z2+2x+By - 7=0 tenglama ganday sirtni aniqlaydi?
® Tenglamaning chap tomonini to‘la kvadratlarga ajratamiz:

X2+2X +I-4(y2+2" +I) +4r2-1+4-7 =0
yoKki
X +1)2-4(y - D)2+4;2=4.
Bundan
*+h2 z1 (y-1)2
22 12 12

X'=x+l, y'=y-1 z'=z deb, Oxyz sistema markazini C¥(-1;1,0) nugtaga
parallel ko‘chirish orgali O'xy'z sistemaga o‘tamiz. Bu sistemada tenglama

c'2 n'2 v'2
a4 2 -2z

22 12 12
ko‘rinishni oladi. Bu tenglama Oy oq bo‘ylab yo‘nalgan bir pallali

giperboloidni aniglaydi. O
Oxyz kordinatlar sistemasida

X- V2 z2
7 +fc -7 - L (3'7)
kanonik tenglama bilan aniglanuvchi sirtga ikkipallali giperboloid deyiladi.
Ikki pallali giperboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari ellipslardan, Oxz va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari giperbolalardan iborat boMadi. a=b bo'lganda (3.7) tenglama ikki
pallali aylanish giperboloidim aniqlaydi.



4-misol. wning ganday giymatida x+mz-\ =0 tekislik x2+y2-z2=-1
ikki pallali geperboloidni kesadi: 1) ellips bo'yicha; 2) giperbola bo'yicha?

<&> 1) Giperboloid tenglamasidan topamiz: x2+y2-z2+1=0.
Giperboloidni tekislik bilan kesganda ellips hosil bo‘lishi uchun x1-z2+1>0
boMishi kerak.

Tekislik tenglamasidan topamiz: x=1-ms.

Xning giymatini tengsizlikka qo‘yamiz:
(1-ms)2-s2+1>0, m2 2-2ms +1-s2+1>0, (m2-1):2- 2ms +2>0. Bundan

2) Kesim giperboladan iborat bo‘lishi uchun x2-s1+1<0 bo'lishi kerak.
U holda (m2- 1)-2-2ms+2<0 yoki

4.3.4. Oxyzkoordinatalar sistemasida

kanonik tenglama bilan aniglanuvchi sirt konus sirt deyiladi.
Konus sirtning Oxy tekislikka parallel tekisliklar bilan kesimlari

ellipslardan, Ox: va Oyz tekisliklarga parallel tekisliklar bilan kesimlari
ikkita kesishuvchi to‘g‘ri chiziglardan iborat boiadi.

4.3.5. Oxyskoordinatalar sistemasida

— +°r=s,a>0b>0 3.9
a2 b2

kanonik tenglama bilan aniglanuvchi sirt elliptikparaboloid deyiladi.

Elliptik paraboloidning Oxy tekislikka parallel tekisliklar bilan kesimlari
ellipslardan, Oxs va Oyz tekisliklarga parallel tekisliklar bilan kesimlari
parabolalardan iborat bo‘ladi. a=b bo'lganda (3.9) tenglama aylanish elliptik
paraloidim aniglaydi.

Oxyzkoordinatalar sistemasida

S7~TT=S 0>0, b>0 (3.10)
kanonik tenglama bilan aniglanuvchi sirt giperbolikparaboloid deyiladi.



Giperbolik paraboloidning Oxy tekislikka parallel tekisliklar bilan
kesimlari giperbolalardan, Ox: va Oyz tekisliklarga parallel tekisliklar bilan
kesimlari parabolalardan iborat boiadi.

5-misol. M,(0;6;0) nugtadan va y =-b tekislikdan teng uzoglikda
yotuvchi nugtalaming geometrik o‘mini toping va shaklini chizing.

® M(jc;y;z)fazoning ixtiyoriy nugtasi bo‘lsin.

Masala shartigako‘ra [MtVN\=\y+bB\

yoki

V*2+ (y-bf +: 2=\y+b\
Bundan
x1+y2-2yb +bl+z2=y2+2yb +b2
X2+:2=4by  yoki

X2 2
b 4b~Y'

Sirtning Ox: tekislikka parallel tekislik

bilan kesimi ushbu

— +— =1
4bh  4bh
[y=h, h>0

tenglamalar sistemasi bilan aniglanuvchi aylanalardan iborat. Sirtning Oxy va
T . . 2 2 . .

Oyz tekisliklar bilan kesimlarida y :%) vay :i parabolalar hosil boiadi.

Shunday gilib bu sirt aylanish paraboloididan iboratboiadi (3-shakl). O

4.3.6. Fazoda L chiziq va / to‘g‘ri chiziq berilgan boisin.

L chizigning har bir nuqgtasi orqali / to‘g‘ri chizigga parallel qilib
o'tkazilgan to‘g‘ri chiziglar to‘plamidan hosil boigan sirtga silindrik sirt
deyiladi. Bunda L chiziqg silindrik sirtning yo'naltiruvchisi, / to‘g‘ri
chiziqga parallel to‘g‘ri chiziglar silindrik sirtningyasovchilari deb ataladi.

<G> Agar Oxyz koordinatalar sistemasini O: o0‘g / yasovchiga
parallel, L yo‘naltiruvchi Oxy tekislikda yotadigan qilib tanlansa va
L yo‘naltiruvchining Oxy tekislikdagi tenglamasi F(x,y) =0 boisa, u holda
F(x,y) = 0 tenglama yasovchilari O: o‘gqga parallel boigan silindrik sirtni
ifodalaydi.



Silindrik sirtning nomlanishi va tenglamasi L yo‘naltiruvchining shakli
asosida aniqglanadi: Oxy tekislikda £2+1\)/—2= 1 tenglama elliptik silindrni,
a
x1 v2

2
silindrni ifodalaydi.

=1tenglamagiperboliksilindrni, y1=2px tenglama parabolik

6-misol. x1=2: tenglama bilan
aniqglanuvchi sirt shaklini chizing.

® Berilgan tenglamada
y gatnashmaydi va x1=2z chiziq
0x2 tekislikda yotuvchi parabolani
ifodalaydi.

==2

Shu sababli tenglama

yosovchiiari Oy o‘qga parallel bo'lgan
parobolik silindrni ifodalaydi. Parabola
y=0 tekislikda Oz o0'gga nisbatan

simmetpik bo'ladi, uchi <2(0;0,0)
nugtada yotadi va J1/,(-2;0;2),/1/2(2;0;2) nuqtalardan o'tadi (4-shakl). O

Mustahkamlash uchun mashqlar

4.3.1. Sferaning tenglamasini tuzing: 1) markazi MQ0(4;-4;-2) nuqtada
yotgan va koordinatalar boshidan o'tgan; 2) diametrlaridan birining uchlari
M,(4;l;-3)va M22;-3;5)nuqtalarda yotgan; 3) markazi A/Q(3;-5;-2) nugtada
yotgan va 2x-y-3z +ll =0 tekislikka uringan; 4) markazi 2x+y-z +3=0
tekislikda yotgan va M,(-5;0;0), M23;l;-3), A/3-2;4;l) nuqtalardan o'tgan;

5) koordinatalar boshidan va |

X +y +" -25  aylanadan o'tgan.
[2x—33§/+Sz—S:O Y %

4.3.2. mning ganday giymatlarida x+my-2 =0 tekislik X2 ‘2=y

elliptik parabaloidni kesadi: 1) ellips bo'yicha; 2) parabola bo'yicha?



4.3.3. Berilgan sirtning ko‘rsatilgan o‘glar atrofida aylanishidan hosil
IC1

bo‘lgan sirt tenglamasini tuzing: 1) r = , Ox va 0z;
— — =10x va 3—+i: Oyva Oz.
2 ! o ) 64 16 1oy
4.3.4. Markazi koordinatalar boshida yotgan va yo‘naltiruvc

x1—2z+1=0, y-z+1=0 tenglamalar bilan berilgan konus tenglamasini
tuzing.

4.3.5. Berilgan sirtlaming kesishish chizig‘ini aniglang:

— - 0r —_ *_ = - - =0
1) §+_6 =2z, 3x-y+6z-14=0; 2) 3 2z, 3x-y +6z-14=0;
4) — +N— =-=-1, 5x+2s+5=0.

4 3 3 9 25

4.3.6. A/'\O;y;OJ nugtadanvay = tekislikdan teng uzoglikda yotgan
fazoviy nugtalarining geometrik o‘mini toping.

4.3.7. Har bir nugtasidan M(3;0;0) nugtagacha va j =1 tekislikkacha
bo‘lgan masofalar nisbati /73 ga teng bo’lgan fazoviy nugtalaming geometrik
o‘mini toping.

4.3.8. Berilgan tenglama bilan aniglanuvchi sirt turini aniglang:

1) 36x2+ 64/-144;2+576=0; 2) X' +y2+72-2(Xx +y +2)-22 =(;
3) Ix2+2/-12r =0; 4) 16x2+3y2+1672-64x-6y +19=0;
5) 25x2-9/-225 =0 6) m2-4/ -36-=0;

7) 4x2+3y2-5z2+60=0; 8) x2+/-2nr-3 =0

9) 36x2+64y2+144z72- 576 =0; 10) z2-2x =0.



4-NAZORATISHI

1 (I.1.-1.15) A,B,C,D nuqtalar koordinatalari bilan berilgan:
a) A,B,C nuqgtalar orqali o‘tuvchi a tekislik tenglamasini tuzing;
b) D nuqgtadan o‘tuvchi va un tekislikka perpendikular bo‘lgan | to‘g‘ri
chizigning kanonik tenglamasini tuzing: c) / to‘g‘ri chiziq bilan
a tekislikning kesishish nuqtasini toping.

1.(1.16.-1.30) A,B,C nugtalar koordinatalari bilan berilgan:
a) AB to‘g‘ri chizigning kanonik tenglamasini tuzing; b) C nugtadan
o‘tuvchi va AB to‘g‘ri chizigga perpendikular bo‘lgan a tekislik
tenglamasini tuzing; c) AB to‘g‘ri chiziq bilan a tekislikning kesishish
nuqtasini toping.

2. Berilgan chiziglaming ko‘rsatilgan o‘g atrofida aylanishidan hosil
bo‘lgan sirt tenglamasini tuzing va turini aniglang.

1-variant
. A(-LL;-1), B(I;-9:6), C(5;-1;6), D(-5;2;-1).
. a)*2-9y2=9, Ox; b) 3y2=r, Oz
2-variant

. NN(4;-3;-7), S(10;-5;0), C(6;-13;0), D(L;21).

a)5x2-1y 1=35, Qm; b) y=5z2=2, Oy.
3-variant

. A3;2;-8), £(10;0;2), C(10;-4;-6), D(-4;-4;).

. &)x2+3z2=9, Oz b) 3y2+18;3=1, Oy.
4—-variant

A(-7;3;0), B(-8;3;-I), C(-4,1,4), £5(3;-1;3).

a) 3/ +18;J=1, Oy; b) x=2,y=-4, Oz.
5-variant

. XK-2;-5;1), B(6;-7;6), C(4;-5;3), D(-5;-2;6).
2. &)x2+3r2=9, Oz; b) x=3,y =4, Oy.



6-variant

. A(L1;-1,6), B(2;,0;6), C(6;3;4), D(4;2;-3).

2. a)3x2-8y2=288, Or; b) *=5,-=-3, Oy.

7-variant

. N(-1;3;-6), 5(4;7;-8), C(0;4;-6), D(-5;4;-5).

2. a)2x2- 6/ =12, Ox; b) / =4;, O;.

8-variant

1. XK3;7;-10), 5(1;11;-5), C(3;8;-9), Z2(;-Ll).
2. a)x2+3r2=9, Ct; b) x=4,2=6, Oy.

9-variant

. A-7;2;4), 3(3;-6;12), C(I;-2;12), D(-4;0;-1).

. a)3x2-5rJ=15, Oz; b) z=-1l,y=3 Ox
10-variant

. A(2;-4;3), £(3;-4;4), C(12;0;1), D(-4;6;)).

. a)/ =3r, Or; b) 2x2+3:1=6, Ox
11-variant

. A(-3;-2,0), B(-4;-1;3), C(-5;-2;-2), D(-5;9;6).
.a)2/ =72, Oz b) 6/ +5;2=30, Oy.
12-variant

. N(4;-5;7), B(2;-2;0), C(6;-4;8), D(-3,6,2).

. abar2-7><2=35, 0Ox; b) x=2,y=-4, Oz
13-variant

. M-5;4;-8), 5(3;0;2), C(-3;4;-6), Z3(7;2;-4).

. a)3xJ=-27, O;; b) 6 / +5r2=30, Oy.



N -

NP

=

=

=

=

=

14-variant

0-8;3;-1), B(-4L4), C(-7;3,0), £(3-13).
.a)5/ -8r2=40, Or; b) »=3,z=1, Ox.

15-variant

N(3;-4;4), B(2;-4;3), C(12;0;11), £5(-4;5;1).

. a)3x2= -4y, Oz; b) 4x2+3s2=12, Oz

16-variant

N(3;3;3), B(1;2;5), C(6;-6;7).

a)/ =2s, Oz b) 9y2+4z2=36, Oy.
17-variant

[-3:4,-7), 5(-1,6;-8), C(0;1;2).

a)4x2-3y1=12, O, b) x=1y =2, Oz
18-variant

A(5;2;6), A(3;0;5), C(-4;1;2).

a)x2=-3x, Ox; b) 3x2+5r2=15, Ox.
19-variant

N(1;5;-8), N(2;3;-10), C(3;0;3).

a) y1l-4x2=12, Oz; Bb) y=4,z=2, Oy.
20-variant

A-4;9;-12), A(-5;7;-10), C(1,0;-3).

a)x2=3y, Oy; b) 3x2+4s2=24, Oz
21-variant

N(3;0;5), B(5;2;6), C(-5;1;1).

a)x2+2r=4, Oz, b)x =3>=-1, Oy.
22-variant

N1(0;-4;3), B(1;-2;5), C(6;5;0).

a)l5x2- 3/ =1, 0x; b) x=3,y=4, Oy.



1. /1(2;3;-10), B(1;5;-8), C(2;-1;3).

2.a)y-=5z, Oz b) 3x2+7y2=21, Ox.
24—variant

1. N(9;-3;7), £(11;-4;5), C(0;-2;11).

2. a)15y' -x2=6, Oy; b) y=5r=2, Oy.
25-variant

1. A(-5;2;4), B(-7:4;3), C(3:4;1).

2. a)5:=-x2 Oz b) 3y1+18r2=1, Oy.
26-variant

1. N(-3;50), £(-1;4;2), C(-6;10;1).

2. a)7x2-5/ =35, Ox; b) x=-1,y=-3, Ox.
27-variant

1. A(8;-5;4), B(9;-7;2), C(0;3;1).

2. a)2*2=r, O~ b) *2+4r2=4, Ox
28-variant

1. XK4;-3;7), A(2;-4;5), C(5;7;10).

2. a)2y2-5; =10, Oz b) y=2,r=6, Ox
29-variant

1. N1(-1;7;10), 5(3;5;11), C(2;9;-1).

2. a)x2=-5y, Oy; b) 2x2+3:=6, Or.
30-variant

1. N1(1;2;5), 5(3;2;3), C(6;-5;6).

23-variant

a)2x2=z, Oz; b) y=3,z=1, Ox



3-MUSTAQIL ISH

1. ABC uchburchak uchlarining koordinatalari berilgan: a) C uchdan
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;

b) B uchdan o‘tkazilgan mediana tenglamasini tuzing va uchburchak
medianalarining kesishish nuqtalarini toping; c)A burchakning radian
giymatini hisoblang va uning bissektrisasi tenglamasini tuzing.

2. (21- 2.16.) Har blITM(x-,y)nugtasidan berilganA{xt\t) va B(x2y2)
nugtalargacha bo‘lgan masofalar nisbati aga teng bo‘lgan chiziq
tenglamasini tuzing.

2. (2.17-2.30) Har bir M(x\y)nugtasidan berilgan nugtagacha
va x=b to‘g‘ri chiziggacha bo‘lgan masofalar nisbati mga teng bo‘lgan
chiziq tenglamasini tuzing.

3. ABCD piramidaning uchlari berilgan: a) AB girra tenglamasini

tuzing; b) ABC yoq tenglamasini tuzing; c¢) D uchdan ABC yogga
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;
d) C uchdan o‘tuvchi AB girraga parallel to‘g‘ri chizig tenglamasini
tuzing; e) D uchdan o‘tuvchi AB qirraga perpendikular tekislik
tenglamasini tuzing; f) AD qirra bilan ABC yoq orasidagi burchak sinusini
toping; g) ABC va ABD yogqlar orasidagi burchak kosinusini toping.

4. Berilgan nugta va to‘g‘ri chizigdan o'tuvchi tekislik tenglamasini
tuzing.

5. To'g‘ri chizigning kanonik tenglamasini yozing.

6. Berilgan to‘g‘ri chizig bilan tekislikning kesishish nuqgtasi
koordinatalarini toping.

7. Sirt turini aniglang va shaklini chizing.

2. A(41), B(-2;-1), e=4

4. A(3B;-2;), 4

+ -5
— , B+2>-2r +27=0.
0 3 10



2-variant

1. A(2;-3), B(-3;9), C(6;0). 2. A7), B(-2;l), a=4
3. A(6;6;5), B(4,9,5), C(4;6;ll), 0(6;9;3). 4. N4;5;-2), =N =
5./ ar_>+r +2=0> 6 £+ I=~+3 =£-2 2x -7>>-3z-21=0.
|3x+>+2z-6 =0. 1 0 -2
7.a) g2+4z2+6"=0; b) 4x2+3z2=12.
3-variant
1. 0-1;-2), 5(7;4), C(4;10). 2. N(-3;3), B(5;l), a=i
3. N1(3;2;2), 5(5;-3;2), C(5;-3;-I), D(2;-3;7). 4. N(-3;1;2), » =AN—=f4].
5 (3 ™2, +19=0, f-1=z-2=£23 5jc 2>_z_13=0.
[ x+7y~z+ 8=0. 2 - 3 1
7.a) 8x2-y2+4z2+32=0; b) 3y2+2z2=6.
4-variant
1. N(-2;1), 5(1;5), C(-14;6). 2. N(2;-4), B(3;5), a=].

3. 08;-6;4), B(10;-5;5), C(5;-6;5), £48;4;7). 4. 4(-1;2;1), =

&2p,r—"—3r—2 =0 X+2 N- z-2
. 6.——=—"=——, 4x-2v +3z+11=0.
[Bx-y-2z-\. =0 -2 4 3 '

7.a) 6x2+5/-10z2-30=0; b) 5x2-4z2=6.

5-variant
1. JXL-1)> B(9;5), C(6;11). 2. /1(1;6), 5(4;-2), a=2.
3. N1(0;4;5), B(3;-2;l), C(-4:5;6), £(3;,3;-2). 4. /f(21;2), 4 =N 3 = 8
s X TIy-az-6=Q 6. 2= I gy iy 3
2x-7"+2z +10=0. , 3 1 6

7.a) 2x2+6y2=3z; b) 3x2+6z2=18.



1. A&-4), B(-4:8), C(5;-I).

3. A1,-1;3), B(6;5:8), C(3;5:8), 2)(8:4l).

S132x—y +z+6=0,
\X+y +2z-3 =0.
7.a) 2*2-3/-5z22+30=0;

1. J(-11), B(7;7), C(4;13).

3. JI(1;-2;7), B(4;2;,10), C(2;-3;5), 2)(5;3;7). 4.N(-4;-1;2), »

,\f X-y +z-2=0,
" j6ic+y - 4z +8=0.
7.a) x1-6y2+z2-124=0;

1. AG;-2), B(8;2), C(-7;3).

3. 04;2;7), fi(1;2;0), C(3;5;7), £+(2;,-3;5).

£4q+y +2+2=0,
[3x-y-3z-9=0.
7.a) 3z2+9y2-X =0;

1. A(2;-4), B(141), C(-2;-1).

3.**** & K —

j3j+.v-2-6.0,
[2*-3y+z-8=0.

7.a) y-4z2=3x*;

7, opeT, papo, 4.,

6-variant

2. A(3-2), B(4;6), a/l .

4. N-231), | = =

6. X2V R=EF P 5*-y-3z +10=0.
0 1

-1
b)3z2-2x =6.

7-variant

2. 11(0;6), B(2;0), a=2.

=N 2=£-",
j—38 p+2 z+1
6.———==—=——", jc+3y-52-21= 8.
-2 2 - 3
b) 2jc2-3.2=6.
8-variant

2. JI(6;0), 5(0;-3), a=2
4. N(-4;-2;1), fixl=~1=£.

jt+5 v-8 z-1

6. S = = 3x—2y—z—6=0.

12 -5
b) 3x1+5z2=15.

9-variant
2. N1(-4;0), B(0;0), a=3.

«0*55

6.ix | =£ "~ =£z5,4,-5v+22+24.0.
-1 0 - 2 '
b) *2-4z2=4.



10-variant

1. A(6,0), B(9;:4), C(-6:5). 2. N(4;-2), B(I:6), a=2.

3. 1(5;3;7), B(-2;3;5), C(4;2;7), D(I;-2;7). 4. /f(-453), — =" _z-2
, 4 -3 ~ 5’
I_3x_—y +2_z—4:O, Xx+3 y+i -_3
tﬁx #éy—2'2—6a—rb. ——-—3~ =7, Ix +4y +32-\6=0.

7.a) 3x1+ 5/-4z=0; b) 5*2+4z2=20.

11-variant

1. N(8:2), £(-4;7), C(14;10). 2. N(2;1), S(-2;2), a=4.

3. 1(3;1;4), S(-1I;6;l), C(-1;1;6), £>(0;4;-1). 4. N(3,0;2), ££2=ZzI1=: -2
» 4 —3 5"
*+3y -22+6=0, X_3 j,+5 -

5-13,+3 ,« +I-0. 6-1 — VvV " ? +

7.a) 9*2+12/+422-72=0; b) 4x2-3 /=12

12-variant

1. /*(-1;-6), B(-6;6), C(3;-3). 2. N(-3;3), S(5;), a=3,

3. 1(3;-1;2), £(-1;0;1), C(1;7;3), £5(9;5;8). 4. VA-53,-4), — ="

-3
2 6

i *-3j+z+3=0, j-1 v-1 -+3 ,
“ \2x-3y-2z +6=0. 5« 3 « 2 "7o~n 427728 0

7.a) 10%2- 9/ -15z2-9=0; b) /=2z2+z.

13-variant
1. /<(4;-1),5(7;-5),C(-8;4). 2. 02:3), 5(-Ll), a=~.
3. [f(3;5;4), fi(5;8;4), C(;2;-2), D(-I;3;2). 4. N(6;2,0), £z1 =z+|=£*4
) 6 1 -3
J 3r+4y+3r+5=0, n-4 v-4 r_3
o | 6X-5y +3r-16=0. 61 5 0.

7.a) 6z2-3/ -2x2-18=0; b) 4/-5z2=20.



14-variant

1. A(12,0), B(05), C(18;8). 2. A(3,0), B(-6;0), a=i.

3. /42:43), S(I;1;5), C(4;9;3), D(-3;6;7). 4. A(-6;3;2), » =7 =TT

5.J + 2=0> 6. = = 5°-3y +z-36 =0.
[6jc+5”‘—42+4:0. 3 —1 2

7.a) 3x2-9.y2+7z2+27=0; b) x2-4z2=10.
15-variant
1. JI(3;-2), S(-1I;3), C(7;6). 2. N(3;-2), £(4;1), a=K

3. 19:5:5), S(-3;7;l), C(5:7;8), £46,0:2). 4. J(-4-1;2), » =7

J x-3y +z+2=0, & £+2=7-2=£+354X_y+52+3=0.
' (Bx+3y +2z+7=0. 3 -5 1
7.a) 4x2+Z1-2y =0; b) yr=x +3.
16-variant
1. W(3:4), B(15;9), C(-1;7). 2. 0-3;5), fi(4;2), o=j.
. jt+3 v—b5 z
3. A(2,9:6), S(2:8:2), C(9:8:6), 2)(7:.93). 4. ARZS-1), — —=—"
J je+57-2-12=0, 6 .~ =" =— ,3*-2y+z-8=0.
" |8x-5.y-3z +I1 = 0. 4 -1 1
7.a) 2>2+6z=3x2 b) z2=x-4.
17-variant
1. N(-1;2), fi(7;8), C(4;14). 2. 06;1), x=-5, /«=i.
) X—3 y+1 .
3. A(1:8:6),.5(5;2;2), C(5;7;6), 2)(4:8;-1). 4. 01;-1;-2), — =—  =—
(* +3y +2z +16=0, & x-1=Z+3=£z15501+2y+r-16=0.

\5x+3y+2z-4=0. 5 -4 -1
7.a) 4x2-12/ +3z2-24=0; b) 3x2+z2=30.



18-variant

1 AL, B(9;7), C(6;13). 2. 0-1;2), x=9, w= Z
3. /40;7;1), 5(2;-1;5), C(1;6;3), D(3;-9;-8). 4. "4;-3;), —3 =’\_4
X -y +22-9=0, X=-2 +4 z-1
5 focraye 34520, 6 5= Ty Pedyrsso
7.a) 2x2+4y2-572=0; b) 7x2-5z2=35.
19-variant

1. NI(14;-6), 5(26;-1), C(20;2). 2. J(L0), x=8, m=1

3. NI(55:4), 5(1;-1;4), C@B5)), DE:8-3). 4. Ji45D), Xl_l yzz 2:32

preeEeeth e XAV Tl ayan-d

7.a) 7X2+2y2+622-42=0; b) x2+4z2=4.

20-variant
1. /4(2;-1), 5(10;5), C(7;1 1). 2. N(0;5), *=3, m=~.
I ar 5. > Py Xx+4 y-1
3. VALl 5(1;6:6), C(4;2;0), D(126). 4. [)4;2;-2), s
X+y-2z-4=0, +3 — +2 .
i Z N 6. XS _XZ =E——, x-2y-z +2=0.
[6x-y-4z-3 =0. 2 1 -
7.a) 4x2+9y2-3622=0; b) 2y2-3*=12.
21-variant
1. 4(5-3), 5(17;2), C(10). 2. A@2)l), x=-5m=3
3. A75:3), 5(9:4:4), C(4:57), D(7.96). 4 J(0:21), - =, :-+24
5. A—y-z—2=0, 6.—:'_—1: l/::—3:—2—_—3, x+2y-2r+2'=0
X+3y +2z -6=0. 3 -1 1

7.a) 4x2+4y2+572-20=0; b) 9x2+4y2= 36.



22-variant
1. A(-2)), B(6;7), C(313). 2. NI(-3:4), x=3, m=3.
3. A682), B(S47), C(282), >(r37). 4. N(-5L2), ~ = =

fxX-2y+z+4=0 8 +2 3
X oYz ' 6. jeo8_ vz r-3 , dx+8v+57 - 7=0,

2X+2)y+z-4 =0. 3 - 11
7.a) §52+5>2-62z2-30=0; b) z1=4y1-3.

23-variant
1. A2;-1), 5(-10;4), C(8;7). 2. N(2;0), *=-]. m=~.
3. /4(4;2;5), 5(0;6;1), C(0;2;7), £5(1;4;0). 4. 04;2;-1), £i 3 =Zzi=£x1.
+.yv- +4 = jc+ -2 1
. l5x y-32 O, 6 .—J—C——Sz X—:—Z—— 6x-v-47 +9Q 0.
| 5jt-3.y-z +8=0. 7 1 -
7.a) 4x2-3y2+2z2-24=0; b) x2-/=2;y.
24-variant
1. N(-1;-1), 5(7;5), C(4;l1). 2. N(2;0), jc=—§5, m=
3. N1(4;4;9), B(7;10;3), C(2;8;4), D(9;6;9). 4. NI(-1;4;5), 4§ =N 3 :Efl.
fjc- y+2z+2=0, jr=1 +3 z-5
5. a7 6. = :—V——:———, 5x-7v-3z +ll =0.
[X-3y-z +4=0. 2 5 -1 !
7.@) 8x2-/-22z2-32=0; b) 2jc2+3z2=6-12z.
25-variant
1. A(-2;-6), 5(10;-1), C(-6;-3). 2. N(-1,0), jc=-4, m=i

3. J1(4;6;5), 5(6;9;4), C(2;3;5), D(7:;5;9). 4. AG3D, Nzl =Z 1l =£x 1.
4 3 —1

+4j/-2z2+7=0, jc—1 + zd ) , N
5.4 Kﬂz ! 6. X oo Y27 , dic+2y-3=+8=0.
[ic-4y-2z-3=0. - 10 1

7.8) 2j2-2yr-5z2-10=0; b) x2+2x=z2+1.



1 A@B3;-7), B(-2;5), C(7;-4). 2. NI(4,0), x=-2, m=].

3. A@2;-1;7), Z22(6;3;-1), C(3;2;8), D(2;-3;-2). 4. N(-4;1;-3), =A

5. ;2.x—4y+32—I:O, 6. —X+2:l_i:;__l , X=-2y-4z+11=0
x+4y +z-T=0. 3

7.8) 632+y2+672—18=0;  b) 2xB-6y2=12x.

27-variant
1 A(-6;-4), 5(6;1), C(-10;-1). 2. 03;0), X:E’ ng.
3. X(217), 5(3;3;6), C(2;-3;9), Z2(1;2,4). 4. N(2;3,0), 3 :’é :—2
Lx+5y+22—I:O, X+3 v-2 z+2 . ]
. . 6.-——=L--——-=-—", bx+3y-27 +9= 0.
[3jf-y-2z-IlI=0. 0 0
7.a) 3x2+12y2+472-48=0; b) 2y2+3z2=6z.
28-variant
1. A(3;-3), B(6;l), C(-9;2). 2. (L3), x=-6, w=].
3. A(216), B(1;4;7), C(2;-5;8), 2(5:43). 4. N(-5:2;-), = 5
g f3x-2y+z-7=0, X+4_y-1 z-2 0
{2* -2y +3z+3=0. -1 1 1 '
7.a) x2-1y2-1472-21=0; b) 4y2+3z2=8y-62
29-variant
1. A(;-2), S(9;4), C(6;10). 2. 1(L5), *=-1, |w:|4
3. JI(3;2,5), B(4;0;6), C(2:6;5), 2)(6;4;-I). 4. N(1;2,3), ~ =n =£f +26
J jce-2y-z +4=0, x-4 y-2 z-1
5V S T = 4Jc§2y +z-19= 0.

g +2y +3z2+4=0.
7.a) 9x2+92+9z2-16 =0; b) 3y2-3j2=*15.



30-variant
1. A(0-2), B(-5;10), C(41). 2. (6,0), =], m=2.

3. I(2;1,7), J3(3;3:6), C(2;-3;9), 2)(I;2;5). 4. N1(5;0;4), n_sg - i—2|-2 - —':—Ll
5 y:—y+22—I=O, . x-1 v—_2 '—_3
|n+y+r +11=0. 2 -3 1

7.a) 9x2-2y +z2=18, b) 4x2-by2=12

NAMUNAV1Y VARIANT YECHIMI

1.30. A(0-2), 5(-5;10), C(4:).

® a) /19 tomon tenglamasini berilgan ikki nugtadan o'tuvchi to‘g‘ri
chiziq tenglamasi formulasidan topamiz:

X+5 y-10 o5y +N0= 0(AB).
0+5 -2-10
Bundan
y = —12x—2', I{.-——lg.
5 1 5

CM balandlik AB tomonga perpendikular bo‘lib, ¢ nuqtadan
o'tadi (5-shakl). Shu sababli uning tenglamasi
y_\= k(X_4)1 y_i = _‘]_(X_4)! y_ = E’Z\_(X_A')!
5jc-12j/-8 = 0(CM).

CM balandlik uzunligi C nuqtadan AB to‘g‘ri chiziqgacha bo’'lgan
masofaga teng.
Demak,

n2'+5 13
b)AC tomon o‘rtasi N(X;y) nuqtada bo’lsin. U holda kesmaning o‘rtasi
koordinatalarini topish formulasiga ko‘ra:

_0+4_ _-2+1_ 1
X \Y



BN mediana tenglamasini tuzamiz:
jc+5 y-10
2+5 10

Uchburchak medianalarining xossasiga ko‘ra medianalaming kesishish

nuatasi K{j}Q'V) da Il\n;\h :1: 2 bo‘ladi. U holda

c) AC tomon tenglamasini tuzamiz:
7.0 142 3x-4y-8 =0(/1C).
AB va AC tomonlar orasida burchak
ZA = <pbo‘lsin. Uni ikki to‘g‘ri chiziq
orasidagi burchak formulasidan foydalanib
hisoblaymiz:

_3 +5-(-.
cos®= , = 3—5, -4) —=£3 yoki
VI22+52y2+(-4)2 65

io= arccos— « 0,3134.
' 65
A burchak bissektrisasi CB tomon bilan
J(g;;y) nugtada kesishsin (5-shakl).
Uchburchak bissektrisasining xossasiga
ko‘ra
lglig |
\LB| |AB]
NCO\=-J(4-0)2+(1+2)2=5 va |AB F*(-5-0)2+(10+2)2=13 ekanidan
ICLI 5



Ikki nugtadan o‘tuvchi to‘g‘ri chiziq tenglamasidan topamiz:
*~0 y+2
-0 =1- +2
2 2
yoki
IN\x-3y-6 =0(AL). O

2161 A(3-2), B(4:6), a:E
<S> ikki nuqgta orasidagi masofa formulasidan topamiuz:
NAMN\=4(x-3Y+(y +2Y¥, \BM\=7(x-4Y+(y-6Y.

Misolning shartiga ko‘ra

I5M] J J(x-4y +{y-6y 5
Bu tenglikda almashtirishlar bajaramiz:
25(jc2-6x +9 +y 1+4y +4) = 9(x2-8jc +16+y1-12y +36),
25n2-150*+ 25/ +H00y +325 = 9x2-72x +9y 1- 108y +468,
16x2-78*+16/ +208" = 143,

i6"2- +y 2+130 j=143>

f 39v '+13V_.'bl66"
rw + - 16y

Bu tenglama markazi f— 1 nugtadajoylashgan va radiusi — a
g Ue 2y q Joy g 16 g
teng bo‘lgan aylanani aniglaydi. O

2.30. [06;0), x=], =2

<S> Ikki nugta orasidagi masofa va nugtadan to‘g‘ri chiziggacha bo‘lgan



masofa formulalari bilan topamiz:

NANSI-6)2+(y-0)2, NN

Misolning shartiga ko‘ra
J(X - 6)1+y2 _

I 21

=m yoki 2

\B M\

Bundan
(*-6)J+ /=4"-]]j.

Bu tenglikda almashtirishlami bajaramiz:
Xr=12X+36+Y =4"x2-3X +"],
X2-12x +36 +y2=4x2-12x +9,
3x2-y2=27, X -¥ =\
9 2
Bu tenglama fokuslari Ox o‘gidajoylashgan vayarim o‘qglari
a=3, b=3VJgateng bo'lgan giperbolani aniglaydi. O

3.30. N1(2;,1;7), S(3;3:6), C(2;-3;9), D(1;25).
® a) AB qgirra tenglamasini berilgan ikki nuqgtadan o'tuvchi to'g'ri
chiziq tenglamasidan foydalanib tuzamiz:

x-2 _y-1

3-2 ~T-7

X-2 y-

1 2

b) NAC yoq tenglamasini berilgan uchta nugtadan o'tuvchi teki

tenglamasi bilan tuzamiz:

z-7
6-7
-7

z G

=l

Xx-2 y-1 z-7
1 2 -1 =o0.
0 -4 2

Bundan
y +2z -15=0(ABC).



c) D uchdan tushirilgan DE balandlik ABC yoqqa perpendikul
bo'ladi. Shu sababli DE to‘g‘ri chizigning yo'naltiruvchi vektori s={p-,q;r}
sifatida ABC yoqning normal vektori w={GL2}ni olish mumkin. U holda

to‘g‘ri chizigning kanonik tenglamasi formulasiga ko‘ra

x-1l_y-2 z-5 (DE).
0 1 2

Nugtadan tekislikkacha bo'lgan masofa formulasidan topamiz:

|0-I+I-2 +2-5-15I trr, Us,
ID E 1= - O :|_'71i+2,q 777777 1Yokl 1o E 1= g

d) C uchdan o‘tuvchi CF to‘g‘ri chiziq AB girraga parallel bo'gani
sababli CF to‘g‘ri chizig va AB girraning yo‘naltiruvchi vektori
s =s2={1;2;-1} bo‘ladi. U holda

x-2 j/+3 z-9 (CP).
1 2 -1

e) D uchdan o'tuvchi tekislik AB girraga perpendikular bo‘lgani uchun
AB to‘g‘ri  chizigning yo‘naltiruvchi vektori s, ={l;2;-1}ni izlanayotgan
tekislikning normal vektori n2={A-B;C} deb olish mumkin. Tekislik
tenglamasini berilgan nugtadan o‘tuvchi va berilgan vektorga perpendikular
tekislik tenglamasi bilan topamiz:

1nfc 1) +2+(y-2) +(+(r-5=0
yoki
X+2y-z =0.
f) AD qirra tenglamasini tuzamiz:

x-2 y-1 z-7 (AD).
-1 1 -2

AD girra bilan ABC yoq orasidagi burchak sinusini to‘g‘ri chiziq bilan
tekislik orasidagi burchak formulasidan topamiz:
Oe(—)+le1+2(—2) -3
V02+1j +2j -V(-1)2+12+(=2)] V5-V6

sin (p=

g) ABD yoq tenglamasini tuzamiz:
x-2 y— z-7
1 =1
-1 -2



yoki

ABC va ABD yoqglar orasidagi burchak kosinusini ikki tekislik orasidagi
burchak formulasidan foydalanib topamiz:
cosy/ - — 0-1+1-(-!) +2-(-1) =—r_§ .
R +12422 =JI2+(-)2+(-2 513

4.30

® M(x;y;.) izlanayotgan tekislikning ixtiyoriy nugtasi bo‘lsin.
To‘g‘ri chizigning tenglamasiga asosan M(Q(2;-2;l) nugta va s={-321}
vektor to‘g‘ri chizigda yotadi. U holda MMM ={x-2\y +2\z-\}, s ={-3;2;1},

MQA={323} vektorlar izlanayotgan tekislikda yotadi, ya’ni bu vektorlar
komplanar bo'ladi.

Uchta vektorlaming komplanarlik shartidan topamiz:

X-2 y+2 z-1
-3 2 1 -0
3 2 3
yoki
X+3y-3z+7=0. O

lic+j/+z+11=0.
® To‘g‘ri chizigning berilgan tenglamasiga ko‘ra:
A=1 =-I, C, =2,A2=1, =1, C2=1

MQXxQy0-2) nuqtani topish uchun zga za=0 giymat beramizvauni
berilgan tenglamaga qo'yib topamiz:
NO-y0=1
1*0+"0 =-n -
Bundan x0=-5, ya=-6 yoki J1/0(-5;-6;0).



To‘g‘ri chizigning umumiy tenglamasidan uning kanonik tenglamasiga
o‘tamiz:

X+5 y +6 r-o0
-1 2 21 1 -1
1 1 11 1 1
yoki
X+5 y+6 -
-3“ 1 72
630. %71 Y72 273 o oy 130

-3 1

kesishish nugtasini toping.

® Ap+Bq+Cr=5-2+(-2m(-3)+1+(-1)=15*0. Demak, to‘g‘ri chiziq
bilan tekislik kesishadi.

To‘g‘ri chizig va tekislik nugtada kesishsin. U holda bu
nugta ham to‘g‘ri chiziqda, ham tekislikda yotadi. Shu sababli
nugtaning koordinatalari to‘g‘ri chiziqg va tekislikning tenglamalarini
ganoatlantiradi:

o N
xi~*. K 2—2’13, 5x,-2yl - z, -13=0.

2 -3
To'g‘ri chiziqg tenglamalarini parametrik ko‘rinishga keltiramiz:
X =1+21, yt=2-3t, zt=3+1

Bu koordinatalami tekislik tenglamasiga qo'yamiz:

51+2/)-2(2 -3f)-(3+0-13=0. Bundan /=1.
t ning giymatlarini parametrik tenglamalarga qo‘yib, topamiz:

X, =1+2¢1=3, y,=2-31=-1, =3+11=4.
Demak, M,(3;-1;4). o

7.30.a) 9x2-2y+2z2=18 b) 4x2-3y2=12.
® a) Sirttenglamasini kanonik shaklga keltiramiz:

r 1

Ox2+72=2y +18, OXr+zJ=2(y+9), = +=A=(y+9).

] 9
Bu tenglama elliptik paraboloidni aniglaydi (6-sahkl).



b) Berilgan tenglamada z - 0. Bunda berilgan sirt yasovchilari C?z
a'qqa parallel silindrik sirtdan iborat bo‘ladi.

6-shakl.

4x2-3y2= 12 tenglamadan topamiz:
=1
3 4
Bu tenglama giperbola tenglamasi 1 ‘ladi. Demak, berilgan tenglaena
jiperbolik silindmi aniglaydi (7-shakl).



Y bob
MATEMATIK ANALIZGA KIRISH

51.BIR 0‘ZGARUVCHINING FUNKSIYASI

Funksiya. Teskari funksiya. Murakkab funksiya.
Elementar funksiyalar. Funksiyaning grafigi. Giperbolik funksiyalar.
Oshkormas va parametrik ko‘rinishda berilgan funksiyalar

5.1.1. Funksiya tushunchasi

& Ikkita bo‘sh boimagan X va y to‘plamlar berilgan bo‘Isin. Har bir
xeX elementga yagona yeYelementni mos qo‘yuvchi gqoidaga funksiya
deyiladi va y =f(x),xeX kabi belgilanadi.

Xto‘plam/ funksiyaning aniglanish sohasi deb ataladi va £>(/) bilan
belgilanadi. Barcha yeY elementlar to‘plamiga / funksiyaning qiymatlar
sohasi deyiladi va £ (/) bilan belgilanadi.

19 Agar X va y to‘plamlaming elementlari hagigiy sonlardan iborat,
ya'ni X<zR,Y<zR bo‘lsa, / fiinksiyaga sonli funksiya deyiladi. Bunda *
argument yoki erkli o'zgaruvchi, y funksiya yoki bog'liq o'zgaruvchi (x ga)
deb ataladi. xva y o‘zgaruvchilar funksional bog‘lanishga ega deyiladi.

y =f(x) funksiyaning x= j@(x0e X)dagi xususiy giymati /(*,,) =yOyoki
>IN =y, kabi belgilanadi.

Funksiyaning monotonligi

y =f(x) funksiya X to‘plamda aniglangan va Xxc X bo‘Isin.

&8 Agar Vx,x2e X,uchun ( Xt to'plamdan olingan istalgan x, va Xxr
uchun) >xx<xZboiganda: f{Xi)<f(x{f(x¥>f(x1)) tengsizlik bajarilsa,
Y- fix) fiinksiyaga X, to‘plamda o ‘suvchi (kamayicvchi) deyiladi;
f(x,)zf(x29 (f(x,)Zf{x2) tengsizlik bajarilsa, y=f(x) funksiyaga X,
to‘plamda kamaymaydigan (o‘smaydigan) deyiladi.

0 ‘suvchi, kamaymaydigan, kamayuvchi va o'smaydigan funksiyalar
monoton funksiya nomi bilan umumlashtiriladi. Bunda o‘suvchi va

kamayuvchi funksiyalarga gat’iy monoton funksiyalar deyiladi. Funksiya
monoton bo‘lgan intervallar monotonlik intervallari deb ataladi.



Funksiyaningjuft va togligi

y =f(x) funksiya X to‘plamda aniglangan bo‘lIsin.

13 Agar V je | uchun -xeX va /(-*)=/(jc)bo‘lsa, f(x) funksiyagajuft
funksiya deyiladi. Agar \/xeX uchun -xeX va /(-*)=-/(*)bo‘lsa, f{x)
funksiyaga togfunksiya deyiladi. Juft yoki toqg bo‘lmagan funksiya
umumiy ko‘rinishdagi funksiya deb ataladi.

Funksiyaning chegaralanganligi

y =f(x) funksiya X to‘plamda aniglangan bo‘lsin.

L5 Agar shunday o‘zgarmas M(m)soni topilsaki, ¥xe X uchun f(x)<M
(f(x)>m) bo‘lsa, f{x) funksiya X to'plamda yuqoridan (quyidan)
chegaralangan deyiladi. Agar f(x) funksiya ham quyidan ham yugoridan
chegaralangan bo'lsa, y’ani shunday o‘zgarmas m va U sonlari topilsaki,
VxeX uchun mZf(x)ZM boisa, f(x) fimksiya X to‘plamda
chegaralangan deyiladi.

Funksiyaning davriyligi

y =f{x) funksiya X to'plamda aniglangan bo'lsin.

8 Agar shunday o‘zgarmas T(TpO son topilsaki Vxe X uchun
x+leX, x-TeX, f(x +T)=f(x) bo‘lsa, f(x) funksiyaga davriy funksiya
deyiladi. Bunda I ning eng kichik musbatqgiymati Tga f(x) funksiyaning
davri deyiladi.

5.1.2. Sl Aniglanish sohasi X va giymatlar sohasi Y bo'lgan y =f(x)
funksiya berilgan bo‘lsin. Agar bunda har bir yeY giymatga yagona X&X
giymat mos qo‘yilgan bo‘lsa, aniglanish sohasi Y va giymatlar sohasi
X bo'lgan x=<pfy) fimksiya aniglangan bo'ladi. Bu funksiya y=f(x) ga
teskari funksiya deb ataladi va x=<p()=f~'(y) kabi belgilanadi. Bunda
y =f(x)vax =) funksiyalar o zaro teskarifunksiyalar deyiladi.

X va Y to‘plamlar o‘rtasida bir giymatli moslik o‘matilsagina
y =/(X) funksiya teskari funksiyaga ega bo'ladi. Bundan har ganday qat’iy
monotonfunksiya teskarifunksiyaga ega bo ‘ladi deyish mumkin. Bunda
funksiya o‘ssa (kamaysa) unga teskari funksiya kamayadi (o'sadi).

5.1.3. 0 X to'plamda giymatlar sohasi Z bo'lgan r=<X)funksiya
aniglangan bo'lsin. Agar Z to'plamda y=f(:) funksiya aniglangan bo'lsa,



u holda X to'plamda y=f(<p(x)) murakkab furiksiya (yoki z=(@{X)\a
y =/(m) funksiyalarning superpozitsiyasi) aniglangan deyiladi.
z =< o'zgaruvchi murakkabfunksiyaning oralig argumenti deb ataladi.

5.1.4. Quyida keltirilgan funksiyalarga asosiy elementar funksiyale
deyiladi.

1 O 'zgarmasfunksiya y=C,CeR: D(f) =(-oo+o0); E(f) ={C};
chegaralangan; juft; davri ixtiyoriy T.

2. Darajali funksiya y=x° oceR,a*Q: D(f) va E(f) aga bog'liq;
monoton.

3. Ko ‘rsatkichlifunksiya y=a’,aeR,a>0,a* 1: D(f) =(-00-k0) ;
£(/) =(0;+°°); a>Ida o‘suvchi, 0<a <l1dakamayuvchi.

4. Logarifmikfunksiya y =log,,x, aeR, a>0, a* 1. D(f) =(0;+°0);
E (f) = (—<®-t»); a>1da o‘suvchi, 0<a<Ida kamayuvchi.

5. Trigonometrikfunksiyalar:

-y =sinx: £>(/) = (-oo;+c0); £ (/) =[;i]; chegaralangan; toq; davri In ;

-y =cosX: £>(/) =(-co;+00); £(/) =[-I;[]; chegaralangan; juft; davri 20\
-y=1gx: D (/)="(2un - 1)j;(2n +1jj, n€z; £(/) = (-co;+co); toq; davri 4;
-y =ctgx: D (f) =u=(n+Da\nzZ; E(f) =(-oo-++>); toqg; davri n.

6. Teskari trigonometrikfunksiyalar:

-y =arcsin*:£>(/) = [-11]; E(f) = ;7:

—y-arccosx: D (f) =[-I;[]; £(/) =[0;a]; chegaralangan; kamayuvchi;

; chegaralangan; toq; o‘suvchi;

-y =arctgx: D (f) =(—g+m);£(/) ="~_£ ;£ ; toq; o‘suvchi;

—>'=arcctgx: D (f) = (-oo0;+00); E(f) =(0;5-); kamayuvchi.
& Asosiy elementar fimksiyalardan chekli sondagi arifmetik amallar
va superpozitsiyalash yordamida hosil gilingan va bitta formula bilan berilgan
funksiyaga elementarfunksiya deyiladi.

1-misol. Funksiyalarning aniglanish sohasini toping:

1) /(x)=-; 2) f()=yj6-5x\ 3) /(*) =logY4x-1);



4) /(x) = arcsin”i +x2] +2cos3a;; 5) /(*) = £~ +79 - x2+ctgx.

je3 + 2
X -4
yoki X2*4 shartdan topamiz. Demak, D (f) =(-°0;-2) u (2+).

2) n/6-5* funksiyaning aniglanish sohasini 6 - 5*>0 shartdan topamiz.

Demak, £>(/) _ H I

3) logj(4jr -1)funksiyaning aniglanish sohasini logarifm ostidagi ifoda

<& 1) kasr bo‘lgani sababli uning aniglanish sohasini 'X2-4* 0

musbat boiishi, ya’ni 4*-1>0 shartidan topamiz: £>(/)
4) arcsin®i+x3 funksiyaning argumenti musbat. Shu sababli x1<1.

Bundan——- £ je<— .
2 2

V2.2

2cos3x funksiya Vxe Jlda aniglangan. Shunday qilib, £5(/) = 2. 2

5) a'(a>0) funksiya Vxe J/lda aniglangan. Shu sababli 4’ 3 funksiyaning
aniglanish sohasi 3 kasming aniglanish sohasidan iborat bo‘ladi.

Bundan x¢ 3.

Ikkinchi qgo‘shiluvchining aniglanish sohasini 9-x2>0 yoki x259
tengsizlikdantopamiz. Bundan -3<x<3.

c/g* funksiya =(nsa-;(u+ 1ar), neZ sohadaaniglangan.

f(x) funksiyaning aniglanish sohasi berilgan uchta qo'shiluvchilar

aniglanish sohalarining kesishmasidan iborat bo'ladi.
Demak, £>(/)=[-3,0)u (0;3). O

2-misol. Funksiyalaming giymatlar sohasini toping:
1) /(x) =x2-6x+5; 2)f(x)=j4 ~ +3 3)/(X)=T;

4) /(x) =arcsin”® +XJ; 5) /(x) =4sin3x +3cos3x.

<S> 1) Xx2-6x +5=(x-3)2-4 va Vxefida (x-3)20 ekanidan xning
barcha giymatlarida f(x)Z-4. E(x-3)=[0;+a>) bo‘lgani uchun £(/)=[-4;+<»).



3)E(xr) = [0;+00). Shu sababli 3X' funksiyaning qiymatlar sohasi 3'

funksiyaning *>0dagi qiymatlar sohasi bilan bir xil bo‘ladi, ya’ni
£(/) = [I+o0).

4) £>()= 42I ) va f(-x) =f(x). Shu sababli, funksiya eng kichik
o o N
giymatiga x=0 da erishadi va eng katta giymatiga x=2—"da erishadi:

/(0) = in-=—, / x—j-J=arcsinQ+jj= Demak, £(/)=
(0) arcsing = = ] Q+Jj ) 6.2

5) acosn+Asinx=Va2-+b2cos(xX - ) *g>=arctg”j formuladan topamiz:

/(jt) = \)§2_4_-ch05(3]: —<)=5cos(3x <), P= arctgé'.
E(cobx - $>))=[-1;1] ekanidan £(/) =[-55]. O

3-misol. /(*) =?:—;:->%2;_—1 funksiya uchun quyidagilami toping:
+1
a+1
/(0); 2)/(V2); 3)/(-a); 4)/ ;o 5 /(e)-1.
)/(0) )/ (V2) )/ (-a) )4\3(61_0y ) /(e)

® 1)- 3). Berilgan funksiyaning analitik ifodasiga * ning belgilangan
giymatlarini go‘yib, topamiz:

/(0) = -=-1; f(4l) =3(v2)r-132-15
3-0+1 322+ 3-2+1 7
J—* _3-(-g)2-1 3a2-1
(") =3 (ay2+1~3a2+1
a+1
4) Funksiya a ning <3(a-i) shartni ganoatlantiruvchi giymatlarida
( a-1*0

aniglangan.



3 o+
a+i . — =—3(@ = — =1, ae(-00;-1]1(1;+00).
6M)j _a- 1 -
3a-1y 1 3@-)

0 — |- -

5) f(a)/o_lzgs_tl__1=§a2 1-3a2-1 2
3a2+1 3a2+1 3a2+1

. _ 8 L H( L .

4-misol. /(jy=——=— funksiyaning monotonlik iniervallarini va
2jc-jc -3

eng kichik giymatini toping.
® () =2x-x2-3 belgilash kiritamiz.
PP) =2x-x2-3=-2-(jc2-2x +H) =-2-(x-1)2
Bu funksiya (-ad+xd intervalda manfiy, (-ool] intervalda o‘sadi va [I;+00)
intervalda kamayadi.

U holda f(x) :CBQ—)—funksiya(—oo;I] intervalda kamayadi va [1;+»)
intervalda o'sadi. Bunda mjnf(x) =/(1)=-4. O

5-misol. Funksiyalarning juft, toq yoki umumiy ko'rinishda ekanini
aniglang:
1)/(j9=jb-8x; 2)/(jd=jb6—-3lc);, 3) f(x) =2~ +e';
4)/(jc) = 3sinjc +cosic; 5) /(X) = 1n2n+dl +4ic2).
® 1) D(f) =(-oo+a0) va
/(=jc) = (-jc)3- 8(-x) = -x3+8jc= ~(x' - 8jc)=-/(jc). Demak, funksiya toq.
2) D (/) =(=0+00) va / (-ig) = (-jc)—Hel=jc6ick/ (9. ya'ni funksiya
juft.
3) £>(/) =(-00+00) va /(- x) =2e' +e~ ++f(x). Demak, funksiya umumiy
ko‘rinishda.
4) £>(/) =(-0o+00) va /(-Jc) = 3sin(—jc) +caos(—jc) = —3sinjc +cosjc#/(jc),
ya’ni funksiya umumiy ko‘rinishda.
5) D (f) = (-co;+c0). Toq funksiya uchun /(-*) = - /(jc) yoki
f(x) +f(-x) =0 bo‘ladi. Tekshirib ko‘ramiz:
/ (jo +/ (-j9 = In(2jc + VI +4jc2) +In(-2jc +VI +4j2) = In(l +4jc2- 4jc2) = In1=0.
Demak, funksiyatogq. O



6-misol. Funksiyalaming davrini toping:
1) f{x) =s'mBx; 2) f(x) = cos6bx +tgdx;

3) /(x) =oco23x; 4) f{x) =ctg”.

® 1) sin* funksiyaning davri T, =2n. Bundan 10:—6 = 3

2) oos6* va tgax funksiyalaming davrlari mos ravishda T, =—va Tr=—.

3) cos23c= —+c°sgic ekanidan berilgan funksiyaning davri
cosbx funksiyaning davri bilan bir xil bo‘ladi. Demak, 7,=" = j.

4) ctgx funksiyaning davri 7]=it. Bundan 0= ~3M- O

7-misol. / (*)=log,(x +J| +x2) funksiyaga teskari funksiyani toping.

® Vi+j23ljcj bo‘lgani sababli berilgan funksiya (-oo+oo)intervalda
aniglangan. Bu funksiya uchun /(X) +/(-x)=0, ya’ni funksiya toq. Funksiya
x>0 da o‘sadi. Demak, berilgan funksiya jre(-oo;00)da gat’iy monoton va
unga teskari funksiya mavjud.

y=f(x) desak, y=logdx+-J+x2) bo'ladi. Bu tenglikni xga nisbatan
yechamiz: 3r =x+*Jl +x2, 3" =-x +-J +x2(chunki funksiya toq).

Bundan jc=i(3v+3V) yoki y=](@3 +3"). O

5.15. &8 y=f(x) funksiyaning grafigi deb Oxy koordinata
tekisligining abssissasi *argumentning giymatlaridan va ordinatasi
y funksiyaning mos giymatlaridan tashkil topgan barcha c; f(x)) nugtalari
to‘plamiga aytiladi. Bunda har bir vertikal (Oy o‘qqga parallel) to‘g‘ri chiziq
(x;/(x>) nugtalar to‘plamining fagat bitta nuqtasini kessa, bu to'plam y =/(X)
funksiyaning grafigi bo‘ladi.



Elementar funksiyaning grafigini chizishda funksiyaning quyidagi
xossalarini inobatga olish kerak:

- juft funksiyaning grafigi ordinata o‘giga nisbatan simmetrik bo'ladi;

- toq funksiyaning grafigi koordinatalar boshiga nisbatan simmetrik
bo'ladi;

- 0o'zaro teskari y=/(x)va y=< fimksiyalarning grafiklari /va IlI
choraklar koordinata burchaklarining bissektrisalariga nisbatan simmetrik
bo'ladi;

- davriy funksiyaning grafigi Ox o‘qi bo'ylab chapga va o'ngga davr
birligiga surish orqgali gaytariladi;

- o'zgarmas fUnksiyaning grafigi abssissalar o'qiga parallel to‘g‘ri chiziq
bo'ladi;

- darajali funksiyaning grafiklari (1;1) nugtadan o'tadi va a ga bog'liq
bo'ladi:

- ko'rsatkichli funksiyaning grafigi (0;1) nugtadan o'tadi;

- logarifmik funksiyaning grafigi (1,0) nugtadan o'tadi;

- teskari trigonometrik funksiyalarining grafiklari trigonometrik
fimksiyalarning grafiklaridan y =xto'g'ri chizigga nisbatan simmetrik qilib
hosil gilinadi.

csss Funksiyaning grafigini oldindan ma’lum y =/(jc) funksiya grafigidan
almashtirishlar (surish, cho'zish, siqish) orgali hosil gilish mumkin.

Xususan:

0 y=f(x) +b funksiyaning grafigi y =/(x) funksiya grafigini Oyo"
bo'ylab b>0 da yuqoriga,6<0da pastga [id birlikka surish bilan hosil
gilinadi;

2) ymf(x-a) funksiyaning grafigi y =/(ac)funksiya grafigini Qxo'qi
bo'ylab a>0 da o'ngga, a<0da chapga [a] birlikka surish bilan hosil
gilinadi;

3) y=kf(x)(k*0,k*l) funksiyaning grafigi y =/(x)fimksiya grafigini

Oy o'gi bo'ylab 1Pl da |KWarta cho'zish, |A{<lda Pﬁl marta surish

orqali hosil gilinadi;
4) y =f(kx)(k*0,k*\) funksiyaning grafigi y =f(x)fimksiya grafigini

Ox o'qi bo'ylab jk(>I da |k |martasiqgish, |k |<lda Elmarta cho'zish



orgali hosil gilinadi;

5) y=—f (x) funksiyaning grafigi y=f (x)funksiya grafigini Qxo‘qqa
nisbatan simmetrik akslantirish orgali hosil gilinadi;

6) y=/(-*) funksiyaning grafigi y =/(n)funksiya grafigini Oy o‘gqga
nisbatan simmetrik akslantirish orgali hosil gilinadi;

7) y =N\ funksiyaning grafigi y =/(x)funksiya grafigining Ox
o‘gdan yuqorida yotgan gismini o‘zgarishsiz goldirish, Ox o‘qdan quyida
yotgan gismini esa bu o‘gga nisbatan simmetrik akslantirish orgali hosil
gilinadi;

8) y=/('jc]) funksiya grafigi y =/(x)funksiya grafigining Oy o‘gdan
o‘ngda yotgan gismini o‘zgarishsiz qoldirish, Oy o‘gdan chapda yotgan
gismini esa bu o‘qqga nisbatan simmetrik akslantirish orqali hosil gilinadi;

9) y=f(x) +g{x) funksiyaning grafigi y, =f(x)\a y2=g(x) funksiyalar
grafiklarining mos ordinatalarini qo‘shish orqali hosil gilinadi;

10) y=f(x)- g(x) funksiyaning grafigi y, =/0)va y2=g{x) funksiyalar
grafiklarining mos ordinatalarini ko‘paytirish orqali hosil gilinadi;

11) Y= fix) funksiyaning grafigi vy, =f(x)va y2=g(x) funksiyalar
grafiklarining y2®0 bo‘tgan mos ordinatalarini boUish orqaii hosil gilinadi;

12) y =f(tp(x)) funksiyaning grafigi avval z=(p(x) funksiyaning grafigini
chizish, keyin esa y =/(r) funksiyaning xossalarini bilgan holda y =f{<p(x))
murakkab funksiyaning grafigini chizish orqali hosil gilinadi.

8-misol. y =2sin(3jc- 2)funksiyaning grafigini chizing.

Awal funksiyani y=2sin3”-yj ko‘rinishda yozib olamiz.

1) y, =sinx funksiya grafigining bir to'lginini chizamiz.

2) 3-bandga ko'ra y, =sinx funksiya grafigini Oyo'qi bo‘ylab ikki marta
cho‘zib, y2=2sinx funksiya grafigini hosil gilamiz.

3) 4-bandga ko'ra y2=2sinx funksiya grafigini Qxo'qi bo'ylab uch
marta siqib, ys=2sin3x funksiya grafigini hosil gilamiz.

4) 2-bandga ko'ra y% 2sin3x funksiya grafigini Obco'qgi bo'ylab o0'ngga
E birlikka surib, izlanayotgan, ya’ni y=2sin(3jc-2) funksiya grafigining bir

to'lginini hosil gilamiz (1-shakl).



Y - 2sin3(js —2)
5= 2sm3x

1-shak.

y=2sin(3*-2) funksiyaning grafigi bu to’lginni Ox o‘qi bo‘ylab
chapga va o‘ngga davriy davom ettirish orgali topiladi. O

9-misol. y="\&- 81c] +5]funksiyaning grafigini chizing.

<& Awal y, =2x}-8x+5 funksiya grafigini chizamiz. Buning uchun
uni to‘la kvadrat ajratish orqali y, = 2(x - 2)2- 3 ko‘rinishda yozib olamiz.

funksiya grafigini chizib olamiz.

2) 3-bandga ko‘ra y2=x2 funksiya grafigini Oyold\bo‘ylab ikki marta
cho‘zib, y, —2xr funksiya grafigini hosil gilamiz.

3) 2-bandga ko‘ra y}=2xr funksiya grafigini Oxo‘qi bo‘ylab o‘ngga 2
birlikka surib yA=2(x-2f fimksiya grafigini hosil qilamiz.

4) 1-bandga ko‘ra yt =2(x-2)2 funksiya grafigini Oyo‘qi bo'ylab pastga
3 birlikka surib y,=2(*-2)2-3 funksiya grafigini hosil qilamiz (2-shakl).

5) 8-bandga ko‘ra y{=2(x-2)2-3 funksiya grafigining Oy o‘gdan
o‘ngda yotgan gismini o‘zgarishsiz qoldirib va Oy ogdan chapda yotgan
gismini bu o‘qga nisbatan simmetrik akslantirib, y}=2x2~-8\0\45 fimksiya
grafigini hosil gilamiz.

6) 7'bandga ko‘ra ys=2x2-S\X\5 funksiya grafigining Ox o‘qdan
yugorida yotgan gismini o‘zgarishsiz goldirib va Ox o‘gdan pastda yotgan
gismini bu o‘gga nisbatan simmetrik akslantirib, izlanayotgan, ya’ni
y =)2*r- 81x 5] funksiya grafigini hosil gilamiz (3-shakl). O



Yy
2-sheld. 3-sheK.
5.1.6. Ko‘rsatkichli fimksiyalardan hosil gilinadigan quyidagi elementa
fiinksiyalarga giperbolikfunksiyalar deyiladi:
- giperbolik sinus: y =shx, bu yerda shx=- ; B
- giperbolik kosinus:y = cx, bu yerda chx=81"¢
2
- giperbolik tangens: y * thx, bu yerda thx=5""€
e+e
. . . el +el
- giperbolik kotangens'.y = cthx, bu yerda cthx==—
e -e

Giperbolik funksiyalar uchun trigonometrik funksiyalarga xos bo‘lgan
quyidagi mos formulalar o‘rinli bo‘ladi:
chZ - shix =1 chlx =ch +shZ, sh2x = Ishxchx, thx= cthx= ,
chx shx
chfx +y) = chxchy+shxshy, sh(x +y) =shxchy+dwxshy va boshgalar.



5.1.7. y =fix) funksiyaning oshkor ko‘rinishdagi berilishi hisoblanadi

Shuningdek, ayrim hollarda funksiyaning oshkormas ko‘rinishidan
foydalanishga to‘g‘ri keladi.

Funksiya X to‘plamda aniglangan bo'lsin. Agar har bir
X sXelementga mos qo‘yilgan yagona funksiya gandaydir F(X,y)=0
tenglamani  ganoatlantirsa, u holda funksiya F(x,y)=0 tenglama bilan
oshkormas berilgan deb ataladi. Bunda fiinksiyaga oshkormas funksiya
deyiladi. Oshkormas funksiyaning grafigi deb Oxykoordinatalar tekisligining
F(x,y) =0 tenglamani ganoatlantiruvchi barcha nugtalari to‘plamiga aytiladi.

<3 X azR to‘plamda ikkita x=x(t) va y=y(t) funksiyalar berilgan
bo‘lsin. U holda Oxy koordinatalar tekisligining koordinatalari (*(/);y(0)
bo‘lgan barcha nugtalari to'plamiga parametrik ko‘rinishda berilgan chiziq
(egri chizig yoki to‘g‘ri chiziq) deyiladi.
Agar parametrik ko‘rinishda berilgan chiziq y=f(x) funksiyaning
grafigini ifodalasa, u holda bu fiinksiyaga parametrik ko ‘rinishda berilgan
funksiya deyiladi.

Mustahkamlash uchun mashglar

5.1.1. Funksiyaning aniglanish sohasini toping:

3)/(x)=Vv4 »;

cosmmc

7) fix) =Vx-7+Vio-x; 8) /(X) =¥+l - s

9) fix) —Vx—2 +«Jl-X +Ix1+4; 10) f(x) =Jx>-S +\—/22 =;
-X



11) f(x) =arcsinx — arccos(4 - jo); 12) /(x) =arcsin(x — 2) +3lIn(jic- 2);

13) /(*) =log, Inigx; 14) /(x) = Insinx;
15) /(x) = <r-logj(2-3x); 16) f(x) =In "¢ 3+ =X
v \I(x-6)2
V) AXx) :\/%‘- —E)?+arcc()sjc§:6fl'l(:l 18) / (jd = arocos* + +2r:;
1 -
19)/(x) = A-5sin2Xx. 20)13) /(*) =% In(x +3)
VX2-3 je+2 n/Box3

5.1.2 Funksiyaning giymatlar sohasini toping:

N/ (*) =x2+ 4ic+2 2) /(W)= 517 —jc+ 2;
3) / « =2sinx-5; 4) /(X) =sinx+cosx;
5 AX): 2'r-1; 6) f{x) =2e- +1;
7) 1(*)==1/9-JC2 8) /(x) :iardg&\
2x-3 .
9) AX)- 3Ix|I-I: 10) /(x) =
) AX)- 3IxI-1 )10 =0
m)/(*) = 12)/(x) = 2 !
V() = o0 a5 45 ) ’(v—g/_72x2—4x +3’

5.1.3 /(x) =x3Br funksiya berilgan. Quyidagilami toping:
1) /(i); 2) /(-414); 3) /(-x); 4) /Q j.

5.1.4. Funksiyaning monotonlik oraliglarini toping:

1) /<*) X2-5x+6 2) /(x) =x3+arcsinx;

3) /(x) 1 4) /(x) =arctgx-x.



5.1.5. Funksiyaning juft, toq yoki umumiy ko‘rinishda ekanini aniglang:

1) f(x) =x1~3x-x5 2) /(x) =xJ+5x! +1;

3) /(*)=""S 4) f{x) = ctg3x +cos2x;

5) /(x) =Inf i’\} 6) /(jc) = In(jc +->x2+1);
-X

7) 1(x) =2|x]-3; 8) /(x) =x|xj;

9) f(x)=3" (X +sinjc); 10) f(x)JINf-\ .

5.1.6. Funksiyaning eng katta va eng kichik giymatlarini toping:

1) f(x) =(k-n)cosIx+n(0<k<n); 2) f(x) =4sinx5
3) / (X) =sin2jc+cos2x; 4) f(x) = 3sinx +4cosx;
5) /(x) =sindx +cos4x; 6)/ (jc) Jcosax |

5.1.7. Funksiyaning monoton,gat’iy monoton yoki chegaralangan

ekanini aniglang:
. X+2
N/ (*) =sin2x 2)/(*) :x+_7’
X, agarx<0 bo'lsa,

3)/(X) =Vv3x-4; 4)/(*)= -3, agarx>0 bo'lsa.

5.1.8. Funksiyaning davrini toping:

1) /(*) =-2co0s]|; 2) f(x) = ctg(2x-3)-,

3) f(x) =tgx- cos|; 4) /(x) =sin2x+cos3Xx;

5) /(x) =sinax-cos4x 6) /(Xx) =sin*cos"cosxcos2x;
7) 10)=|sin2x]; 8) /(X)=]cos3x];

B /(x) =sin> +00sX; B) 1(xy =teF- cfgd +siiij.

5.1.9. Funksiyaga teskari funksiyani toping:
1) y=3x+5 2) y;zz)_(’



5.1.10. f(g(x)) va g(f(x) murakkab fimksiyalarni toping:

1) /00 =3*+1, g(x)=x3 2) f(x) =sin  g(xX)x}
() == * M=z 4) /(*) =2\ g(x) = log2x.

5.1.11. Funksiyaning grafigini chizing:

1) y =x2+4* +3; 2) y = -2sin3jr;
a1 2x-1 — _ %1 I*I-

3) Y=5x% 4)y =-*1[;

5) y =xsinic; 6) y =* +sinx.
7) y = arooos|jc]; 8)y =3.

5.1.12. Ayniyatni isbotlang:

1) \-thx=— 2) cthix-1=—
cn X sh x
3) chix= ch2x +1 4) shx= ch2x -1
- . +
5)sh(\nx) = X; r 6)ch(Injc) = A
X

5.1.13. Qaysi nugta y +cosy -x =0 tenglamaga tegishli ekanini

aniglang: 1(3;0); (0;0); D(n—\-,n).

~t"\ . N
5.1.14. Qaysi nugta fx 2 ’ parametrik tenglamalar bilan berilgan

egri chizigga tegishli ekanini aniglang: /1(1;5); C(2;8); D(0;1).

5.1.15. Parametrik ko‘rinishda berilgan funksiyani y =y(x) ko‘rinishgs
keltiring:
x=t+2 ,LA4fX =3sint,
0 y=/"+4/ +5; AH[ychost



52.SONLI KETMA-KETLIKLAR

Sonli ketma-ketlik. Sonli ketma-ketlikning limiti.
Yaqginlashuvchi ketma-ketliklar. e soni

5.2.1. SS Har bir n natural songa mos qo‘yilgan jc.jc2 jcs....,
hagigiy sonlar to‘plamiga sonli ketma-ketlik deyiladi va {xjkabi belgilanadi.
Bunda X,,X1X3...X,,... sonlar (. }ketma-ketlikning hadlari, j, bu ketma-

ketlikning umumiy hadi, n uning nomeri deb ataladi.

Analitik usulda ketma-ketlikning umumiy hadini topish formulasi
beriladi. Rekurrent usulda. ketma-ketlikning n-hadini oldingi hadlar orgali
topish formulasi beriladi.

1-miso 1 Berilgan ketma-ketliklaming birinchi beshta hadini toping:

* , njuftbo'lsa,
2),.. a0t S3) M= 3,X, = WoX 4
n toq bolsa,
N2+ o

® Birinchi ikkita ketma-ketlikda n ning o‘miga 1,2,3,4,5 giymatlar
go‘yib topamiz:
%=t 5= = g x =k
1 3 1 5
1) x. == =1 3=-= X,-—, X ——_.
) 2 J 510 43 5 2
3) Uchinchi ketma-ketlikning birinchi hadi x =3. Keyingi hadlami
rekurrent formuladan topamiz:
jt, = 2¢jt2, =2m, =2-3 =6, jt3=3-t2=3-6=18,
j4=4-jc, =4-18 =72, j5=5-js=5-72=360. O

Agar Vne N uchun xn=c(c e R) bo‘lsa, {jcJ ketma-ketlikka o Zgarmas
ketma-ketlik deyiladi.

fB Agar shunday o‘zgarmas Af(m)soni topilsaki, VneN uchun xn<M
(c.>m) bo‘lsa, {xj ketma-ketlikka yuqgoridan (quyidari) chegaralangan
deyiladi. Agar {Xj ketma-ketlik ham quyidan ham yuqgoridan chegaralangan
bo‘lsa, ya’'ni shunday o‘zgarmas m va M sonlari topilsaki, VneN uchun
mAX'ZM bo‘lsa, {*.} ketma-ketlikka chegaralangan deyiladi.



H Agar YA>0 son uchun {Xj ketma-ketlikning \W1\A tengsizlikni
ganoatlantiruvchi hadi topilsa, {*,} ketma-ketlikka chegaralanmagan
deyiladi.

2-misol. {x}=]-~y| ketma-ketlikning chegaralanganligini
ko‘rsating.

<& Birinchidan x =—D—=l———1; si. Demak, ketma-ketlik yugoridan
w1 n+1

chegaralangan. Ikkinchidan xr:—_'_1 to‘g‘ri kasr. Shu sababli x, r 0. Demak,
n

ketma-ketlik quyidan chegaralangan. Shunday qgilib, 0<x,<1 (m=0,M =1)),
ya’ni berilgan ketma-ketlik chegaralangan. O

8 Agaruchun: x,<x,t (X,>X,,) bo'lsa, {jc,} ketma-ketlikka
gat’iy o'sicvchi (qat’iy kamayuvchi ) deyiladi; x, <x,, & (X,,>X,, ) bo'lsa, {x>
ketma-ketlikka kamaymaydigan (o‘smaydigan)dey \\&6i.

0 ‘suvchi, kamaymaydigan, kamayuvchi va o‘smaydigan ketma-ketliklar
monoton ketma-ketlik nomi bilan umumlashtiriladi. Bunda o‘suvchi va
kamayuvchi ketma-ketliklarga gat’iy monoton ketma-ketliklar deyiladi.

3 -misol {x}=j"-]j ketma-ketlikning gat’iy kamayuvchi ekanini
ko‘rsating.

<& Agar ketma-ketlik gat'iy kamayuvchi bo‘lsa, xl<x, yoki "-<1

bo'ladi.
X zg,* :§+1— ekanidan
iU=":+ =VLxi*r=~ || =f1+HIV I< (1+D).1 =2<,.
X, 3*1 3" 3"3u n 3 { nj3 3 3

Demak, berilgan ketma-ketlik gat’iy kamayuvchi. @)

Ikkita {xj va{y,} ketma-ketlikning yig'indisi, ayirmasi, kopaytmasi,
bo'linmasi (bunda yiA 0)deb har bir hadi bu ketma-ketliklar mos hadlarining

yig'indisidan, ayirmasidan, ko'paytmasidan va bo'linmasidan iborat bo'lgan
ketma-ketlikka aytiladi.



Xususan, {xj ketma-ketlikning chekli songa ko‘paytmasi deb har bir
hadi (*} ketma-ketlik hadining shu songa ko‘paytmasidan iborat bo‘lgan
ketma-ketlikka aytiladi.

B Agar Ve >0 son uchun shunday N=N(e) nomer topilsaki, Vn>N

Uchun JicJ< fmbo‘lsa, {*,} cheksiz kichik ketma-ketlik deyiladi.

4-misol. fa }= I—r— Iketma-ketlik cheksiz kichik ekanini
+1]

ko'rsating.

2
Ve >0son olamiz. a. = 2 <2n §<etengsizlikdan n>E

T n2+1 n2

tengsizlik kelib chigadi. N=  desak, \/n>N uchun \a\ee bo‘ladi.

fo2nl
Demak, {/_-I- _J:Iketma—ketlik cheksiz kichik ketma-ketlik. O
|

> Chekli sondagi cheksiz kichik ketma-ketliklaming algebraik
ylg'indisi va ko‘paytmasi cheksiz kichik ketma-ketlik bo‘ladi. Shuningdek,
oheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka va chekli
aongn ko‘paytmasi cheksiz kichik ketma-ketlik bo‘ladi.

B Agar VA>0 son uchun shunday N =N(A)nomer topilsaki, Vh>N lar

Uchun |x, P Abo‘lsa, {*,} cheksiz katta ketma-ketlik deyiladi. ;
> Agar {jcJ cheksiz katta ketma-ketlik bo‘lsa, u holda \. [ cheksiz
KJ
kichik ketma-ketlik bo*ladi vaaksincha, agar {«,} cheksiz kichik ketma-

k*lllk bo'lsa, uholda j—j cheksiz katta ketma-ketlik bo'ladi.

522, B Agar Vf>0 son uchun shunday N =N(e) nomer topilsak

Vh*N uchun “\n-a\<s bo‘lsa, o'zgarmas a songa {x.} ketma-ketlikning
HmM deyiladi va limjr,, =a kabi yoziladi.
. Cheksiz kichik ketma-ketlikning limiti nolga teng bo‘ladi.

Chekli/ katta ketma-ketlik limitga ega bo‘lmaydi. Uning limitini ¢ deb
qgiflitdi.



5-misol. lim "~ =2ekanini isbotlang.

P+1
® \/e>0 olamiz. Misolning shartidan topamiz:

2n+5 J 3 3
Ik -2 1=
«+1 1 nN+1 w+1

Ix,-al<e tengsizlikni ganoatlantiruvchi n ning qiymatlarini topish

uchun-3-<e tengsizlikni yechamiz. Bundan n>-32\.
n+1 £

N nomer sifatida 3 sonining butun gismini, ya'ni N= ]é-l

sonini olish mumkin. Bunda Vs=>0 son olinganda ham Vn>N uchun
%,,-1\<e bo'ladi.
U holda ketma-ketlik limitining ta’rifigako‘ra

n+1
5.2.3. ® Ghekli limitga ega bo‘lgan ketma-ketlikka yaginlashuvch

ketma-ketlik deyiladi.
Yaqginlashuvchi ketma-ketliklar quyidagi xossalarga ega.
T°. Yagqinlashuvchi ketma-ketlik yagona limitga ega bo‘ladi.
2°. Yaginlashuvchi ketma-ketlik chegaralangan bo‘ladi.

3. Agar {x,} va{y,} ketma-ketliklar yaqinlashuvchi bo‘lsa, u holda
lim (¢, v ) =limx. £limv bo‘ladi.

4. Agar {xj va{yj ketma-ketliklar yaginlashuvchi bo‘lsa, u holda

limx, sy =limx,#my bo‘ladi.

n—*«
Xususan, limx=a bo‘lsa, u holda limx *=a", limijx~=Ka, k=234....

5’ Agar {x} va (y]j yaginlashuvchi ketma-ketliklar bo‘lib, limjy,,*0
X

bo‘lsa, u holda lim— =— — bo‘ladi.
W v limy

6°. Agar {x,} ketma-ketlik yaqginlashuvchi bo‘lsa, u holda
limcm,=cmim x, (ce/1) bo'ladi.



T. Agar {*} va {y..} yaqginlashuvchi ketma-ketliklar bo‘lib, biror
nomerdan boshlab xa5yu (x,,>y,) bo‘lsa, u holda !}i_@)xn’\ rIlr’gy
(Hmxup lim yu) bo‘ladi.

8. Agar {xj va {zj yaqginlashuvchi ketma-ketliklar hamda
limx =limz =abo‘lib, biror nomerdan boshlab x <y <z bo‘lsa, u holda

limy, =a bo‘ladi.

6-misol. W = | ketma-ketlikning yaqginlashuvchi ekanini
ko‘rsating.
< Binchidan D2 u+m_3_3 1 64,

n " mnm n 2
Ikkinchidan =0->0, \fre N da.
7] M u

v =0, z, =20 belgilash kiritamiz. Bunda Mgv =limz,=0va Vn>6

uchun yn*jc,”z,, bo‘ladi.
U holda 8 xossaga ko‘ra m w=0, ya’'ni berilgan ketma-ketlik

yaginlashuvchi bo‘ladi. O
&8 Limitga ega bo'Imagan yoki cheksiz (oo)limitga ega bo‘lgan ketma-
ketlikka uzoglashuvchi ketma-ketlik deyiladi.
5.24. <S> Sonli ketma-ketlik uchun ushbu
. f iy
limll+— =e
V. n)
formula o‘rinli bo‘ladi.

e soniga Neper soni deyiladi. esoni irratsional son. Uning tagribiy
giymati 2,78 (e =2,718284828459045...)ga teng.

Umumman olganda

lim (1+—i—YW; e, bu yerda n—=>ooda/(n)->00. 2.1
~4 m )

Sonli ketma-ketliklar mavzusining asosiy masalalaridan biri uning
limitini topishdan iborat. Ketma-ketliklaming limitini topishda ketma-ketlik
limitining ta’rifidan, yaqginlashuvchi ketma-ketliklaming xossalaridan va
(2.1) formuladan foydalaniladi.



] Iim?m +g) lim- VAW +31-1-1

— n-5
3) T +Z+¥5-w; 4y lim2 8 Br— 281
43 '+5
5) toOLtSfcW. 6),Ji-z.if.
—~3n+2(n +1)! "H3«-2]j

® 1) Ketma-ketlikning surat va maxraji limitga ega emas, chunki ular
chegaralanmagan ketma-ketliklar. Shu sababli yagqinlashuvchi ketma-
ketlikning 5° —xossasini qo‘llab bo‘lmaydi. Bunday hollarda awal ketma-
ketlikning surat va maxraji n ga bo‘linadi va keyin yaqinlashuvchi ketma-
ketlikning kerakli xossalari qo‘llaniladi.

Demak,
3 ) N N A
Bv+3 S+— liml S+ lims +lim-
Im2Y22= Jipg— 2~ = Be
Tw-2 7-2 gim7=%% lim7- lim2
N «=>000y n_ﬁB »&B"

5+31lim— 5+3-1 5+" 0 5
n @

7-21imi 7-2 - 7 20 7
(0

n%CDn

Keyingi limitlarni topishda awal ketma-ketlikning xossalarini
go‘llashga olib keluvchi almashtirishlar bajaramiz, so‘ngra xossalami

go‘llaymiz:

@31
) 44+=—-T-1
W th - i— (4ol i TR M4+0-0-1 _
« «“ i-5 iJi-9
n n)

— - Wn+2)3 -Nn+2)(3-n) +(3 -nf

w+2+3-w

+2)] = VO»+2X3 - n) +V(3 - U)2

=lim-



=5lim-
— \fn+2Y - \h+2X3-1) +V(3-nf '

Z(n+2)2- \In+2)(3 - ri) +N@- n)2ketma-ketlik cheksiz katta.

Shu sababli —_ 1 =—, ketma-ketlik cheksiz
V(I +2Y -V (« +2X3 -n) +V(3- «)3
kichik bo'ladi.
Bundan

im , = — .= — =
" Wa+2Y -N(n+2X3-1i) +# -w )2

Demak, limN\n+2 +NIl-n=o.

2e y ,
P e R N Wl = P o 0
/m3  +5 433" +5 * 12-3'+5

=lim
'm12+JL 112 +0j 12
311

5 lim A"+ 13-5"1 | =W =% =,im" , 1=1,1.
32N +1)! @ +2w+2) mn+5 'm’2 @ N

6m*\

O Raw - shed) A e

f(ri) =3n-2 deb olsak, n-»00 da /(«)-> <® Shu sababli ichki gavs uchun
(2.1) formulani va tashqgi gavs uchun yaginlashuvchi ketma-ketlikning
4° -xossasini qo‘llab, topamiz:
6

=e3°=e2 O
"—Il  3n-2) )



5.2.1. Ketma-ketlikning birinchi to‘rtta hadi berilgan. Uning umumiy

hadini toping:
niil-1L. . 25 125 625
2’5’8'ir"’ ) 26’24

3) -11,-11,..; 4) 1515.,...

5.2.2. Chegaralangan ketma-ketliklarni ko‘rsating:
2) X. =coswir +2tgnn\.

0
2+n2

3 4) Xn=V«2+1-W.

) an ) m

5 =(-1)7 6)  =In{/i+1)-Inw.

5.23. Ketma-ketliklardangaysilari monoton va qaysilari qat’

monoton?

1) x- a5 2 2) *i= X~ 2

3) " ; 4) 5

6)xn=-~.

5) %, =1VY

524.4,-— .., N ketma-ketlik cheksiz kichik ekanini isbotlang.
7 17 20 - 1 6

5.2.5. 17 20 50 I ketma-ketlik 5 9a teng Iimitga ega ekanligini
ketma-ketlikning limiti ta’rifidan foydalanib isbotlang.
5.2.6. Ketma-ketlikning limitini toping:
W 5-un2
2)jf-=T iv ;

4, J 2n1+3n-\N\

3+ =_ -
S Mo 2a 410 0

2n 2+ 3n + 77

3n2+ 2



(n+2f~(2-n)\
n+7

3um3 1-5n2
—
1+3m2 5Sn+1

5V

7)X,,—

9) X, IM+2 --2;

n) x,=*Jn(n-5)-n;

13)X,, — 2n+1
V«2+n+5
_ A+HAa+1D)
19 %= 4y typour
L 2-5HA-T+. . +2m-(n+]
1= n+5
1 1
19) X, = -~ k- fmo + =
“17 713 (651 - 5)(61 +1)
- J_ J_
) % 2¢4+4m8 +"  21(2«+ 2)’
37-1
21) %,
3'+1
3.5_9 1+2"
* F—H— m—
23) % 4 16 64 "
1 2 3
* ——cosn —-———-— :
25) A 6n+1
27) *. M I'
_f2« +IV'-4.

29) x o

(«+D]-(n-1)3.

6) x,=
) % 3n: +2
3 5mn

8) *,=
7on+2 2u+l

10) X, =MR+n—ViR - u;

12) x, = B -4n2 -5;

Wi -1
14) c,= '
) m+1’
_ (@n+D)+H2n+2)!
16) x, = (2n +3)1-(2u+ 2)I’
*0y 1+2+3+ +;|
e T
22y 86 5
2-3" +1

1+3+9+—+3"1

24) X, = 243 45

2«J |
m-1’

26) x ——smﬁ +- ==

n2-1
n2+



53. FUNKSIYANING LIMITI

Funksiyaning limitL Limitlar haqidagi teoremalar.
Ajoyib limitlar
5.3.1. ¢S Agar Vf >0 son uchun shunday S« 8(€)>0 son topi

jcning PO tengsizlikni ganoatlantiruvchi barcha xeR, x*x0
giymatlarida \f(x)-/"<e tengsizlik bajarilsa, A soniga f(x) funksiyaning
ic nuqtadagi yoki x-mxa dagi limiti deyiladi va p'%f(x):A kabi
yoziladi.

Bu ta’rif funksiya limitining Koshi ta’rifl deb yuritiladi.

1-misol. lim(5j:-6) =4 ekanini ta’rif orqali isbotlang.

® Vf>0 son olamiz. 8=8(e)>0sonini shunday tanlaymizki
lic—21<<sda |/(x)-4]<e boMsin.

U holda  (jo) - 4 H(5ic—6) —4 Hsjt —1019 5(jt - 2) F5 1t - 21<£ bo‘ladi.
Bundan |ic—2j<j. Agar 8(e)=j deb olsak, [ic—21<da |/(jc)-4]|<£E

bo‘ladi.
Demak,
Ili(_aj(Sjt—Z) =4. O

B Agar Ve>0 son uchun shunday 8=8(e)>0 son topilsaki, jc ning
ic0 <je <jeo +8 (jeo — 8 <X <jeo)tengsizlikni ganoatlantiruvchi barcha
xeR, x*x0 giymatlarida \f(X)-A\<e tengsizlik bajarilsa, A soniga /(X
funksiyaning jc nugtadagi o ‘ng (chap) limiti deyiladi va lim /(jc)=A
yoki f(x +0)=A (liin)Y(jc) =/ yoki f(x-0)=A) kabi belgilanadi.

@) f(x) funksiyaning jonugtadagi o‘ng va chap limitlari bir
tomonlama limitlar deyiladi. Agar / (jc) funksiyaning x0nuqtadagi o‘ng va
chap limitlari mavjud va ular o‘zaro teng, ya'ni /(mo+0)=/(jc0O~0)=A
bo‘lsa, f(x) funksiyaning x. nugtadagi limiti mavjud va limf(x) =A

bo‘ladi.



H Agar \&>0 son uchun shunday 5=3(e)>0 son topilsaki, X ning
x>5 (jc<-S) tengsizlikni ganoatlantiruvchi barcha xeR, x*xO0 giymatlarida
\f(x)-A\<s tengsizlik bajarilsa, A soniga f(x) funksiyaning
X —-»+® (jc->-00)dagi limiti deyiladi va lim f(x) = ANNNnf(x) =A) kabi
belgilanadi.

5.3.2. Limitlar hagidagi teoremalar.
1-teorema. Ikkita funksiya algebraik yig‘indisining limiti bu
funksiyalar limitlarining algebraik yig‘indisigateng, ya’ni

lim (/(x) £g(xj)= ligp/(x) £limg(jc).

2-teorema. Ikkita funksiya ko‘paytmasining limiti bu funksiyalar
limitlarining ko‘paytmasigateng, ya’ni
lim(/(jc) *g(x)) = lim/(x) limg(x).

1-natija. Funksiya X >mdda yagona limitga ega bo'ladi.

2-natija. y;r,ec =C, C -o‘zgarmas funksiya.
3-natija. lim(fc«/ (jc)):KQJ_rH/(jc), keR.
4—natija. m(/())* =(lim/Gey=, limyszge) =*Mimf{x), K=123,...

3-teorema. Ikki funksiya bo‘linmasining limiti bu funksiyalar
limitlarining nisbatiga teng, ya’ni
P | AT

-> ﬂwg(x)*o.

Hm [*-
g0 lim g{x)

4-teorema. Agar X, nuqtaning biror atrofidagi barcha xlar uchun

/(jc) < P <ofX) tengsizlik bajarilsa va lim f(x) = lim g(jc) = A boMsa,
r-»r0
u holda lim o =A bo'ladi.
jre

5-teorema. Agar X0 nugtaning biror atrofidagi barcha jc lar uchun
/(jc) s g(X) tengsizlik bajarilsa va / (jc), g(X) funksiyalar x = jc,da limitga ega
bo‘lsa, u holda lim f(x) ~ lim g(x) bo‘ladi.



6-teorema. limg(x)=0, Er};&/(x) =CVO bo‘lsin. U holda:
1) agar |x-x01s% (S >0) tengsizlikni ganoatlantiruvchi barcha X lar
uchun QQ.>OboMsa, Ilim =+ bo‘ladi;
9(x) 9(x)
2) agar [x-xa\eS (5>0) tengsizlikni ganoatlantiruvchi barcha X lar

uchun N £;< 0 boMsa, |lim ~ ~ =-o0o bo'ladi.
g(x a(x)

5.3.3. Birinchi ajoyib limit
Ikkinchi ajoyib limit

Ajoyib limitlar va limitlar hagidagi teoremalar asosida quyidagi
formulalar hosil gilingan:

L fimSor_ i Jak<_ sk _tr_‘k_x_l KeR”
kx  *= kx kx
(1 +kxy—|
2. L[,EB—— — —=——=m (im>0).
3. imM M =1
kx
A _t
4. lim—— -=Ina (a>0).
kx
5 lim~r-1,

*_

6. ler(Jn / Inx :.!fm x~*Inx :x',i'llfe‘* =0 (a> 0).

7. lim]l+— =ek

K
. |j._[.6(| +X)* =e*

o)



I
10. lim (I +/ (X)7u>=¢, buyerda x-»0 da /(x) —-» 0.

9. lim (1+—1—)5V(')=e bu yerda x—<eda /(x) =%
X

2 -misol. Limitlami toping:

2x2-1

i 2) li
D Ilm4x +5x+2"' ) Im><2+2x—|5
3) lim mJx-3-2 4) Iirnr|/x—1

~7 XxX-7

6) lim(Vx2+9 - Xx);
"JU-3 x —27J ) v )

7) lip— _ ; 8) lim 2™
—2sinbx
. e2-|
9)H)Nn 10) lim
L \2X+4j ) -0 tg3x

1) Limitlar haqgidagi teoremalardan foydalanib, topamiz:

i 2x2-1 lim(2x2—1) lim2x2-liml
im
WMx2+5x+2  lim(@x2+5x+2)  lim4x2+lim5x +lim 2

Y

21imx2- 1 2(limx)2- 1 2(-h2-1 :
A1imx2+51imx+2  4(limx)2+51imx+2  4(-0)2+5(-I) +2

2) Bu limit uchun ikki funksiya bo‘linmasining limiti hagida
teoremani go‘llab boMmaydi, chunki x—»3 da kasming maxraji nolga ter

bo‘ladi. Bundan tashqari suratning limiti nolga teng. Bunday hollarda

ko‘rinishdagi anigmaslik berilgan deyiladi. Bu anigmaslikni ochish uchi
kasming surati va maxrajini ko‘paytuvchilarga ajratamiz va kasmi
-3*0(x =3, lekin x*3)ga bo‘lib, topamiz:
(x 3)(xX+3) _ - X+3_6_3

(X 3)(x +5) X+5 8 4



3) x>7 da j-ko‘rinishdagi anigmaslik berilgan. Kasming surat va
maxrajini -Jx-3 +2 ko'paytirib, topamiz:

fr/x-3-2X"-3t2)glm fci-4-———-
~7 (jc-7)(Vjc—3+2) ~7(c-7)(Vjc-3 +2)
Xz 7 . 1 1 1

— lim
~7(n-7)(n/x- 3+2) ~7—Jx—3+2 V7-3+2 4

4) /e-j: almashtirish bajaramiz. Bunda * =>1da ?->1. U holda

=Hmjlz | =lim« ~W* H#+IK yri+l+1=2,
'-'Vjc-I / -1 /H( +D M f+1 2

5) jc—»3 da oo-00 ko‘rinishdagi anigmaslik kelib chigadi. U holda
. f 1 27 j_ IImJC2+30_18

nmj--=-——-—

P37 oY) o 27
=lim ~-3p +6> =lim x=*x*- =L.

7 3(x-3)(x2+3x+9) ~*3x +3x+9 3

6) X—2+m da oo—eo ko‘rinishdagi anigmaslik berilgan. Kasming surat
va maxrajini -»2+9+x ko‘paytirib, topamiz:

gJ_>_<gj:9 x)(—Jx2+9+x) lim X2+9-X
mix +9+x 4x2+9+xX
9 9
= ||m— X a 0

40 e

7) x—0 da IGI, ko‘rinishdagi anigmaslik berilgan.  Almashtirishlar

bajaramiz:
3x - 5 3 _
MO SINBX_ S|n51c 5 sm5x
5x 1-° 5x

Yugorida keltirilgan 1-formulaga ko‘ra '-"‘15'2 —=1.
- X



X _313

lim
I\/[bln5x 515
8) jc—-»0 da ™ ko‘rinishdagi anigmaslik berilgan. t=arcsinx

almashtirish bajaramiz. Bunda x Oda t—0. U holda

i &Syt ot =1 1y
Xr:% % sjn/ sin/ . sin* 1
_t |||'n—t

9) x—mda 1'ko‘rinishdagi anigmaslik berilgan.

Kasming butun gismini ajratib, almashtirishlar bajaramiz:

\—4a

fooroyr U 1 e
1 2};‘+4J “(1+27+4j

X—>m da 2*+4 @ bo‘lgani sababli yuqorida keltirilgan 9-formulaga
ko‘ra

IlnI 1+———T e

+4]
U holda
_A* %
Iim}—f'—: Iimr—7:—0——4——2' ekamdan Ilnn g)—(—Jr—5|v4—e %—l
2K +H4 M2 +— 240 ——~{Xx+4) e
X
10) X-*0 da Ll ko‘rinishdagi anigmaslik berilgan. Almashtirishl
bajaramiz:
. eu -\ . e2—1
p. ==X ,, lim==--
||mg____L:Ji'm_9v____:_z__)Sﬂl__2X
-e g3 » A3x.3x 3 Um~
3* -0 3*

Kasming suratiga yuqorida keltirilgan 5-formulani va maxrajiga
1-formulani qo‘llaymiz.
U holda



5.3.1. Funksiyaning limiti ta’rifi yordamida isbotlang:

D lim@2x-3)=1 2) lim(1 -39 =4;

5.3.2.
toping:

D/(*) =K xe=3;

/(x) funksiyaning x=x0 nuqtalardagi chap va o‘ng limitlarini

2) f(x) =2%x0=0;

31/(*)4 * bOba' ANf(Is 2(1-x)-]1-x] ,
) P2-4 agarx>2 bo'lsa, x0=2; 41-jo+1—jcf " '

5.3.3. f(x) =signx funksiyaning x0=0 nugtada limitga ega emasligini
ko‘rsating.

5.3.4.F (o) =x—X] funksiyaning x0=2nuqgtada limitga ega emasligini
ko‘rsating.

5.3.5. Limitlami toping:

1) I|m(2x2+3x—1£,; 2) !lﬂ;)'é—_,_g
. x2-9 . XJ-7xX+10
3) lim-==-=- ; A M T 3 :
) lime == Al i +5
VI+2x-3 o V2-X-1
5) urn— €E———- o) lim —
Vi-2 -V5-X-2
HhimVE X2 g limY1¥x=1 .
m  jC +4Xr+6x+3 UM XT+x-2
9)112-577i77T: 10)
o — 1 12) limf— \
4n7-2 X -5x+67 ~—N\dJ-1 1-xJ



15) lim— — —
X -2x +3’

17) lim m4jc2 — 1- 2X) ;

1>
21)
23) liml ——-x g\
25) ljm -~ S0
*Fxsin2x
27) lim  SN3T
“yIx+H2 -V2’
29) limf—— ctgx }

31) LE;F (x-1)ctgnx;

X +X
35) I._,l m+l]f
2n

37) limf— -
-~W x+3

39) lim €-€

41) lim(l +sinx)’;

43) lim(3-2x)";

45)lim
*—wtgx 25|n*

47) limx(In(jic+1) - Inx);

X +3X-X
16)lim— - 22
2X +x-4

18) lim(VxJ - 4 +x);

20) lim
5x6+1 b5x+2

=sinx
im

22) .
'*0 X +sinx

24) Hm ~;
MI Sin 2X

26) «m fe **;

IF -VI +cosx
im

28)
sm X

30) ]jnitgx———£ |

cosjc,;
AL

32)limjin Xj/g nr;

34) 2>
' X1-2x

36) "

Bin {TE)*

40) hm'—”—)i—',
X —a

42) I,i_r;B(COSZX)"'@";
a1
44) 1lim(3-x)2*.
e -e

46) Hm- .
*° arcsinx +3x

48) lim(@n+I)(In(3x +2) -

In(3x -1)).



54.CHEKSIZ KICHIK FUNKSIYALAR

Cheksiz kichik funksiyalar. Cheksiz kichik funksiyalarni taqqoslash.
Ekvivalent cheksiz kichik funksiyalar

54.1. & Agar lim/(x)=0 bo‘lsa, fix) funksiyaga x0 nugtada yoki

X—> xq da cheksiz kichikfunksiya deyiladi.

® Chekli sondagi cheksiz kichik funksiyalaming algebraik yig'indisi
va ko‘paytmasi cheksiz kichik funksiya bo‘ladi. Shuningdek, cheksiz kichik
funksiyaning chegaralangan funksiyaga va chekli songa ko‘paytmasi cheksiz
kichik funksiya bo‘ladi.

&> Agar jjjbf(x) =A bo‘lsa, a(x)=f(x)-A funksiya X0 nugtada
cheksiz kichik bo‘ladi.

B Agar Vf>0 son uchun shunday S=5(e)>0 son topilsaki, xning
x-x0Xk5 tengsizlikni ganoatlantiruvchi barcha xeR, x®xa giymatlarida
|/0)] >£ tengsizlik bajarilsa, f(x) funksiyaga X0 nuqtada yoki Xx->xa da
cheksiz kattafunksiya deyiladi.

Bu holda lim/(x)=. deb yoziladi va /(i) funksiya jc->j0 da
cheksizlikka intiladi yoki x =xa nuqgtada cheksiz limitga ega bo‘ladi deyiladi.

<S) Agar f(x) cheksiz katta funksiya bo‘lsa, u holda fix) cheksiz

kichik funksiya bo‘ladivaaksincha, agar /(jc) cheksiz kichik funksiya
bo‘lsa, u holda/—(——) cheksiz katta funksiya bo‘ladi.
*
funksiya jc->3da cheksiz Kkichik

bo‘lishini ko‘rsating.
<S> lim(jc - 3)=0 ekanidan a(x) =(ic- 3)Zunksiya cheksiz kichik.

/(x) funksiya cheksiz kichik a(x)funksiyaning chegaralangan /3(X)
funksiyaga ko‘paytmasidan iborat. Shu sababli u cheksiz kichik funksiya
bo‘ladi. O



5.4.2. Cheksiz kichik funksiyalar bir-biri bilan nisbati Yyordamica
taggoslanadi.

a(x) va P(X) funksiyaar X -» x0da cheksiz kichik funksiyalar bo‘Isin.

1 Agar Iimﬁ’i\)?): A*0 (A-chekli son) bo‘lsa, a(x) va /A
funksiyalarga bir xil tartibli cheksiz kichikfunksiyalar deyiladi.

2. Agar IimP"{—)’\=0 bo‘lsa, a(x) funksiya /?(*) funksiyaga nisbatan
X
yugori tartibli cheksiz kichikfunksiya deyiladi va a = o(P) deb yoziladi.
3. Agar Iiml—a’z—s\:m bo‘lsa, a(x) funksiya P(X) funksiyaga nisbatan
X

quyi tartibli cheksiz kichikfunksiya deyiladi.

4. Agar IimP’&‘) mavjud bo‘lmasa, a(x) va P(X) funksiyalarga

tagqoslanmaydigan cheksiz kichikfunksiyalar deyiladi.

5.4.3. o8 Agar %\(YI)\:l bo‘lsa, u holda x-*x. da a(x) va P(X)

ekvivalent cheksiz kichik funksiyalar deyiladi va a(x)~P(X) kabi
belgilanadi.

1°. Agar ikkita cheksiz kichik funksiya nisbatida cheksiz kichik
funksiyalaming har ikkalasini yoki ulardan bittasini ekvivalent cheksiz
kichik funksiya bilan almashtirilsa, bu nisbatning limiti o‘zgarmaydi.

2°. Chekli sondagi har xil tartibli cheksiz kichik funksiyalaming
yig‘indisi quyi tartibli go‘shiluvchiga ekvivalent bo‘ladi.

Cheksiz kichik funksiyalaming yig‘indisiga ekvivalent bo‘lgan cheksiz
kichik funksiyaga bu yig'indining bosh qismi deyiladi. Cheksiz kichik
funksiyalaming yig‘indisini uning bosh gismi bilan almashtirish yuqori
tartibli cheksiz kichikfunksiyalarni tashlab yuborish deb yuritiladi.

2-misol. lim2* *5* +3* limitnitoping.
0 sinX

® j:—0da 2x+5x2+3xAfunksiyaning bosh gismi 2x dan iborat. Sfru
sababli x->0da Zjc+5x2+3*4~2;t va 1-ajoyib limitgako‘ra sinjc—;t.
Demak,
2X 523 _ . 2X

[imES 22X lim2=hm2=2. &
*0 sinx x° X



~N ko‘rinishdagi anigmaslildami ochishda ekvivalent cheksiz kichik

funksiyalami almashtirish qoidasidan va cheksiz kichik funksiyalaming
xossalaridan foydalaniladi.

Bunda ko‘pincha quyidagi ekvivalentliklar
go'llaniladi:

n-»0 da sinkx~kx, tgkx~kx, arcsinlbc~fct, arctgkx—kx,

1—c o 25 eb -1~fcx, afa-l-foclna,

In(l +fa:)~fo, loga(l +kd~kNogte, (L+br)"—\~rkx

3-misol. Limitlami toping:

B [lm———

2) lim—\ lg(l +x2)

'~0;tarcsin3;t
3) hmx_arc_t : 4) i \_/l'_"Z(_Sln_X___I'
e Incosx]
5) lim—-— -—— 6) limjrfel*-1).
1-°sin3g - arctglx

® 1) x—>0da 2'-1~jcIn2 va tgx—x ekvivalentlikdan foydalanamiz:

lim-— —=lim— ~=In2.
-0 tgx = X
2) da Ig(l+ jc2) - jc2lge, arcsin3jc~3x ekanidan

UM = £1=Hm" "Mi=
jearcsindx 0 g-3x 3

i .
31ni0
3) x->0 da arctg-Ix ~-Jx, sin2x~2x. U holda

fim XXy, A L 2

sin 2it = (2X) 2 4
. + . +jesinj
4‘3 “mgl__z(smx -1 _ il +jesine —

InJcosjc| —OIn|I+((DS]C—I)|

X—>0da In1l: (cos*- 1) fcosic- 1 chunki X-> 0 da cosx- 1.» O.



lim —— — =(sinX~X)=lim-—=———————— =L(1+x')r—1——— F

" InJcosx| In 11+(cosic—1) | 2)
= :—Ll'im——)sz—— = (r—cosx——x—l)———llim— =-1
2recos™-I V 2) 2S*x
5 lim—.2— =limr-D -r-1) =

20sin3x —arctg2x r-° sin3x- arctg2x

_ 4 2xIn3-3xIn2 _ 21n3-3In2_, 9
=lim==———==—— = 2= == _I*nE

6) )—(:t belgilash kiritamiz. Bunda x->amda / -»0.
U holda
H:3,“ - D=lim] *(3 - 1)=lim\sl1r3=1r3. o

Mustahkamlash uchun mashqlar

5.4.1. Quyidagilami isbotlang:
1) x—»0 da a(x)=tg2x va j3(X)=3x+x3 funksiyalar bir xil tartibli;

J —
2) x-»1 da a(x) :2_/('_1_1 va fi(x)=Vx -1 funksiyalar ekvivalent;

3) x—=>+m da a(x)=— va B(x)=—J—_ funksiyalar uchun a =o(B);
1+x2 X4x +2

4) x-»0 da a(x)=arcsin2x+x2 va /fJ(X)=Il-cosx funksiyalar uchun
p=0().

5.4.2. Limitlami ekvivalent cheksiz kichik funksiyalardan foydalanib
hisoblang:

H _ A - _1'A x _ -
D Iln]n(l +3X) , 2) "_J-«mx -:|L-2x +3x’
3) i _arctglx 4L)I I|m—§2——|— ;

smx - sin4x’ arcsin2x



5 lim~£z2);
7~ x2+x-6 arctg{x—)’
y limS——=* 8) li _€72-1
no tglx arcsmx +2x
-+ -
B yim L rsinx 1. N
1- cosx 20 Xxarcsin3.x
Sn—VfC . en v e:
———= 12 I
ﬁ% I<I<D’1>a/r e ) —Oarlcrl,}glx—arcsin3x’
13)lim. & ! 14) lim—222%_ .
X*‘j'n(|+ arcsin2x) X arcsin2x - X
sin3x
15) li ,6) UminP££S£i).
) Im3/94X' sinx N 1)
17) lim A7 HmM*In(coS3x),
X5+3x4 (gx-sinx
he) My e ——cos2x. 20) lim
XSinx «l Xcosx

21) limx «(e/I! -1);

(eX -1) -tg3x

23) lim 3% (1 cos20)

22) lim*-(2,", -31")

24) |ImWI1-»8.-"> sin3,
X« x(e"nr-1)

55. FUNKSIYANING UZLUKSIZLIGI

Funksiyaning nuqtadagi uzluksizligi. Uzluksiz funksiyalar
hagidagi teoremalar. Funksiyaning uzilish nuqtalari.
Kesmada uzluksiz funksiyaning xossalari
5.5.1./(x) funksiya X0 nugtada va uning biror atrofida aniglangan

bo‘lIsin.
M Agar /(x) funksiya X0 nuqtada chekli limitga ega bo‘lib, bu limit

funksiyaning shu nuqgtadagi giymatiga teng, ya’ni lim/(x) =/(x0) bo‘lsa,
u holda f{x) funksiya x0nugtada uzluksiz deyiladi.



Agar WtQy=0 bo‘lsa, u holda f(x) funksiya X0 nugtada uzluksiz
deyiladi. Bunda Ax=x-x0 argumentning X0 nuqgtadagi orttirmasi,
Ay=1(x)-f(x0) funksiyaning x0nugtadagi orttirmasi.

®> xargumentning X, nugtadagi cheksiz kichik orttirmasiga
/ c) fUnksiyaning bu nugtadagi cheksiz kichik orttirmasi mos kelsa,

/(¢) funksiya x0Onuqtada uzluksiz bo‘ladi.

1-misol. y =cosic funksiyani uzluksizlikka tekshiring.
® y=cosx funksiya xeRda aniglangan.
VxeR nugtani olamiz va bu nugtada AyT topamiz:

Iy=cos(xe+AX) cosj: =—2siMjc+ esin~ .

U holda limAy=Hnm -2simjc+" j esin™ j =0, chunki chegaralangan va

cheksiz kichik funksiyalaming ko‘paytmasi cheksiz kichik funksiya bo‘ladi.
Ta’rifga ko‘ra y- cosx funksiya jc e Rnugtada uzluksiz. o

oy Agar jc!)iﬂrpof(x) =/(jc.) \(r_[imof(x) =/ GcO)Jlbo‘Isa, u holda / (x)funksiya

xOnuqtada o ngdan (chapdan) uzluksiz deyiladi.
®> / (jc) funksiya jo nugtada ham chapdan va ham o‘ngdan uzluksiz
bo‘lsa, u shu nugtada uzluksiz bo‘ladi.

1.5.2. Uzluksiz funksiyalar hagida asosiy teoremalar.
1-teorema. /(jc) va g(X) funksiyalar xOnugtada uzluksiz bo‘lsin.

U holda f(x)£g(x),f(x)-g(x), ” (g(x0*0) funksiyalar = nugtada
gX

uzluksiz bo‘ladi.

Xususan, agar /() funksiya xa nuqtada uzluksiz bo‘lsa, u holda
k f(x),keR  funksiya xOnugtada uzluksiz bo'ladi.

2-teorema. Asosiy elementar funksiyalar o'zlarining aniglanish
sohasidagi barcha nugtalarda uzluksiz bo‘ladi.

3-teorema. z=<(9 funksiya X0 nuqtada uzluksiz va y=f(z) fimksiya
20=(»(*,,) nugtada uzluksiz bo‘lsin. U holda y =f(p{Xx)) murakkab funksiya
XOnugtada uzluksiz bo‘ladi.



SD Agar /(jc) funksiya xOnuqgtada uzluksiz bo'lsa, limf(x) =f(x0)
tenglikni / =/(*,,) kabi yozish mumkin, ya’'ni uzluksiz f{x)

funksiyada ;cargument o‘rniga uning jOnuqtadagi limit giymatini qo‘yish
mumkin.

2-misol. I%Ioe°’)\(+'\ (a>0,a”l) limitni toping.

Logarifinik funksiya uzluksiz. U holda
Bundan Hm(l+jc)' =e ekanini inobatga olib, topamiz:

55.3. ag Agar f(x) funksiya xOnugtada uzluksiz bo‘lmasa, u hold
nugtaga - ( i» funksiyaning uzulish nuqtasi deyiladi.

& Agar / (i funksiya o nugtada chekli bir tomonlma limd/(jc) = A va

limd/(je) = Allimitlarga ega bo‘lsa, u holda X0 nugtaga / (i) funksiyaning

birinchi tur uzilish nuqgtasi deyiladi. Bunda:

a) At=Albo'lsa, i« bartarafgilinadigan uzilish nugtasi deb ataladi;

b) A ®PA2bo‘lsa, i sakrash nuqgtasi va u,=Y- A\kattalik funksiyaning
sakrashi deb ataladi

8 Agar o nuqtada /(X) funksiyaning bir tomonlama limitlaridan
kamida bittasi mavjud bo‘lmasa yoki cheksizlikka teng bo'lsa, u holda
xOnuqgtaga / (o funksiyaning ikkinchi tur uzilishi nugtasi deyiladi.

3-misol. Funksiyalami uzluksizlikka tekshiring:

i i -1 agar x<-2 bo'lsa,
1) fNe =arctg—; 2) /(iop=2"; 3) f(x) =\x+l agar -2<x£0 bo'lsa,
* cosjc agar x>0 bo'lsa.



® 1) Funksiya x =0 nugtada aniglanmagan:
/ (-0)=limarctg—= fm=A,, f (+0)=limarctg-=j=A2
Demak, x=0 sakrash nugtasi va bu nugtada funksiya birinchi tur
uzilishga ega. Funksiyaning sakrashi u=“R-A [ H ) § b

2) Funksiya x=0 nuqgtada aniglanmagan:

i \
N-0)=Ilim2'=0, /(+0)=I1im2' =oo.
Demak, funksiya x=0 nuqgtada ikkinchi tur uzilishga ega.

3) y=-1 y=x+l1, y=cosx funksiyalar butun sonlar o‘qida uzluksiz.
Shu sababli berilgan funksiya analitik ifodasini o‘zgartiradigan x,=-2 va
x2=0 nugqtalarda uzilishga ega boMishi mumkin.

X, =-2 nuqtada: /(-2-0) =jimd-I)=-1, /(-2 +0)=Jimqx+l)=-1.
Bundan /(-2 -0)=/ (-2+0). Funksiya X, =-2 nugtada aniglanmagan.

Demak, x =-2 bartaraf qilinadigan uzilish nuqgtasi va bu nuqgtada
funksiya birinchi tur uzilishga ega.

X,=0 nuqtada: /(-0)= liin(x +I) =1, /(+0)= lim cosx=1,/(0)=0+1=1
Bundan /(-0)=/ (+0)=/(0).

Demak, x2=0 nugtada funksiya uzluksiz. O

4-misol. Z—er—é, bu yerda z:<m<):x—2 bo‘lsa, /(x)=f(<p(X))
murakkab fiinksiyani uzluksizlikka tekshiring.
® s=(pPx)=— _ funksiya x0=2 nuqtada uzilishga ega. f(z)=-_ 1
(P9 =, funksiya x0=2 nug gaega 1) =2, 1 e
funksiya ;2-—-6=0 tenglamani qanoatlantiruvchi z =-2 va 2z2=3

nugtalarda uzilishga ega.

=—2da —2=——1— . Bundan x =—3.
! X, =2 1

r,=3da 3:—1. Bundan x,*—7.
. -2 2 3



Demak, murakkab funksiya xa=2, x, =3 . jc2:—7 nuqtalarda uzm;hga
ega bo‘ladi. Bu uzilish nugtalaming turlarini aniglaymiz.

xn=2 nugtada: lim/(x) =lim/(z) =0, lim/Gc) =lim/(z) =0,

Bundan /(2 -0)=/(2 +0). Funksiya x,=2 nugtada aniglanmagan.
Demak, j=2 bartaraf gilinadigan uzilish nuqgtasi va bu nugtada
murakkab funksiya birinchi tur uzilishga ega.

3
X, =

5 nugtada: Xl-_hrg/(jc): lim/(z) =+ lim f{x)= "Ii@@/(z)—oo.
7

x2=- nugtada: liyi /(xX) = Hm/(;) =-00, lim f(x) = Hm/(r) =+m

Demak, X =3 va x2:j7 nugtalarda murakkab funksiya ikkinchi tur
uzilishga ega.

55.4. Agar /(X) funksiya (a;A) intervalning har bir nugtasida uzluk:
bo‘lsa, u holda / (jo) funksiyaga (a;b) intervalda uzluksiz deyiladi.

Agar / (ic) funksiya (a;b) intervalda uzluksiz bo‘lib, a nugtada o‘ngdan
uzluksiz va b nuqtada chapdan uzluksiz bo‘lsa, /(jc) funksiyaga [EN\9]
kesmada uzluksiz deyiladi.

Kesmada uzluksiz funksiyalaming xossalarini ifodalovchi teoremalar.

Bolsano-Koshining birinchi teoremasi. /(jo funksiya BN\ kesmada
uzluksiz va kesmaning chetki nugtalarida turli ishorali giymatlar gabul gilsin.
U holda shunday c e (a;b) nugta topiladiki, bu nugtada /(c) =0 bo‘ladi.

Bolsano-Koshining ikkinchi teoremasi. /(jc) funksiya [a;6] kesmada
uzluksiz va f(a) = A f(b) =B, A<C<B bo‘lsin. U holda shunday ce[a;6]
nugta topiladiki, /(c) =C bo‘ladi.

Veyershtrassning birinchi teoremasi. Agar /(jo funksiya [aN\g] kesmada
uzluksiz bo‘lsa, u holda u bu kesmada chegaralangan bo‘ladi.

Veyershtrassning ikkinchi teoremasi. Agar /(jo funksiya [afc] kesmada
uzluksiz bo‘lsa, u holda u shu kesmada o‘zining eng kichik va eng katta
giymatlariga erishadi.



55.1. Funksiyaning uzluksizligi ta’rifidan foydalanib berilgan
funksiyalaming \WWOe Rda uzluksiz ekanini isbotlang:

1)/(*) =3x3-7; 2) f(x) =xI +7ar-6.
55.2. Uzluksiz funksiyalaming xossalaridan foydalanib berilga
funksiyalaming (-oo;+oo) intervalda uzluksiz ekanini isbotlang:
1) /(*) =cos3jc-€e2 2) f(x) = s¥x—3 +sinjc+
je2 + 2
553. Berilgan funksiyalami uzluksizlikka tekshiring va grafigil
chizing:
- Ix+l]
1) f(x)=~; 2) f(x) =x2+
) xlagarxh?2 bo'lsa, pjc -1 agarx <0 bosa,
3) fix) = _ . 4) /() .
[3 agarx=2 boisa; |I 1 agarx> 0 bo'lsa’,
— 9% _ 3
5) /(x)=2~*; 6) /(1M)= | | sox-
l1agarx<-3  ho'lsa, jc2agarx <3 bo'lsa,
7)/(m)= "9-x2agar -3sJf<3 bo'lsa, 8)f(x)= 4 agar 2<x <5 bo'lsa,
x-3 agarx>3 bo'lsa; -x +1 agarxh5 bo'lsa;
je—31 _ smic
= 10) /(*) =
2 " je-3 ) /1) (ic-DsinA:
5.5.4. a ning ganday iymatlarida berilgan funksiyalar uzluksiz bo‘ladi?
N X2;3j(;_10 agarx<2 ho'lsa, 2) /() = 3¢ agarx> 0 bo'lsa,
D/~ ) /() = aCoS*+2 agarx<0 bo'lsa.

a2-ragar x5 2 bo'lsa;
555. /(*) funksiyaning *Onugtadagi uzilish turini aniglang:

1)/()0:’\—;\*0:3 2) Iw = . je0=-3;

jc — X +3
3

3) /(n):ardgz(—\-l, *Ozl2 4> *023_



5.5.6. Murakkab funksiyani uzluksizlikka tekshiring:

2 _  fic+ 2 agarjc<o bo'lsa,
agarxid bolsa\
55.7. /(o= 1 funksiyani [Ng] kesmada uzluksizlikka
(ie +3)(*-4)
tekshiring:
1) [6]1=[-411; 2) [a-b]=[-23],
5.5.8. 1ijey  funksiyani  [0:2],[-3:11.[4;5]1 kesmalarda uzluksizlikk
tekshiring:
1 jc -4
!)/« =— ) 2)/(X):|n
je + 2jc- 3 jce+ 5
55.9. Tenglamalar berilgan kesmada kamida bitta ildizga ega bo‘lishir
ko‘rsating:
1) jc3-5jc2+3x +2 =0, 2) sinjc-jc+1=0, [12].

5-NAZORATISHI

1 Funksiyaning ;.o nuqtadagi chap va o‘ng limitlarini toping.
2. Limitni toping.

1-variant
1. /(*) =arctg-——,. jc0o =1. 2. lim
*) g1—X e i3 +Sinzjc
2-variant
1- f{x)=—LU-, x0=0. 2. Iim—n(1+2>_(J)
2+ th — 4jc
le /(*) = ——-x0=0. 2. limf§82£+6£
In(l + 3j9

1+3-



f(x): "™ =0
J(xy= u-n
)= aor
. m - 1 =2
-2y’ %
|*|+*

(*) = a3 , X0=0.

Cfix): 12\ x0=3.

X-3

2 fp=—4
x+4'FD

() =

_ =arctg— , x0=1I.
. IM 92X

5-variant

6-Vvariant

7-variant

8-variant

9-variant

10-variant

11-variant

12-variant

13-variant

. lim=

1,0 3x +tg4x

.HM M .

¥0X +sin3jc

m— - .
sSin3xX +sin2x

lim2 ~ W
— 3*-5F

sm3X-sinx
h_rB—— -

e’ o

. HT23120(r +))

MO In(l +3x)

. lim=

. limIn;i+4*2).
X +ng>2

2.4 - ,2\

'-0x2+sin2x



14-variant

3X
1. f(x) - * =
()= 1~ osar s 0
15-variant
LI X<\,
L= N2\ x>1.%
16-variant
1. /W . =0.
3-2'
17-variant
1. fix): =3-2 x0=2.
18-variant
I- /(*)> =% x0=0.
19-variant
1 fix)- STl oo N
N~ 1-2(1—")
20-variant
1. /(X): =", xa=5
21-variant
1./0p -arctg— xu=3.
jc-3
1./w =2 3% xo0=0.

. lim”

sinSx-"c
4 -2'x

-5
*sinx +sin2x

. lim-

B 11 - e~Ix

Clim=-
M?° 2sinjc-x3

2 NE
X0y _2

9 -3'

Clim-
,—° SiN2X +4x3

m | +xsin.*-cos2;t
**0 g2 -1

lim————-—

M° sin3x +sinx

- Bdafls



23-variant

3xX+4, x<-I, . tg2x +xsinx
X, =—1. 2. limb==-——= —.
xi—2, c>—|, 0 «« 5'-=-3
24—variant
1-cosx . .. In(1+3x2
- ==X , %,=0. 2. lim .
L /w % ~=C 2X?+sinlx
25-variant
. = SiN3X +ti
1. /(%)= ——, k0=0 2. hm>ge=5
26-variant
sinx, x<0 I-cos2x
= ' " x. =0, 2. lim-
L. /oo= X, X£0, B — x-(eZ-e")
27-variant
x3+2, x<I, x.=1 5 lim 5i -4X
1 /w 2x, x>1 7 7 " MP° 2smx +fg3x’
28-variant
o e2l-e'2
5 x0=3. 2. lim
L 10 5% 3sinx +rg2x
29-variant
i 3% -4"
= Jw = O xs=0. 2. lim-
4 31 7 V>0 39nx +Xx?2g92X
30-variant

L /M : bth-1- , x =1 2. ljm, .+
g(_ arcsmx =€ 2sinX-sin2x



4-MUSTARQIL ISH

1. Funksiyaning aniglanish sohasini toping.

2-3. Sonli ketma-ketlikning limitini toping.

4-8. Limitni toping.

9. Limitni ekvivalent cheksiz kichik funksiyalami almashtirish
goidasi bilan toping.
10.9.1 -10.16. Funksiyani uzluksizlikka tekshiring va grafigini chizinj
10.17 -10.30. Funksiyani berilgan nugtalarda uzluksizlikka tekshiring

1-variant
1. /(x) ="25-xr+Insinx 2. xu=/M2-5u+6-n
3 X (m+ 2)+(n+3)!
(n+4)! ’
. 1118 X-cos2X
Bx
i3 mJl-x, x<0,
gx-19 *) = <
D sindingc - 2)) 10. /(*) 0, 0<xZ2,
X-2, X>2.
2-variant
1* /(%) :arcsin—T( - 2. X ==In2-2n +6-n/n2+2un-6.
_ 1+3+5H— +(2n—))
n2nl+n-2

X—3, x<0,
10. f(x) =‘jc+1, O"xI43,
7—X, x>3.



() =

1 - -7 x + 2x5
. XNXK—(1+2 +3+ . 4. lim-
( =+ % 3X4+2X +5
X5-2X-4 . ofljc+1-3
. hm = 6. limg— o——-
x2-ILt+ 18 X>—g
. lim=14 . n '
*2 3sinbX « LJ-\S—ch]
X+4, x<-l,
. hmégrx;_z?)e 10. /(*) = x2+2, -1£x<I,
3%, x2.1.
4-variant
Ng H 2.x,,=n/v14+3- nind - 2.
— . N 04
X, = 2+a4+o— 1 2. lim9%-9dr1
N+5
. 3X*F-Xr-2 . 43x-X
. lim 6. lim———=.
2 —x -1 M3 X —-27
lim192% - sin2jc
X2, X£0,
. lim- 10. /(*) =+ 0O, O<x£2,

sinx- 1
2-X, X>2.

5-variant

2. xn=n-Jn(n-1).
/c)="0b)+VITI-

5 13 27+ 3 3X4-6x2+2
6 36 6 X'+3x-4




©>

03X +8X +4

n/6x+1-5'

I-cosdx 8. lim fA—
*0 X-sillX 2 NSEX+I1J
infi 2%) -2(x +1),
. arcsinfjr - _
im-————=—-= 10 / X)= X
I,_r,q tg2m (*)
x—,
6-variant
/ (j9 = lgsin(jc - 3) +sV16- 2. xn=nmYj5 +8u3 - 21)
% :1+2+3+— £a 4 "mx3752(_rjs
- +n 1+Hc -2x
li 3x1-13x+4 6.1 JVx+4-3
M-x -x-12 " ~5Vx-1-2
Hy
Jjm 058X - Oo5X 9. limf— A
|-cos3x ol -
i 22 —X, X<0,
im—-——-— 10. /(x)= x3 0<xSl,
sinsx
X+1, X>1.
7-variant
./ (X) =arccos . 2. X, =n-\Jn3-3.
2 +sinx
o =275 A= T+ —i-2w-(2n+3) 4 [imP3Txr+4
- n—+5 X4-5X +2
_ X* +4x2 -5 6. lim mix—3 -2
S1Ix34+2x! -x-2 ~7TVx+2-3"
|-cos8x 8. lim fAil
|-cos4x *—~I3x +4J

XN =1,

-1<x<,3,



X, X5 -2,

—In? -~
In2x- In?r o+l 2 <x DA
= XCOSX
2 Xr-1, x>1.
8-variant
1. /(x) =s/3-x +arcsin >~ X 2. xn=—=INMWVn+3 - V«- 2).
3x=_™ 4. lim? X ~3x2+
(n+Nl— 5-9x}
. 9+2x-5
5. im&4=0x2zx-1 6. M5
X -3x'+2 7e 2-VX
1-cos X .
7. hm=-==-= . 8. limfr-n
x/gx ~*\3-2X
nyst3je _ i 1 x<0,
9. lim——— - 10./(x) = cosx, 05xSff,
"2 In(cosx) -
1-X, X>n.
9-variant
1- /(x) =lg(-s/x-4 +v6-Xx). 2. X, =1WM+2 +(nn+4 - iin- 3).
3. X «— +— -ommmi— 1 4. hm A3HoxH +|
1-2 2-3 nmn+ 1) X+3X
- N
3X -x-10 X -10x +9
7. imf———— 8 Nn/~N
*A\sinx  tgxJ "—~UNX+n
(2 X +3, XE O,
. +
8 | ”(__E(ZSX) -X2+4, 0<x<2,
(en-12
X-2, XS2.
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C)=18,26,8, = e

2+
BAR

3jc3 - 2jc +1

-4x3+2n - jc+l

| +sin2jc -1

>-*0 1- cos2j:
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Iim(Xz_jt Jig3x

. f(X): n/sinjc + V16 —X2

= 1 +

R 144457+ +(30-2)(3u+1)

m 2x1+Ux +15
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enrx

InQjc-9)

. /(jc) = -j=i= + Vcosjc..

/sin jc

2. XrEMN2-n' M.

. xX+4
4. lim-
Hr*-3x+2
6. hm:‘]i(j' 31:415_,133(

1 4jc +3jc-1

~\3% 2jc J

x-1, X£0,
10. f(x) = sinjc, 0<x<n,
3, X~ZTt.

11-variant

2. xll=n-J(n-2)(n +3).

. JC2 —JC—6
6. lim = "m p=.
X" 2n/2 - jc - nlic+ 6

8. limf
U-2J
X 3, je< -1,
10. / ( jo) - je-1, -1<jc"3,
-jc + 5, je>3.



M2 s

3. *=
5" +3" = asje s 20t

5, Iime—ZX—4O 6. lim 2x2-x-21

S x2—x—4 Metlyar+ 00 -V o4~ e

1-sin*

7. ' i

- K—2X ° _A4JC+I ;

cosjc, Ar< —

9. lim- 100/ (9= B Z<x<
» 2sinin(Gic - 5) e 7 X<
2-X, X>A
13-variant
L /(*)-»/ — 2. j6,= VW(MH2)-\VW2-2w+3.
Vi-ui
3 k=gt ! 4. lim NS*x-1
1-7 3-9 (2|/| 1)(2n +5) 2+3x~x}’
5. lim m-35o-14 6. Iim4—VX +20
~72n2-19m +35 jc +64
m . l-sin2x L
7. lim==——=== . 8. 4jr+5) I
-4 Ax-1 LJ-LTJ]-(J )
nsxx N =X, X50,
9. lim— -—— — 10. f(X) = - (je- < je<
In(]CZ 2X 2) (X) (jc-1)2, 0 ] 2,
X-2, XZ2.
14-variant
le /(*) =logH;(x2-3%x +2). 2. xn=n4n -~n(n +2)(n+3).
3 =/ | +2+3+—+« 7 nmﬁ--‘-?.’f.f:%.
ASn2-1 e ot 43t 2
X2-X-2 al3c+17 - 4T+x

jes+l N5 X +4x—b
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=

MO /g3x

iim  In(4*
VI-cos®c-I

8. Iim (4—3x)*11

M+, jesl,
10. /(je) = 2ic, 1< x <3
X +3, x>3.

15-variant

/(jo =(x2+x +1)'2.

iHL 1t +enl
3732 3’

2. X,=n/m5- 8 —njninl+s).

. 2X3-5jc+1
4. lim
ic(Gjcj +3)

.ol +X-7d1-X
" VI+I-VI-IC

8. lim(2jc + 3)[In(jc +2)-Injc].

X+2,  jecs-1,
10. /(*) = e2+1, -1<ucnl,
_X+3, je> 1.

16-variant

3. x =
T P T
2 2 2.
. 3c -7jc-6
5. lim=—=:——=——_.
2x2-7Tx +3
7. i SNXHSingic
"= arcsmx
9. NT(ENEM .
In(cos2jt)
1. /(jt) =Vx2-|x]-2.
3 _1-2+3-4+— H(2n-1) - 2u
. n/i2+unl
. x3-8
. lim
5 MI 2x2-9x +10
7 "msm221c—smrjc

x-+0

2. xn=n2-KS+n3-V3 +nd).

5x4-3x2
4. lim-
o|+3Xx+2%x2
r n/x+8-n/4x +5
0. lim=-=="-—--——-= .
I +4 je- 7
NP 1)
8. lim(2jc-3)"2



X2 x<0,

- lim# On™-In2) 10. f(x)= (*-I)\ 0<x:S3,
B n+l, >3,
. () =-Ix-N+R-7n+6, 2. x,2\!(N+2Y -\J(n-2)2.
____?i_r_]%"_'lél_rl___ A, lim- 1§c2—5c
2+7+12H— +(5n-3) T Bex2+3x-l
Km X3+x-2 g 3n2-2n-8
M X% O on+1-ni9-2n
. Hmi=608%3R, 8. HT(2n-)fin(I-3x)- In(2-39)].
X MICigX
limf7er3c8 A g f'&ﬁ'—i:g9 3 2 2
18-variant
.1 (i =arcsin XM —lg(4-X). 2. n =n2-nvd+n2+L
X = V3 +« 1 Iim3]‘|4:—_5ﬂ_2
" 1+345H— H2n-1) — 2n5-n2+
. n2+3n-28 . nl4n-3 - 72n+3
6. lmiil 2o L2l .
- fim-= X3- 64 ’I‘TB XIM=2n- 3
hm Aesinan 8.J -b-T
-0 X =X *~\21-3"

10. /(n) =2 ~: a,=4, n2=5h



3 xt th-
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4
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RS sin3;zx

1. /(*) =1gu-~].

3. %=

”

m 2n2-11n-6
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. l-cos2x
7. lim

*% X arcsinx

(Ba-1)!+(Bsa+1)!
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+n

1 3X -5n+7
———————— . 4, lim—-=>—.
@n-1)(2n +1) 2% X\

6. lim V2X+1 3
—AV*—2°V2

10. /(*):n“fs; ac,=3, n

20-variant
2. n,=V«4-2 - Wé+3.

4. hm 3n4+n3-1

-—1 n o +3n

m2n+ 1-y/x+6
n:-8n+15

s.by)”l

6. lim

9. lim In2x _7). 10. /(n)=3~2 n,=-1 2
21-variant
1- /(+*) = Varcsin(log2n).. 2. n,=n/n2+4-n/n+n2.
w = W+L 2+ 5+8H— +(31 ) 4. fm M- 53+

- 3

2n+3 ' N - 4n2- 8ré
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22-variant
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23-variant
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26-variant
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30-variant
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NAMUNAVIY VARIANT YECHIMI

VX +5
19(9 - 5x)
® Elementar funksiyalar (darajali funksiya, kasr ratsional funksiya,
logarifmik funksiya) ning aniglanish sohalarini inobatga olsak,
X 0‘zgaruvchi quyidagi shartlami ganoatlantirishi kerak:

X +5>0, x> -5, x> -5,
Ig(9 -5x) v O, 9-5x*I, x¢§,
9-5x>0, 5x <9,

X< =,

ya’'ni /)(/) = '_|)L_I|/I) -
2.30. x,=nl4n - -Jn3+)w2 - 2).

o ~ _
By !)I_@ —Ilmg\g@‘VW J(n3+)Ww2 2))
= [im-NSsNS+2n3-n2+2 _ . 203-n2+2
n'dn+A(n'+)(n2-2) n2y[n +V(«3+ 1)(«2- 2)

2--11
L H 2=0+0 y
=lim

v b .
1 2.) o+V(i+o0)(0o-0)
& WA

(n +2)k=2(n +I)!

3.30. X =
U1+5+9+... + (41 - 3))
(8 +2)I1+2(n +1)! n-M+1)»+2+2) Wm+1)m+4)
W-1+5+9H1--h(4n-3)) ~'1+4p0-34 " ni2n-1)
“y 2 /7
ndan
1+
limx, = liml” +2¢, +4)=tim > /1) . @+0@+0) 10
n2n-1) * o 2-0 2

n



N3E X 2xt

3xy+x'+1
X = 2XIr+X
3-«4i X g 7nNn 3714
X X
U holda
2 J 2 1
. X—Z(!+*4 1 2 +JI* 1 o+ oo 1-0+0 1
lm-———— - =lim— —=-*— " — = =-.
*~3x +x +1  [3+1+ 1 3+ +i 3+0+0 3
XX * @ @
5.30. lim 3°.
~-s X +125
o AmX2zXz30_ i (X*B)(x=6)  _ . X6 1 .
~5 f3+125  ~s(* +5)(x2-5X +25) ~-5x2-5x +25 75
6.3Q. E*m;—w ’
2 +
- - J— —_ N +
o 1imZlX iy YL TX RV X ) niganix +a
VX +2 (Vx +2)(Vx2 - 2vx +4) VI—x+3

C i X8 NDEANX A | NN A (22-2%2)+A .

“minl (x +8) VI—x +3 ml-x+3 3+3

730 um X" R
COSX - COS X

Xsin3x . XSin3x
&> lim-——————————— — - )
"OCOSSXCOSX(I cosZ*) cos3xcosxsin X
7 5 g SIN3X [im SIN3X )
=Um-——— l-———lim-——— ri*—-1-3=LJbL _r«3.U3. O

"cos3xcosx T sinx

X

8.30. lim(x+2)(In(2x +3)- In(2x - D).

<@ lim(x +2)(In(2x +3) - In(2x -1))= lim(x +2)In my



=limInfrirl =iimin 1+ = limine 2= =lim —-=2. O
V2x - 1) 2x Vo o 2T

fg”
d ZQ 2-1
9.30. lim—~

Jj/1+ In?sinnj-1
® x—a da ™ ko‘rinishdagi anigmaslik berilgan. t=x-n almashtirish

bajaramiz. Bunda x—->nda t—+0.

U holda

r—0 da o‘rinli bo'ladigan ekvivalentliklardan foydalanamiz:

ig £ 1
~ V. 3ry I3V _9r [ .,
= — = sin— — — =—, cos--1 ]
V1+In]1+|C052“i“'l 21 b) 4 2 2U] 8
¥ N
(2v..,]
L (
9 C oA 9]1' IN
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r

j/1 +Inj sin—1—1 4

y N\ 2
g+3,-00<jcS-2,

10.16(1). /(*)= (x+I)2 -2<x<]

4 -x 3 I<x<+o00.

® Funksiya xe (—«+<»)da aniglangan.
(—e0;-2), (2;1),(;+00) oraliglarda funksiya
uzluksiz. x=-2, jc=1 nugtalarda funksiya
analitik berilishni o‘zgartiradi. Shu sababli,
bu nuqtalarda funksiya uzilishga ega bo'lishi
mumkin.

X=—2 nuqtada: /(-2 -0)= lim"x+3)=
(-2 +0) = lim(x+D)2=1 /(-2) =-2 +3=1
Bundan /(-2-0) =/(-2 +0) =/(-2).

Demak, x=-2 nuqgtada funksiya uzluksiz.

X=1nugtada: /(1 -0) = lim(jc+1)2=4 =Ai, /(1 +0)=Hm (4-x3=3=Ar.

4-shakl.

Demak, jc=1 sakrash nuqgtasi va bu nuqtada funksiya birinchi tur
uzilishga ega. Funksiyaning sakrashi u=“x-/1,]=]3-4]=1(4-shakl). O

10.30. /(jo =5~; xj =-4, x2=-3.

3
(S> X =-4 nuqtada: /(-4-0)= jljlmgS‘%:O, -4 +0)= J;mos 4 + 00.

Demak, jc =4 nugtada funksiya ikkinchi tur u2|I|shga ega.
3

3
= -3 nuqtada: /(-3 - 0)= limS"" =125, /(-3 +0)=Jim 5— = 125,

3
f(-3)=5M=125. Demak, x2=-3 nuqgtada funksiya uzluksiz. o



V1 bob
BIR 0 ‘ZGARUVCHI FUNKSIYALARINING
DIFFERENSIAL HISOBI

6.1. FUNKSIYANING HOSILASI VA DIFFERENSIALI

Hosila. Differensiallash qoidalari. Hosilalar jadvali.
Logarifmik differensiallash. Funksiyaning differensiali. Yuqori tartibli
hosilalar va differensiallar. Oshkormas funksiyani differensiyallash.
Parametrik ko‘rinishda berilgan funksiyani differensiyallash.
Hosilaning geometrik va fizik tatbiglari

6.1.1. fix) funksiya x0 nuqgtaning biror atrofida aniglangan bo‘Isin.

® / (X) funksiyaning x0 nuqtadagi hosilasi deb, funksiya orttirmasi
[y ning argument orttirmasi [x ga nisbatining Jix—>0dagi limitiga (agar bu
limit mavjud bo‘lsa) aytiladi va quyidagilardan biri bilan belgilanadi:
I 1C0); Yl

Shunday qilib,
10 = gy = -AN).
1-misol. fix Qni hosila ta’rifidan foydalanib toping:
1) fix) =\ x0=-8§; 2) f(x) =tgax, x0=x

® 1) Hosilata’rifiga ko‘ra

/'(-8) =(tfol =lim :8=,im -8+/[x+8
! i &R N MN(-8 +/1X)2 +(-2)V- 8 +/[Ix +4)
. 1 1
= -
/\Imv(_8 +0)r +(-2yj- 8+Ax+4 W

2) Hosila ta’rifmi va tangenslar ayirmasi formulasini qo‘llab, topamiz:

o I
. sinaAx . 1 I a
ZHm ————— lim-—-——————— =a—— =—-—. 0
-0 [ ta>ocos(tw +a&x)cosax COs ax Ccos ax



y =f(x) funksiyaning X0 nuqgtadagi o 'ng (chap) hosilasi deb

/<K= limitga aytiladi.

2-misol. Funksiyaning xa= 0 nuqtadagi hosilalarini toping:
1) 2) f(x) =X\
® 1) Funksiyaning x0=0 nuqtadagi orttirmasi

[y=00+/1x) - [0) =10+/xI- OH [xI.
U holda

Bo=tim = lmp =1 £©O)=lmn = lim— =1

/(x) 9 x funksiya uchun Ox-»0da Xx: Ik nisbatning limiti mavjud
emas. Shu sababli f(x) g xNunksiya x, =0 nuqtada hosilaga ega emas.

2) Funksiyaning x0= 0 nuqtadagi orttirmasi

Oy =/(0+[x) -/(0) = (0+09-10+/1x |-0-10 =[x | Ox |-
U holda

IR0)= lim AQ A= lim k=0, /(0)= lim - T =~ lim /=0,

Ar—»0~

rO=lim - =lm 0. O

6.1.2. Differensiallash qoidalari
1 (nv)y=un'xv, n=u(x),v=v(x)-differensiallanuvchifunksiyalar;

2. (Mev)' =U'v+uv, Xususan (Cv?' =Cwu', C -0‘zgarmas son;
i

r/l u'v-uv' C\. _ Cv
3. }=]-—— , xususan }~——i =—'r;

\Y| \Y {Vvij v
4. yx="-, agar y =/(x) va x=<y);

X,
5 K =>'X> ag2tY~f(u) va u=tp(x).



1 (C)=0;

2. (ua)' =au’~' U', xususan [i| = —} u, (4u)':5’;h:—u';
uj u

3. (fI)'=a'Ina-«f, xususan (e“)'=e“ U\

4. (log,,u)" - eu, Xususan (1rv)'=- m;
ulna 7]
5. (sinn)'= cosn-m; 6. (cosm)' = —sinttw#
gy’ -—i- M 8. (c/En)'=———u;
9. @csi)y=— T n 10. (arcoosMy = -
VI-u2 n/1-m:
|
11. (arctgu)' =-— Tm'; 12. tgu)' = —— -u'-,
(arctgu) oy (arcctgu) o
13. (shu)'=chu-u’; 14. (chu)' =shu —u;
15. (thu)' = 16. (cthu)' = —
(thu) chu (cthu) Au

Keltirilgan differensiallash qoidalari va formulalari bir o‘zgaruvchi
funksiyasi differensial hisobining asosini tashkil giladi, ya’ni ular ixtiyoriy
funksiyani differensiallash (hosilasini topish) imkonini beradi.

3 —-misol. Differensiallash qoidalari va formulalaridan foydalanib
funksiyalaming hosilasini toping:

22+3\ -4 2y y = X2+3r
4x ’ xe'
3) jy=e'arctgx- 2af*cos.x+*log 4) y=arc(@'lg
5) K= log4sin33*; 6) y =th"+ cth +In(iAx) +In(c/v);
7) y = Arshx; 8) y=|arcrgx].

® 1) Funksiyani differensiallash uchun qulay ko‘rinishga keltiramiz:

v= §x3—2x"2+5 +2jc2+3x6—4x 2.



31 1.1 ( 1> -2
X’ —-Qcpz 2-(—2)p,cs+o+2-5;p2+3~gp; 6-4- | ——2\x 2=

=2 +XHBNR +=—F= +-
n 2n/nc5
2) Differensiallash qoidalari va formulalarini qo‘llab topamiz:
(X2+3J" (a3+Y)'xe' —-(xex)'(x2+3*)
xe J xe-

(2x+3xIn3)xed -QcV +(EeX'X)(X! +3") _ (2x +3x\mW)ex— (I +x)e'(x2+3")_

XX acy*
_2m; +3' X\N3-x2-3x-Xr-3'x  Y(X\n3-x-X) +x2(\—-x)
Xrex xe*

3) y'= (e’ arctgx —2y[x cosx +X\og ) '=
= (e') 'arctgx +ex(arctgx)' - 2("1x)'cosx-2"1x (cosx)' +jc'log, X +x(log2x)" =
=e arctgx+e’ ! coRx H2Vr'Esin'c+Io nuy- X_ =
g Tom jesinj g, 2
J. 1_~ Zjcsinjc-cosx ., .., .
=e j arctgx +71:*72.]I+_"_7&""+|ng(ex)'

4) Murakkab funksiyadi differensiallash goidasidan foydalanamiz:
(arctg‘x)' - 4arctg'x marctgx)' = Aarctg™x L Aaretg’x
Y 9 9 9 | +x2  1+xr
5) logarifmik ifodani soddalashtiramiz:

y = log,, singajc: 3|og4sin3>c

Murakkab funksiyani differensiallaymiz:

=2 r cos3jce3= 2c083x log, e=210g,, € mtgix.
3 sin3x-n4 sin3m

6) y =th” +cth® +\n(2sh) +In(CAX) =th A +cth +\n(sh2).
U holda



sh2—eh2— shzx
2 2

7) y=Arshx funksiyaga teskari funksiya x=shy. Teskari funksiyani
differensiallash qoidasiga ko‘ra

y' = (Arsﬁxy = 1 1 1 1
@\ chy o +shyy sl +jc2

8) y=_\ardpX\ funksiyani
actgx agar x>0 bo'lsa,
- —arctgx agar x <0 bo'lsa
ko‘rinishda yozib olamiz.

U holda
agarxiO bo'lsa,
I +x2
1+I:2 agar x <0 bo'lsa.
6.1.4. Funksiyani awal logarifmlab, so'ngra differensiallashga

logarifmik differensiallash deyiladi.
4-misol. y="X ~ funksiyaninghosilasinitoping.

® Bu hosilani differensiallash qoidalari va formulalaridan foydalanib
topish mumkin. Bu jarayonda bir gancha almashinishlar bajarishga hamda
differensiallash qoidalari va formulalarini go'llashga to‘g‘ri keladi. Shu
sababli bu jarayonni engillashtirish uchun logarifmik differensiallash
goidasidan foydalaniladi.

Funksiyani logarifmlaymiz:

Iny =In(jc3+1)+j In(x - 2) +XIn2 - 3In(X - 4).

Tenglikning har ikkala tomonini x bo‘yicha differensiallaymiz:

Yy 5 x-2 X-4



yoki
0

<S) Dararajali-ko‘rsatkichli funksiya deb ataluvchi y-u funksiyaning
hosilasi logarifmik differensiallash yordamida

formula bilan topiladi.

5-misol. >=jc¢“3 funksiyaning hosilasini toping.
e UuU=Xx u'=1v=cos3x v =-3sin3jclami formulaga qo‘yib topamiz:

Yy’ =} 3 #*Inx ¢(-3sin3jc) +(cos3X) *—

yoKii
y =JO31e(cos3jc - 3jcIn* «sin3x). O
6.1.5. LW Agar y=f(x) funksiyaning X, nuqtadagi orttirmasini
Ay = AAX+a(AX)AX
ko‘rinishda ifodalash mumkin bo‘lsa, /(X) funksiya x0 nuqtada
differensiallanuvchi deyiladi, bunda A-o0'zgarmas son, lima (AX)=0.

8 y =f(x) funksiya orttirmasining Axga nisbatan chizigli bo‘lgan bosh
gismi f’'(x0Ax ga y =f(x) funksiyaning xanuqtadagi dijferensiali deyiladi
va dy (yoki df(x)) bilan belgilanadi, ya’ni

dy=f'(x0dx.

6-misol. y=2x3-jc2 +1 funksiyaning x0-2 nuqtadagi orttirmasini va
differensialini Ax=01 da toping. Orttirma bilan differensial orasidagi
ayirmaning absolut va nisbiy xatoliklarini hisoblang.

<€ Ay=(2X+AX)3-(X+ AX)2+1)-(2jc3- x2+1) =

= 2X(3x - )AX +(6X — D)[HR+2AX3
dy=2x(3x - [)Ax.



Bundan Ay-dy =(6* - D)+20x .
M=2 va Ac=0lda Ay=2112, dy=2, Ay-dy=0112
Absolut va nisbiy xatoliklami hisoblaymiz:

I - dy|E 0112, Agdy y11p ~003 yoki 53%. 0
Ko‘pchilik masalalami yechishda funksiyaning x0 nuqgtadagi orttirmasi
funksiyaning shu nuqtadagi differensialiga taqgriban almashtiriladi, ya’ni
[y« dy deb olinadi.
Bunday almashtirish yordamida biror A migdorning tagribiy giymati
guyidagi tartibda hisoblanadi:
1°. A migdor x nugtada biror / (X) funksiya giymatiga tenglashtiriladi:
a =/(m);
2°. xOnugta x ga yaqin va f(x0) ni hisoblash qulay gilib tanlanadi;
3. Ox va /(x0 hisoblanadi;
2. ['(x)topilib, /'(x j hisoblanadi;
5 0x,f(xB,f'(xQ giymatlar f(xa) +f'(x0Ax formulaga qo‘yiladi.
7 -misol. arcsin0,47 ning tagribiy giymatini toping .
® 1°A=arcsin047, /(x) =arcsinxdeymiz. U holda A=f (047) va

xX=047;
2°. X0=05 deb olamiz;

3" Ix=047-05=-003, /(0,5)= e 0,5236;

£-\X)=—====, /'(0,5)=11547;
X
5. /(0,47) * /(0,5) +/'(05)1* = 0,5236 +1,1547 +(—0,03=) = 0,489. O

6.1.6. f(x) funksiya (a;b) intervalda /'(x) hosilaga ega bo‘Isin.
B /'(x) funksiyaning hosilasidan olingan hosilaga ikkinchi tartibli hosila

deyiladi. Ikkinchi tartibli hosila mavjud bo‘lsa, bu hosiladan olingan hosilaga
uchinchi tartibli hosila deyiladi va hokazo. Hosilalar ikkinchi tartiblidan

boshlabyugqori tartibli hosila deyiladi va y",ymyw ,yw....
(yoki f\ x),fngx),/" " (*),..../ ("W ,...) kabi belgilanadi.



33 Y =(j:J)'In3jc +x\In3x)" = 2xIn3x +x}-?;p = a2k +1);

j' = (@\N3x+1)) =jc'(2In3* +1) +X(2In3* +1)' =

= | m21N3x +1) + x + 2 m— = 21N3x + 3;
3x

m= (2]n3X +3)' =2--"—=—; X -1 =J-;
ym=(2] ) 3x X \xJ X Yy x).] X
Bundan
/7(2)4 4 -

Yugori tartibli hosilalar uchun quyidagi formulalar o‘rinli bo‘lfadi:

1. (a)=a“In"a (a>0), (Y™ =¢'; 2. (simt)T =sin] X+~ j;
3. (xay® =a(a-1)...(a-n +x~";aeR\ 4. (cos*)"” =cos™x+

5. (hue)*0= -—1)")((|4~1)!; 6. (UEV)W =, « EVW;
7. (Cw)0 =Cu™; 8. (Mmm)(r=

9-misol. y=xe2 funksiyaning n-tartibli hosilasini toping.
® (mev)fr= _];__6>*V(’\) formuladan foydalanamiz.

Shartgako'ra un=x, v=eZl
Bundan

jc=1 x"=0, ... xw=0; (e2) =2e2\ (e2)"=222\....(e2)1"=2"e2.
U holda

(@) (>=)£MUey™  =cy V T '+C>'(0 (2 +.+Cy\eRm=

= 0—“—X—2V 1 +E|(’«T]Sr-l-2~1e2<+0 +..+0= 2"-—'e2‘\(/2x+n).

Demak,
(xery-~rre'drx+n). <y



/0) funksiya (a;b) intervalda dy differensialga ega bo'lsin.

8 Birinchi tartibli dy differensialdan olingan differensialga ikkinchi
tartibli dijferensial deyiladi va dly - f(x)dxZabi yoziladi, bunda dx2= (dx)2
Ikkinchi tartibli differensialdan olingan differensialga uchinchi tartibli
differensial deyiladi va hokazo. s-tartibli differensial deb (a-21)-tartibli

differensialdan olingan differensialga aytiladi va d"y =f ri\X)dxn kabi
yoziladi.

10-misol. y=x5+3x’ -1 bo‘lsa, d4y ni toping.

L y'=5x4+9x2, y" - 20X’ +18X, y” =60x2+18, yl4)=120x.

Bundan
d4y =/ &X)dx4=120xdx4 O

6.1.7. X hugtada differensiallanuvchi y=y(x) funksiya F{x,y) =
tenglama bilan berilgan bo‘Isin.

® Yy'(X) hosilani topish uchun awal F(x,y)=0 tenglikning chap va
o‘ng tomoni x bo‘yicha differensiyalanadi ( bunda y=y(x)ga X ning
funksiyasi deb qaraladi) vaso‘ngra hosil bo‘lgan tenglama / ga nisbatan
yechiladi.

11-misol. y - cos(jc +y) =0bo'lsa, y"ni toping.

® y-cosO+>0=0 tenglikning har ikkala tomonini X bo‘yicha
difFerensiallaymiz: / +sin(x+y)(\+y’)=0.

Bundan
y{1+sin(x +>»))=-sin(x +y)  yoki
,=  sin(x+y)
1+sin(x +Y)
U holda
* -1 sin(x+y) N cos(x +y)(I +Y)(O\+sin(x +Y)) - cos(X +y) (I +y")sin(x +y) _
Yy 1+sin(x +y)J (L+sin(x +j/))2
@a+/)

(I +sinfic +y)Y
yoki
- cos(x +Y) j_ sin(x+y) ]__ cos(x+y)
(L+sin(x+y))1  I+sin(x+y)J (I +sin(c+3))’



X = <p(i),
\y=ip(t),teT

parametrik tenglamalar bilan berilgan bo‘lsa, u holda

x.:)ézr, va yT:I_Iil>—

12 <ol chzScos/, bo | i toi
-misol. Ty - 2sin/ o Isa, y"ni ogm%
, Yy (2sin/V  2cos/ 2
® (3cos0; =-3siru " "Jc,g/-
U holda

. IR} T R
j _(>),aVv_3 n _3sin;f_ 2 1
X' (3cos/)> _3sin< 9 sint’

2. cosf
J- =Q0'.=V 9 sm3/J. 3 sindl 2 cos/ O
X (3cosf), - 3sin< 9 sin5' -

6.1.9. f(x) funksiya x0 nugtada hosilaga ega bo‘Isin.

& f'(x0 hosila y =fix) funksiya grafigiga MQxG/(*,,)) nugtada
o‘tkazilgan urinmaning burchak koeffitsiyentiga teng, ya’'ni
k=tga =f'(x0).

Bu jumla hosilaning geometrik ma’nosini ifodalaydi.
y =fix) funksiya bilan berilgan egri chiziq grafigiga M OXO;f(x0)
nugtada o ‘tkazilgan urinma
y-y« =f'(x0Q)(Xx-X]
tenglama bilan, normal

tenglama bilan aniglanadi.



| X

13-misol. _,_/V_ =1 ellipsga M(Q(2;3) nugtada o‘tkazilgari urinma va

normal tenglamasini tuzing.
<S> Hosilaning xc=2 nuqgtadagi giymatini topamiz:

I+ /(2,-1.
6 12 4y 2
MQ(2;3) nugtaning koordinatalari va y'(2)ni urinma hamda normal

tenglamalariga qo‘yamiz:
y-3=-i(jr-2) yoki jc+2y-8=0;

y-3=2(x-2) yoki Zc-y-1=0.
Demak, izlanayotgan urinma tenglamasi
n+2y-8=0,
normal tenglamasi
2x-y-1=0. O
<sf) MQxBf(xa)) nugtada kesishuvchi ikkita chizig x0 nugtadahosilaga
ega bo‘lgan y=f,(x) va y=f2x) funksiyalar bilan berilgan bo‘lsin. Bu ikKki
chizig orasidagi burchak deb, ularga MO nugtada o‘tkazilgan urinmalar
orasidagi burchakka aytiladi.
Bu burchak
t2(p" fl(xa)-fXx0)
- i+/,K)-/;w
formula bilan topiladi.

14- misol. yzl@fﬂ,y:Z—xchiziqlar orasidagi burchakni toping.
X
<S> Chiziglaming tenglamalarini birgalikda yechib, ulaming kesishish
nuqtalarini topamiz:

= T=2-x.
X

Bundan ,4(-1;3), B(20).
Funksiyalar hosilalarining bu nuqgtalaridagi giymatlarini hisoblaymiz:



N(-1;3)nugtada /0-1)=5, //(-1)=-1; £(2;0) nugtada /,'(2)=2, //(2) =-1.
To‘g‘ri chiziglar orasidagi burchak formulasidan topamiz:
A(-I;3) nugtada tgp=~~'~5"=-, <p=arctgx-

B(2fi) nugtada Zgo2="— - N =3, <=arctg?,. o

Material nugta harakat qonunidan t vagt bo‘yicha olingan hosila
material nuqtaning /vagtdagi to‘g‘ri chizigli harakat tezligiga teng. Bu
jumla hosilaning mexanik T a 'nosini ifodalaydi.

Agar y =f(x) funksiya biror fizik jarayonni ifodalasa, u holda y’ hosila
bu jarayonnig ro‘y berish tezligini ifodalaydi. Bujumla hosilaningfizik
T a’nosini anglatadi.

15-misol. Massasi 27 kg bo’'lgan jism i=In(I+/3 qonun bo‘yicha
to‘g‘ri chizigli harakat qgilmoqda. Jismning harakat boshlangandan 2sekund

o'tgandan keyingi kinetik energiyasini = j toping-

<S> v()=s;() =Y 4T, v(2)=".

U holda
_m_27y _ ()
2 2
16-misol. Material nugta I"* gonun bilan harakatlanmoqda.
[.y=r/3cos2/

Nugta tezligining t= ;vaqtdagi yo‘nalishini toping.

® Nugta tezligi uning harakat yo‘nalishiga o‘tkazilgan urinma bo'ylab
yo‘naladi. Urinma og‘ish burchagining /=/,vaqtdagi tangensi

. V3sin2/ A
@@:y,(t<<):— 3cos2t 3¢

Demak, t=—vaqtda material nuqta tezligi Ox o°‘gining musbat
8

yo‘nalishiga ip=-60° li burchak ostida yo‘naladi. ®



6.1.1. Hosila ta’rifidan foydalanib funksiyalaming hosilasini toping:

1

1/ =V3x -1; *)=—
) (X) X /(%) 5_5+
3)f(x) = ctg2x; 4)/(*) =ciA2~.

6.1.2. /'(*,,) ni hosila ta’rifidan foydalanib hisoblang:
1)f(x) =e36 x0=0; 2)/(x) = In(I- 4%), x0=0;
3)/ =tgf2x + x0=r; *) = | *0o=|-
)/() =tgf2x+ X0=n 4I(*) =}, *o=

6.1.3. Berilgan funksiyalaming /_'(*,)) va /t(x0) hosilalarini toping:
DIC)=13x-21, x0=; 2)/M = 1% - 2 | |*+2} x0=2,

* agarx<2 bo'lsa,

3)yH 4) -1, =0.

Xr+Thxagar x <2 bo'lsa,x0=2,

6.1.4. Differensiallash goidalari va formulalaridan foydalanib berilgan
funksiyalaming hosilasini toping:

1)y =3x4- +In2;

3)y=-f=+3*2/*

xe -e
5 =
)Y <2
|
7)y = xInx ,
Inx -1
9)y = 1+cosx
)y = 1-cosx’
1)y =fgjr—-c/gx;
13)y = Xex-shx.
Xshx-chx
15)3'= logl €;

17)y =n/4-3*2;

2)y = €x6+3*4—2x;

4)>-V I-i+5L;

«b’- £ +3
Inx +e*
8)>:’Inx—e
10),=1+«1
) 1—f§x

) _ Xsinx-cosx

Xcosjt +s*
14)>>= /i +c/AX;
16)y =4sin2* - 31gx +4co0s2X,
18)y = argsinV¥*;



202yl

21) y= Al-Jt2 +jtarcsinjr; 22)>=In(e2t +1)- 2arctge’;

2%) v——zlngl'—f%; 24)y =log" x’;
2S)y—1g—3;x—tljng(£2—3j—r; 26) =e'3(sin3jc+cos3jo);
27)y - ¥ -1-arcigyle' - 1; 28)>/=Inc/g” +|]j;
29)y = 3arccos* ~ +Voor-4-ar2 30), =. 2-x -——~=arctg—j= +b\Jx2+2.
2arc,s
6.1.5. Berilgan x=<p(y) funksiyalar uchun y’ hosilani toping:
1) X= ——; 2) x=evy; 3) Jt= 2sinv; 4) x=3ctgy.
) X vy ) x=ey ) sinv ) x=3ctgy
6.1.6. Oshkormas funksiyalaming hosilasini toping:
1) bx2+az/2=ad2 2) y3=jc3+3xy; 3)e “*r=xy,
4) cos(jry) = jK2 5)e', +xy=¢g; 6) jtsin,+ _ysinjt=0.

6.1.7. Funksiyalaming berilgan nuqtadagi orttirmasini va
dififerensialini berilgan argument orttirmasida toping:

1)y =x2-x, n=10, Jg=01; 2) y=x2+3xH, x=2, Ax=01;

3) y=je3-7x2+8, x-b, Ax=0,; 4) y=x3-x, X=2, Ax=0,01.
6.1.8. Quyidagi sonlami differensial yordamida tagriban hisoblang:

\)tj33i 2) 1glo,21; 3) ctg 45°10; 4) .3,0133

6.1.9. Quyidagi funksiyalaming berilgan nugtadagi tagribiy giymatini
differensial yordamida hisoblang:

1), » -X2—7n+10, jc=0,98; 2)y= X=015;
V2 +jc
)y =Jr-1, X=2,037; 4 ="2Xx-sin™-, x=1,02.
)y Vjc +5 )y



6.1.10. Berilgan murakkab funksiyalarning differensialini erkli
o‘zgaruvchi va uning differensiali orqali ifodalang:

t2—1
1) v=X2+45x, Xx=1t3+2t+l; 2) y =cosx, x:——4— :

3)y =ex, x="Int, t=2u2-bu+\ 4) y=Inx, x=tgt, t=2u2+u.
6.1.11. Berilgan funksiyalarning birinchi tartibli differensialini toping:
1y =x(Inx-\); 2)>>=—X ; 3).y = cos22x;
4)y =asin3x 5) y=3°",; 6) >=In3cosx.
6.1.12. Berilgan hosilalar uchun ymni toping:
D>=(j2-1)3 2)y=e2owx-, 3)y=(I+xDacdgx-, 4)y=xAInx-I).

6.1.13. Berilgan funksiyalar uchun /"'(0)ni toping:

1)j/=sin5jccos2x; 2) y =XCosX; 3) y =x2sinx; 4) y=xmRr'.
n2
6.1.14. Berilgan funksiyalar uchun ny ni toping:
fx=, 241, [x-acost,
[i/=asinf;
3) d!X:In(l +f2), i ﬂc:aricﬂn/_,
W=t - arctgt\. [y=vyll-t .

6.1.15. Berilgan egri chizigga M0O(xa,y0 nuqtada o'tkazilgan urinma va
normal tenglamalarini tuzing:

N>-y. 2) y =sinx, MO(-0>
3) y =x}+x2-1 egri chizigga y =x2parabola bilan kesishish nuqgtasida;

SEeE-1."(] 4 HIXj\ "e(?21}
t1 t’



6.1.16. Berilgan chiziglaming kesishish burchaklarini toping:
1) y=4-x to‘g‘ri chiziq va y =4- — parabola;
2) y=sinx sinusoidava y =cos* kosinusoida (0 <x<f);
3) y=(x-2)2 va y=4x-x2+4 parabolalar;
4) y =In(y/dx-1) egri chiziq va abssissalar o‘qi.

6.1.17. Material nugta Ox o‘qi bo‘ylab x=- -2t1+3/ gonun bilan
harakatlanmoqgda. Qaysi nugtalarda nuqtaning harakat yo‘nalishi o‘zgaradi?

6.1.18. Material nugta s=s(t) gonun bilan to‘g‘ri chiziqgli harakat
gilmoqgda. Qaysi vagtdamaterial nugtaningtezlanishi a(m/c2 gateng
bo‘ladi?

s(/) = 2f3 - 1f1+2t +\(m), a = 19; 2)s(t) = t3+~t2-41 +3(m),a =0.

61.19. O’tkazgich orgali o'tuvchi tok migdori t=0 vaqtdan boshlab
g=3t2-1 gonun bilan aniglanadi. Ikkinchi sekund oxiridagi tok kuchini

aniglang.

6.2. DIFFERENSIAL HISOBNING
ASOSIY TEOREMALARI

0 ‘rta giymat hagidagi teoremalar.
Lopital qoidasi. Teylor teoremasi

6.2.1. Ferma teoremasi. f(x) funksiya (a;b) intervalda aniglang
bo‘lib, bu intervalning biror ¢ nugtasida o‘zining eng kichik yoki eng katta
giymatiga erishsin. Agar funksiya ¢ nuqtada differensiallanuvchi bo‘lsa,
uholda /'(c) =0 bo‘ladi.

Roll teoremasi. f(x) funksiya [ab] kesmada aniglangan va uzluksiz
bo‘lib, f(a) =f(b) bo‘lsin.  Agar  funksiya @b intervalda
differensiallanuvchi bo‘lsa, u holda shunday ce(a;b) nuqta topiladiki,
/'(c)=0 bo‘ladi.



1-misol. Roll teoremasi o‘rinli bo‘lishini tekshiring:
1) f(x) =x2—3x -4 fimksiya uchun [0;3] kesmada; 2)f(x) =\»2-1 funksiya
uchun 1] kesmada.
® 1) /(X)=x2-3x-4 fimksiya [0:3] kesmada  uzluksiz,
differensiallanuvchi va uning chetki nuqgtalarida bir xil giymatga ega:
/(0) =/(3) =-4. Shu sababli, bu funksiya uchun Roll teoremasi o‘rinli
bo‘ladi. x ning /'(*) =0 bo‘lgan giymatini topamiz: f'(x) =4x-3=0.

Bundan X:%{

2) /W =Vx7-1 funksiya [-L11] kesmada uzluksiz, /(-1)=/(1)=0,
/'(j<j=§—v%i. Bu hosila jr=0e (—;)) nugtada mavjud emas. Demak, bu
funksiya uchun Roll teoremasi o‘rinli bo‘lmaydi. O

Lagranj teoremasi. f{x) funksiya [E\] kesmada aniglangan va uzluksiz
bo‘lsin. Agar f(x) funksiya (@\b)intervalda differensiallanuvchi bo‘lIsa,
u holda shunday c e (a;b) nugta topiladiki,

fXc)=m z m
b-a
boiadi.
Natija. Biror intervalda hosilasi nolga teng bo‘lgan fimksiya shu
intervalda o‘zgarmas bo‘ladi.

2-misol. y =x2+6x +l parabolaningurinmasi A(-1;-4) va A(3;28)
nuqgtalarni tutashtiruvchi AB vatarga parallel bo‘lgan nugtasini toping.

® y=x2+6x+l funksiya A va B nuqgtalaming abssissalari chetki
nugtalar bo'lgan 23] kesmada uzluksiz, chekli hosilaga ega. Shu sababli,
bu funksiya uchun Lagranj teoremasini qo'llash mumkin. Teoremaga ko‘ra
AB parabolada hech bo‘lmaganda bitta ¢ nuqgta topiladiki, funksiya grafigiga
bu nugtada o‘tkazilgan urinma AB vatarga parallel bo'ladi.

Lagranj formulasidan topamiz:

/(3)-/(-1) =/ '(c)(3 - (-1) yoki 28+4=(2c+6)e4.

Bundan c=1 U holda /(c) =8.

Demak, M(l;8) nuqgtada berilgan parabolaning urinmasi ~(-1;-4)
va J1(3;28) nuqtalarni tutashtiruvchi AB vatarga parallel bo‘ladi. O



® /(w*)=arctgx+arcctgx deb olsak, xeR da
1

J__ 1
I'W =355 A5h=0
U holda natijaga ko‘ra f(x) =C, ya’ni arctgx+arcctgx=C bo’ladi. C ni
topish uchun xga biror giymatni, masalan, x=1 ni gqo‘yamiz:

ardg\ +arcctgl=C yoki ~ =C. Bundan
arctgx +arcctgx = A , X=R. O

Koshi teoremasi. /(*)vag(jc) funksiyalar [a;6] kesmada aniglangan va
uzluksiz bo‘lsin. Agar funksiyalar (a;b) intervalda differensiallanuvchi
bo‘lib, \/xe(a;b) uchun g'(x) # 0 bo‘lsa, u holda shunday ce(a;b) nugta
topiladiki,

{b)-f{a) TI(C)
g(b)-g(a) g'(c)
bo‘ladi

6.2.2. 1-teorema. f— Ko'rinishdagi anigmaslikni ochishning Lopital goidasi]*

x0nugtaning biror atrofida f(x) va g(x) funksiyalar uzluksiz,
differensiallanuvchi va g'{x)*0 bo‘lsin. Agar lim f =0va lim g(x) =0
g'{) gar m f(x) i@, 909

bo‘lib, Hm e *). - K (chekli yoki cheksiz) limit mavjud bo‘lsa, u holda
agw

w0 J(X)  xma GNX)
bo'ladi.
Izohlar: 1. 1-teorema f(x) va g(x) funksiyalar x=x0 da aniglanmagan,
ammo lim /(x) =0va lim g(x) =0 bo‘lgandaham o‘rinli bo‘ladi.
2. 1-teorema jc-»00 da ham o‘rinli bo‘ladi.

3. f(x) va g'(x) funksiyalar 1-teoremaning shartlarini ganoatlantirsa,
bu teoremani takror qo‘llash mumkin:

lim ——=lim f—-x*=1lim va hokazo.
— 9(x) g (9 g )



4 -misol. lim — L tIE| Hmitni toping.
« e —e

<S> f(X) =x2- W\ g(x) =e*-e funksiyalar x=I1 nuqgta atrofida

aniglangan. Iiqu /(m=Twg(x) =0, ya'ni o ko‘rinishdagi anigmaslik hosil

J=»1
bo‘ladi.

. 2X+—
limLSH =lim-—-—=- mavjud va g'(x)=e* 0 .
'wg'(xX) v € e
U holda 1-teoremaga ko‘ra

2-teorema. ko'rinishdagi anigmaslikni ochishning Lopital goidasij

xOnugtaning biror atrofida / () va g(x) funksiyalar uzluksiz,
differensiallanuvchi va g'(x) * 0 bo‘Isin. Agar lim /(*) =lim g(x) =@ bo‘lib,

Hn —— limit mavJud bo‘lsa, u holda
— g\

«« gix) *=xg(X)

bo‘ladi.
5-misol. lim —— limitni toping.
— In(e’ -€e°)
1
® ljmMx-a) =f—3:HT—)(—_a =1lim-""¢
™ In(e* -e°) wvx e e‘(jc-a)
e —e
=lim-———-—=—— =lim -— — —_———=—-=10

_1+(>-<—a_): _I_-i-(é—a_): 1+0
. . . . . 0 ,00
Keltirilgan teoremalar asosiy anigmasliklar deb ataluvchi - yoki —

ko‘rinishdagi anigmasliklami ochishda qo‘llaniladi.
<S) Om vyoki 0000 ko‘rinishdagi anigmasliklar algebraik
almashtirishlar yordamida asosiy anigmasliklarga keltirilib, ochiladi.



6 limjcte' -1j = (0+0) =limg i=

X
) ioxji =
= I|m—i—_—I -"=limeT=e" =e° =1. O
"m
7-—misol. lim”~p—-— limitni toping.
limf—-——-— 1= (00- 00) = limf—— 1=f4=
< *~41nx X -1j ( ) (x=-DInx J
-Inx . xInx . Inx +1 1
=fim-———-=-- =-lim-————>—— =-lim-——==-= — —. 0
Mc, X-1 xInx +x-1 Inx+1+1 2
X
0° ,o0® yoki I ko'rinishdagi anigmasliklar flri*gn [N fine ey

formula yordamida asosiy anigmasliklarga keltirilib, ochiladi.

fc-misol. lim(cosx)x2limitni toping.

lim Ex—? ;lln(cosj)((bo) »2
® lim(cosx)'2=(0°)=e 2 =e 2
*2



9-misol. limin! -1 limitni toping.
0 {x]

mEF]l |, )
—e H) —¢ y:.=ed-=

10 -misol. lim( +sinX®@limitni toping.

. In(l+smx)f (1
irj

X hm cfgxln(|+sm*)(00 0) jirm
®  Hm(l +sinx)™1= (I N=¢€ =e v loj =
cosx
gjigﬁOSJ-Jliml—"lfsl,l‘t) Q S0 @EX £><I/I '(r)[/\s- . (
— - _*°  sinx _ __ -*01+S,nr — _ (g
6.2.3. Teylor teoremasi. f(x) funksiya xa nugtaning biror atrofidz

aniglangan bo‘lib, bu atrofda (n+1)-tartibligacha hosilalarga egava f"*n(x)
hosila x, nugtada uzluksiz boisin. U holda

[<o>m/(*.> + - «)+ —«.) mH—+

m mn+
boiadi, bunda ¢ =x0+0(x - x0), O<B<1

Bu tenglikka Lagranj ko rinishidagi qoldiq hadli Teylorformulasi
deyiladi.

&  Ppxx0) = /(x0)+fel(x -jo + o +.. +ZIM (c_ oga
markazi x0nuqtada boigan n-darajali Teylor Kophadl
R,,(X) = (jt-x,)"1ga Teylor formulasining Lagranj ko ‘rinishdagi

(n+D)
goldig hadi deyiladi.



11-misol. f(x)=x*-3x2-x +2 ko‘phadni 0 +1) ikkihadning butun
musbat darajalari bo‘yicha yoying.
® Funksiyaning hosilalarini topamiz:
['(*) =4x3-6*-1, /"(*) =12x2-6, f"(x)=24x, f"*(X) = 24,
/ *(j©)=0, (n>5 uchun, A\ x) =0).
Ko‘phad va uning hosilalarining x,=-ldagi giymatlarini topamiz:
/(-1)=1, /'(-)=1 /'(-D=86, /"(1)=-24, /" (1) =24
U holda

1 6 . 24 24
f(X) =x4-3x2-x +2=1 +-(X +[) +- (X +iy - — (X+D)3+— (X +1)4=

= +(X+I) +3x+N2-4(x +)! +(x+H4 O

O x0=0da Teylor formulasining xususiy hollaridan biri

hosil bo'ladi. Bu formulaga Maklorenformulasi deyiladi.

Ayrim funksiyalarning Makloren formulasiga yoyilmasi:

X xeR ;

m(m- -a+1) 2
Al *
(L +6bo)* ™"\ ;ce(-LD);
+ (n+1
Xususan, n=m da ( Nuyton binomi)

j2+ ANWN-1X«=2) 04 Hxem1e x;



® Shartgako‘ra x=1, e=0,001.
Makloren formulasiga binoan
e=Il+—+—+_.+—+/1(I).
o2 v

e»
n=6da R@®= Z_;_15'<£ =0,001,0<B < 1 tengsizlik bajariladi.
n :

Demak,
e»f+ 1 —Il'—:—ll-—-l- +£:
2 3 6!
=2+0,5+0,16667 +0,04167 +0,00833 +0,00139=2,718. O
Mustahkamlash uchun mashqlar
6.2.1. Funksiya uchun berilgan kesmada Roll teoremasi o‘rinli
bo‘lishini tekshiring. Agar o‘rinli bo’lsa, cning tegishli giymatini toping:
1) /0) =4x -x3+5, [0;2]; 2) f(x) =sin2x, ,
r'
3) f(x) = L1, 4) f(x) =3-1x|, [-2;2],

6.2.2. Funksiya uchun berilgan kesmada Lagranj formulasi orgali
c ning tegishli giymatini toping:

1) f(x) = Xx3-x +1 [0:1]; 2) /(x) =e\ [01];
3)/(x) =Inx, [l;el 4) f(x) =x2-6x+1 [0,

6.2.3. Berilgan funksiya grafigining urinmasi AB vatarga parallel
bo‘lgan nugtasini toping:

1) /(x) =x2+3%, A(-2;-2),B(L4); 2) /(X) =Vx+1, N(0;1),B(32).

6.2.4. Funksiya uchun berilgan kesmada Koshi formulasini yozing
¢ ning tegishli giymatini toping:

1) f(x) =sin2x va g(x) = cos 2x, 2) f(x) =x<-3, g(x) =x3+2, [02].



6.2.5. Funksiyaning o‘zgarmas bo‘lishlik alomatidan foydalanib,
quyidagilami isbotlang:
1% —-X - 2arctgx, je<—1,
1) arccos=—- - = 2arctgx, 0/jc<+00; 2) arcsin B 2arctgx, -15jc<1,
1+ I +x2
- K - 2arctgx, x> 1.

6.2.6. Limitlami Loopital qoidasidan foydalanib toping:

Ay 1im SN2t 2) lim X~ reteX
*> |nx
3) Hm i .
Insin* 4 !"%’
s lim A, 6) lim " ~ 2arctox
y
In 1+
m)'
-4 . 8 X -1 8) lim Incos(3jc2 - jd) _
) h sin e 7 e sin 2*
3
9) limjcfg— 10) %(I—e?;,)c/g;f;
11) lim(secjc - tgx); 12) limf—--— \
%39 '“MAjc  arctgx)
|
13) lim (K - 2x)'nts 14) limjca",
6 . .
15>HmM 2-1 16) lig(cos3x)*";
|
17) lim(fgjc)1 18) lim(jc +3x)".

6.2.7. Ko‘phadni (x- jd&) ning darajasi bo‘yicha yoying:
1) P(jo) = jc +5jt2- 3jc+1, joO=-2; 2) .P(jc) = jc4- 2jc3+5x -6, x0=2

6.2.8. Funksiyaning berilgan nugtada uchinchi tartibli Teylor
formulasini yozing:

1) /(jc) = VT+x, J0=3; 2) /(*)=-, x,=-2.



6.2.9. Funksiyalami Makloren formulasi yordamida xning daraja
bo'yicha yoying:

1)/(m*) = xe*; 2) f(x) =chx
6.2.10. Berilganlami 0,001 aniglikda hisoblang:

1) sin36°; 2) cos32°;

3) Ve 4) 1g!0,09.

6.3. FUNKSIYALARNITEKSHIRISH VA
GRAFIKLARINI CHIZISH

Funksiyaning o‘sishi va kamayishi. Funksiyaning ekstremumi.
Funksiya grafigining botigligi, qavarigligi va egilish nugtalari.
Funksiya grafigining asimptotalari.

Funksiyani tekshirish va grafigini chizishning umumiy sxemasi

6.3.1. y=fix') funksiya X to‘plamda aniglanganva | ,c | bo‘lsin.

® Agar Vc,jc2e X,uchun x <x2bo'lganda: f(xt)< f(x2(f(xi)>f(x2)
tengsizlik bajarilsa, y=f(x) funksiyaga Xx to'plamda o'suvchi
(kamayuvchi) deyiladi.

Funksiya o'suvchi va kamayuvchi bo'lgan intervallar funksiyaning
monotonlik intervallari deb ataladi.

f(x) funksiya (a;b) intervalda differensiallanuvchi bo'lsin:
1) Vxe(a;b) da /'(*)>0 bo'lsa, funksiya (a;b) intervalda o'sadi;
2)Vxe(a;b) da f(x)<0 bo'lsa, funksiya (a;b) intervalda kamayadi.

1 —-misol. f(x) =8+27x - Xs funksiyaning monotonlik intervallarini
toping.

® D (f) =R. Hosilani topamiz: f'(x) =27-3x2=3(9-x2.

Uholda: 1) /'(;c)=3(9-jc2>0 dan |x]<3 yoki -3<x<3;
2) f'(x) =3(9-x2>0 dan Jicp3 yoki je<-3 va x>3

Demak, berilgan funksiya (—3;3) intervalda o'sadi,
(-o0;-3)u (3+oo)intervalda kamayadi. O



6.3.2. & Agar x0 nuqtaning shunday S atrofi topilsaki, bu atrofnin
barcha x*x,, nuqtalarida f(x)<f(x0) (f(x)>/(x0)tengsizlik bajarilsa,
xa nugtaga f(x) funksiyaning maksimum {minimum) nugtasi deyiladi.

Funksiyaning maksimum va minimum nugqtalariga ekstremum nugqtalar
deyiladi. Funksiyaning ekstremum nugtadagi giymati funksiyaning
ekstremumi deb ataladi

Teorema {ekstremum mavjud bo'lishining zaruriy sharti). Agar ( i
funksiya x0 nugtada ekstremumga ega bo‘lsa, u holda bu nugtada uning
hosilasi yoki nolga teng (f(x0)=0) bo‘ladi yoki mavjud bo‘Imaydi.

f{x) funksiyaning hosilasi nolga teng bo‘lgan yoki mavjud bo‘lmagan
nuqgtaga kritik nugta deyiladi. /(x) funksiyaning hosilasi nolga teng boMgan
nugtaga statsionar nugta deyiladi.

Teorema {ekstremum mavjud bo'lishining birinchiyetarli sharti). Agar
f{x) funksiya x0 kritik nuqtaning biror 8 atrofida differensiallanuvchi bo‘lib,

X0 nugtadan chapdan o‘ngga o‘tganda /' (jc) hosila: ishorasini musbatdan
manfiyga o‘zgartirsa xO nuqta maksimum nuqgta bo‘ladi; manfiydan
musbatga o‘zgartirsa jc0 nugta minimum nugta bo‘ladi; ishorasini
0‘zgartirmasa x0 nuqtada ekstremum mavjud bo‘Imaydi.

2-misol. 1(jc) =wjc2-j funksiyaning ekstremumlarini toping.

® D(f) =R. Hosilani topamiz: f{x) = 2_ —--yoki f'(x)=i 2~

3-vjc 3 3 Vic
Hosila i, =0 nuqtada mavjud emas va jc2= 8nuqtada nolga teng. Bu
nugtalar berilgan funksiyaning aniglanish sohasini uchta

(—e0,0), (0;8), (8;+<»)intervallarga ajratadi. Hosilaning har bir kritik nugtadan
chapdan o’ngga o‘tgandagi ishoralarini chizmada belgilaymiz:

—“+

Demak, jc, sOminimum nugta, ynm=/(0) =0 va jc2=8 maksimum nuqta,

Ju=/(8)=j- O



Teorema (ekstremwn mavjud bo'lishining ikkinchi yetarli sharti).
f(x) funksiya xastatsionar nugtada ikkinchi tartibli f(x) hosilaga ega
bo‘lsin. U holda: /"(x)<Obo‘lsa x0 nugta maksimum nuqta bo'ladi;
/"(*) >0bo‘lsa x0 nugta minimum nugta bo‘ladi.

3 -misol. Asosi a ga va balandligi h ga teng uchburchakka eng kat
yuzaga ega bo‘lgan to‘g‘ri to‘rtburchak ichki chizilgan. To‘g‘ri
to‘rtburchakning yuzasini toping.

® To‘g‘ri to‘rtburchakning tomonlari
X va y bo'lsin.

Uchburchaklaming o‘xshashlik
alomatidan topamiz (1-shakl):

y h-x
a h

U holda y=ﬁ{h— X) va S=xy=ﬁ(hx—x3.

S'=—A-2X)=0 dan x=— a
X F( ) 2
Bu giymatda S”’= T <0. Demak, to‘g‘ri 1-shald.
to‘rtburchak eng katta yuzaga ega bo'ladi.
*=| day=j- =~ va engkattato'g'ri to'rtburchak yuzasi
h
5:x|<:il - :a_h (yuza.b) o

> [a;b] kesmada uzluksiz y =f{x) funksiyaning eng Kkatta va eng

kichik giymatlarini topish uchun funksiyaning kesmadagi kritik nuqtalaridagi
va kesmaning chetki nugtalaridagi giymatlari orasidan eng kattasi va eng
kichigi tanlanadi.

4-misol. y=x3-3x funksiyaning [02] kesmada eng kattava eng
kichik giymatlarini toping.
® Ne =3x2-3=0 danx, =-I,x, =1 Bu kritik nugtalardanx, e [02].
Funksiyaning xr=Inuqtadagi va kesmaning chetki nuqtalaridagi
giymatlarini topamiz va solishtiramiz: /(1) =-2, /(0) =0, /(2)=2.
Demak,yngdia=f (2)=2, y~ wn=/0)=-2. o



6.3.3. & Agar @\b) intervalning istalgan nugtasida y =f(x) funksiy:
grafigi unga o‘tkazilgan urinmadan yuqorida (pastda) yotsa, funksiya
(<rb) intervalda botiq (gavariq) deyiladi.

Teorema. Agar y=f{x) funksiya (ab) intervalda ikkinchi tartibli
hosilaga ega bo‘lib, Vxe(a;6)da: f "(x)<0 bo‘lsa, funksiya @\b) intervalda
gavariq bo‘ladi; f’(X)>0 bo‘lsa, funksiya @\b) intervalda botiq bo'ladi.

&8 f(x) funksiya x0 nuqtaning biror 8atrofida differensiallanuvchi
bo‘lib, jo nugtadan o'tganda botigligini gavariglikka (yoki qavarigligini
botiglikka) o‘zgartirsa j nugta funksiyaning egilish nuqtasi deyiladi. Bunda
M(xGf(xB) nugta funksiya grafigining egilish nuqtasi deb ataladi.

Teorema (egilish nugta mavjud bo ‘lishining zaruriy sharti). Agar
%, huqta f(x) funksiyaning egilish nuqtasi bo‘lsa, u holda bu nugtada uning
ikkinchi tartibli hosilasi yoki nolga teng (/'(*,,)=0) bo‘ladi yoki mavjud
bo‘lmaydi.

/(x) funksiyaning ikkinchi tartibli hosilasi nolga teng bo‘lgan yoki
mavjud bo‘lmagan nugtaga ikkinchi tur kritik nugta deyiladi.

/(x) funksiyaning ikkinchi tartibli hosilasi nolga teng bo‘lgan nuqgtaga
ikkinchi tur statsionar nuqta deyiladi.

Teorema {egilish nugta mavjud bo'lishining birinchi yetarli sharti)
Y =fix) funksiya x0nuqtaning biror 8 atrofida ikkinchi tartibli hosilaga ega
bo'lsin. Agar 8 atrofning x0 nugtadan chap va o0‘ng tomonlarida
f(x) hosila har xil ishoraga ega bo‘lsa, u holda xO nuqta funksiya
grafigining egilish nuqgtasi bo‘ladi.

5-misol. y:mfunksiya grafigini botiq va gavariglikka
tekshiring.
D(f) =(-00;-Nu(-I;u(l;=0).

Ikkinchi tartibli hosila x, =-1, x2=0, x, =Inuqtalarda nolga teng va mavjud
emas.



/'(jc)hosilaning bu nugtalardan /—4 /"
chapdan o‘ngga o‘tgandagi ishoralarini Vv>Yrt<oyv >ul. Y <0.
chizmada belgilaymiz:

Demak, funksiyaning grafigi (—3,0) va (l;00)intervallardagavariq,

1) va (0;)intervallarda botig boiadi. 0(0;0) nugta funksiya grafigining

egilish nugtasi bo‘ladi. o

Teorema (egilish nugta mavjud bo'lishining ikkinchi yetarli sharti).
f(x) funksiya xa ikkinchi tur statsionar nuqtada uchinchi tartibli
/"(x)hosilaga ega bo‘Isin. Agar f nfx)*0 boisa, u holda x0nuqta egilish
nugta boiadi.

6-misol. y=(x-3)3+5x+4 egri chizigning egilish nugtasini toping.
<S> Funksiyanig uchinchi tartibligacha boigan hosilalarini topamiz:
y'=3(X-3)2+5, y’ =6(x-3), yn=6.
Funksiyaning ikkinchi tartibli statsionar nugtasini topamiz:
y"'=6(x-3)=0dan x=3. Bu nugtada / ”=6*0.
Demak, x=3funksiyaning egilish nugtasi. x=3da y=19. Berilgan egri
chizigning egilish nugtasi Af(3;19). O

6.34. H Egri chizigning asimptotasi deb shunday to‘g‘ri chizigga
aytiladiki, egri chizigda yotuvchi M nugta egri chiziq bo‘ylab harakat qilib
koordinata boshidan cheksiz uzoglashgani sari M nugtadan bu to‘g‘ri
ohl/.iggacha boigan masofa nolga intiladi.

Assimptotalar uch turga boiinadi: vertikal, gorizontal va og‘ma.
Agar Iim+0f(x) yoki ILTOf(x) limitlardan hech boimaganda bittasi
r-*xo: & g-

ehekai/ (+ow0 yoki -00) boisa, x=x0to‘g‘ri chizigga y=f(x) funksiya
gredglning vertikal asimptotasi deyiladi.
Agar shunday kv&b sonlari mavjud boiib, x><¢ (x-»-00)da
/(*)(\\mksiya
f(x) =kx+b+a(x), lima(x)=0
lie'rinUhdn llodulansa, y =kx+b to‘g‘ri chiziqqa y =f(x) funksiya
graflgIning <«'Ta asimptotasi deyiladi. Bu yerda

K= , b= ‘!me/W—fcc).

X-»+00 y



Agar *Iim iim(/(jc) - k<) limitlardan hech bo‘lmaganda bitta

mavjud bo‘lmasa yoki cheksiz bo'lsa, f(x) funksiya grafigi og‘n
asimptotaga ega bo‘Imaydi.

Agar k=0 bo‘lsa, b= limf(x) bo'ladi. Bunda y =b to*g‘ri chizigqa
f(x) funksiya grafigining gorizontal asimptotasi deyiladi.

Izoh. y =f{x) funksiya grafigining asimptotalari *->+<» da va jc—+-00<
har xil bo‘lishi mumkin. Shu sababli k va 6ni aniglashda
hollarini alohida garash lozim.

1s . . .
7-misol. y = X funksiya grafigining asimptotalarini toping.

X

® MmZ2-3=400, I§m £2=3= oo
X

*.>0- X

Demak, x=0 to‘g‘ri chiziq vertikal asimptota.
lim /(x) = “m_r_2_—_3= +0 va lim f(x) =lim —X—2—_—3= -00.
X—=*1® H*H00 X >0 X*e0 X

Demak, gorizontal asimptota yo‘q.

K-l i m=Ilim—,-=1 b=Ilim({/(x)-k)=Ilimf-— —jc|=lim — =¢(
JC *yeky X X ) J
K=l i m =limx_~=1,6=Ilim(/(jc) -kx)= limf-— ——ij'|:Iim— =1
X’ X P " v IC *» IC

Bundan y = kx+b =x.Demak, y=jcto‘g‘ri chiziq og‘ma asimptota. O

6.3.5. Funksiyani tekshirish va grafigini chizishni ma’lum tartib<

(masalan, quyidagicha) bajarish magsadga muvofiq bo‘ladi:

T°. Funksiyaning aniglanish sohasini topish.

2°. Funksiya grafigining koordinata o‘glari bilan kesishadigan nuqgtalari
(agar ular mavjud bo‘lsa) aniglash.

3. Funksiyaning ishorasi o‘zgarmaydigan intervallami ( /(jc)>0 yo
f{x) <0 bo‘ladigan intervallami) aniglash.

4°, Funksiyaning juft-toqligini tekshirish.

5°. Funksiya grafigining asimptotalarini topish.

6°. Funksiyaning monotonlik intervallarini aniglash.

7°. Funksiyaning ekstremumlarini topish.



8'. Funksiyaning qavariglik va botiglik intervallarini hamda egilish
nugtalarini aniglash.

I -8 bandlardagi tekshirishlar asosida funksiyaning grafigini chizish.

Keltirilgan sxema albatta bajarilishi shart emas. Soddaroq hollarda

keltirilgan bandlardan ayrimlarini, masalan V,2°,Vm bajarish yetarli bo‘ladi.
Agar funksiya grafigi juda tushunarli bo‘lmasa, 1°-8 bandlardan keyin
funksiyaning davriyligini tekshirish, funksiyaning bir nechta go‘shmcha
nugtalarini topish va funksiyaning boshga xususiyatlarini aniglash bo'yicha
go'shimcha tekshirishlar o‘tkazish mumkin.

8-misol. y = +1I funksiyani tekshiring va grafigini chzing.
)(—-_
<S> T. Funksiyaning aniglanish sohasi:
A7) =(=>-)Vv (-LDu (+«).
2'. x=0da y=-1bo'ladi. Funksiya Oy o'qgini (0;-l)nugtada kesadi.
y * 0 bo'lgani uchun funksiya Qro'qini kesmaydi.
3”. Funksiya (-00;-l)va (I;+oo)intervallardamusbat ishorali va

(' ;) intervalda manfiy ishorali.
4°. Funksiya uchun /(-x) =/(x)bo'ladi. Demak, u juft.

. X!+ . X2+]
5. lim—— = +o00, hm —— = -00
*o x — —kx1-1
*.
K L . Him X1+l |

Poimik, x=-I va x=1 to'g'ri chiziglar vertikal asimptotalar bo'ladi.

A=lim == r+_1 =0 (X-»»®0dea hamx-»-00 da ham A=0),
X(x2-1)
e=tim” * 'm-ox =1.
y-1

J holds y « | to'g'ri chiziq gorizontal asimptota bo'ladi.
y - 1to'g'ri chizig x->+oodahamx-»-00 da ham gorizontal asimptota
«’tall
ft* I'imksiyaning o'sish va kamayish intervallarini topamiz.
, 2X(2-1)-2x(x2+1)" 4x
x2-N2 * (x2-DH2'



Bundan x<0 da y>Ova x>0 da ,y<O.

Demak, funksiya (-°0;0) intervalda o‘sadi va (0-~+@) intervalda kamayadi.
T. Funksiyani ekstremumga tekshiramiz. Hosila x=-\va x=Ida

mavjud emas va x=0 da nolga teng. Bu nuqtalar berilgan funksiyaning

aniglanish sohasini to'rtta (—<»;-l), (-1,0), (G;1), (1-hx>) intervallarga ajratadi.
Hosilaning har  bir  kritik

nuqtadan chapdan o'ngga o‘tgandagi + + - -

ishoralarini chizmada belgilaymiz: T 0 1 *
Demak, x=0 maksimum nuqta, —

JU=/(0) =-1.

8°. Funksiyani gavariglikka va botiglikka tekshiramiz va egilish
nuqtalarini topamiz.

(X1- n2-xmeQ2+1)-2x_ 41+ 3X2
(x2- 14 x2-N3

Ikkinchi tartibli hosila jo = —1, =1

nuqtalarda mavjud emas.

y" hosilaning bu nugtalardan
chapdan o‘ngga o‘tgandagi ishoralarini -l
chizmada belgilaymiz:

Demak, funksiyaning grafigi (—¥l)

intervalda qavariq, (—«;-1) va (;-wo)

intervallarda botiq bo‘ladi. Funksiya

grafigining egilish nugtasi yo‘q. 2_shakl.
r-g bandlardagi  tekshirishlar

asosida funksiya grafigini chizamiz (2-shakl). O



6.3.1. Berilgan funksiyalaming monotonlik intervallarini va
ekstremumlarini toping:

1) f{x) =**- 9x2+15x; 2)I1(*)=] -y -2x
BIW =35 DICY 3G
5) /(jo =xVI - je2; 6) /(jo =3n/X7 - x2
7))/ (X)=xeK 8) f(x) =chX
9) /(x) =In(x2+1); 10) /(x)~;
Inx
11) /(x) = x-2sinx, OMix<2n; 12) /(x) =jc+2cos2x, 05j:<n.

6.3.2. Funksiyalaming berilgan kesmadagi eng katta va eng kichik
giymatlarini toping:

1) /(x) =xI - 3%, [0;2]; 2) f(X) = x5+3x2-9x-10, [-40];

3) /(x) = x+cos2x, 4) /(x) =xsInx, [;el

*9
6.3.3. Jism S=21/+3/2-/3 qonun bilan harakatlanmoqda. Jismning eng
katta tezligini toping.

2.34. Ko‘ndalang kesimi to‘g‘ri to‘rtburchakdan iborat to‘sinning
bukilishga qarshiligi ko’ndalang kesimning eni bilan bo'yi kvadratining
ko‘paytmasiga proporsional. Ddiametrli xodadan kesilgan to‘sinning
bukilishga garshiligi eng katta bo‘lishi uchun to‘sinning o‘lchamlari ganday
bo’lishi kerak?

6.3.5. Uzunligi /ga teng mis simdan to‘g‘ri to‘rtburchak bukilgan.
To'g'ri to‘rtburchakning yuzasi eng katta bo‘lishi uchun uning o‘lchamlari
ganday bo‘lishi kerak?

6.3.6. 22 4+¥2= ellipsgato‘g‘rito ‘rtburchakichki chizilgan. To'g‘ri
to'rtburchakning eng katta yuzasini toping.



6.3.7. R radiusli sharga yon sirti eng katta bo‘lgan silindr ichki chizish
uchun silindming balandligi ganday bo‘lishi kerak?

6.3.8. Silindming hajmi Vgateng. Silindr eng kichik to‘la sirtga ega
bo‘lishi uchun uning balandligi ganday bo‘lishi kerak?

6.3.9. Berilgan funksiyalar grafigining botiglik, gavariglik intervallarini
va egilish nugtalarini toping:

1) / (jd = x4-4X3+6jt, 2) /0¢) = (ar-5)5+4*-13;
3) f(x) =2x-y-J7; 4) Ax) =1+\1(x-3Y,
5) /(n) =n-In(l+x); 6) 4*) =In(l+xr);

8) f(x)=x3

6.3.10. Berilgan funksiyalar grafigining asimptotalarini toping:

3) /0) =*jx3-3x;

X

7) f(x) =3x- . 8) f(x) = -xarctgx.

6.3.11. Berilgan funksiyalarni tekshiring va grafigini chizing:

4) f(x) =41"7;



6-NAZORATISHI

1 Berilgan funksiyalar grafigining abssissasi x0bo‘lgan nugtasida

o‘tkazilgan urinmava normal tenglamasini tuzing.

2. Differensial yordamida berilgan funksiyalaming tagribiy
giymatini hisoblang.

1-variant
1 y=—2x x0=1 2. Yy=X243x+1 , X=3,02.
X
2-variant
[ Xt o 2. v=-jb+—x' -x +4 , x=1,l.
hoy=Xd e =-1- i+~
3-variant
i X' +] 1 2.y=Vx2, x=104
Yo S=7+ 72 e
4-variant
2. y:VXZ, x=1,04
5-variant
=, x0=-1. 2 == , Xx=4,15.
2X +4 Y VX
6-Vvariant

2. =V3x+cosx , x=0,01.

7-variant

8-variant

1 y=3x2-2x+5, x0=-1. 2. y=—



at+

y =X2+8Vx-16, xa=4.
»= H3-3%, X,=1
y =Vx2-20, x0=-8

1+Vvx
y==—7T, x,=9.
1-vx

y = 471/x-16, x0= 16.

. y=3x2-2x+6, x0=2.

X2-3x +6‘ «0=3

. »=— -2x, x0=3.
X

. >=x1+2n/x+1 x0=1

. Y=2NX-X, x0=2.

9-variant
2. j>=arcsinx , x =0,06.

10-variant
2.y =4x2+x+2 , x=097.

11-variant
2. y=\b2+2x+5 , x =0,98.

12-variant
2.j =x6, x=0,99.

13-variant
2w Hlpax X701

14-variant
2. y=5x3-2x +3, x=2,01.

15-variant
2 y=4x +N\x, x=159.

16-variant

2 y=3%— , Xx=0,15.
3+X

2. y«nld+x2 , x=02.

18-variant
2. y=VxJ+l , x=2,04.

19-variant
2.y =4x +2x2+1 , x=1,03.

2. y=Vx3+2x+4 , x=198.



1 Y=gy *°=1-

1. y=6X2 je3, XO=3.

1. y=Uxr-yfx, x0=1

1. y=3-2x2 x0=-1.

1- y=5 —> x0=1.

N=T+1'n "2

22-variant

2. y=4x2+5 , jc=198.
23-variant

2. y=x+1, jc= 101.
24-variant

2 =4 "m0k
25-variant

2. y=-2-7x+IQ , x=0,98.
26-variant

2. y=jci3-4n2+6jc+3 , jc=103.
27-variant

2. y=4l +x , jc=03.
28-variant

2. y =\Xx, jc=15,86.
29-variant

2. v=VI+c +sinjc , jc=0,02.

30-variant

2. x:thx—sin— , ic=101.
Vv 2



5-MUSTAQIL ISH

1-5. Hosilani toping.

6. Berilgan funksiyalaming mn-tartibli hosilalarini toping.

7. Oshkormas ko'rinishda berilgan funksiyalaming hosilasini toping.
8. Parametrik ko'rinishida berilgan y funksiyalaming x bo‘yicha
ikkinchi tartibli hosilasini toping.

9. limitni Lopital qoidasidan foydalanib berilgan toping.

10. Funksiyani to‘la tekshiring va grafigini chizing.

1-variant
1. y=KI5¢ -2x-\ +— — 2.y = cfg—mrccosic’ .
Yy (t-5y y QX )|
4. y =(cosjcy*"4.
6. y=3n.
2-variant
2. y=tgjx mrcctgZx5
= 4, y=(x3+1)“".
4xF - 3x+5 y=( )
s - (x-ry*+ul 6. y = simc +cos2X.

* Au+ 2y



4! +3x -5
X
3. y.
y (x+5Y
5 y= (X=-2y7(x-1Y
' (x+3)

7. e"-XxX2+xy2=0.

a ‘Bix
UIrn/ng

1. J=V(*+4)6
.fOSSX

3.y-
Jx2-5x-2"

5. y= V(x + 5)3(jc- 2)3
(*+ )4

2xJ -3x +7

7. _ysinx +cos(jc - y) = cos™y.

9. I)i&p(jclnjc).

le ¥Y=T———r——t— -J(X+5)5
4jc- 3jc +1

3 y= sIx2-3x-7

_ (x+iyj(x +3y
SYE L x-2y

7. jcsin2y—_ycos2jc = 10.

B . arcsin4x
. lim

2. y=igs2xarccos2:s

4. y =(arctgx)ix=.

6. y=Ig@Bx +I).

X=e2,
y=cost.
x-3Y
4 (1)

8.

10. y

4-variant
2. >=2% arctgs3x.

4. v=(arc/gx)*'1

_+r

1%
fx=ctgt,

8. 1
foosV

10.y

6. >

T X 4T+
5-variant

2. y =lg"2x mrcsinjts
4. y=xa2\

6. y=2".

X=Incos2f,
y=sin22t.
jc-1
x2-2x"



Ly = —— TH+HV2R2-3x +1
(-4)2

.Yy =
4x2+7n-5

. X+2Yj(x +1)5
(x-3)2

. ay+1ny-21nx =0.

Ly = m
«>4jc—sinjc

.y =—"N— —-M4-3x-x\
{x+4)

_ COSs X
Y= ox+ays
_ x+1)3
(x +3)3v2jc-1

. (ey-n)2=n2+4.

. lim(l - cas2x)ctg2x.

Y T lic-1)3 6x2+3x-7
.y = n/5x2- ae+1
_OxMNy(x+2)

V(3* +1)5

.eN=sin”.

. Ixi—'B(l +jo)”

6-variant

2. y = cfgx-arccos2jc\

4. y=*~5

6. y = sin2x +cos(x +1).

8. X=I +-
ly = In(/2+1).

10.y=
y 2+

7-variant
2. y=e mdgi X\

4. y =(sinx)X

6. y=3"\

[*=1-e3,

8-variant
2. y=e™ ctg"™xX\
4. y = (cosjo)jt.
6. y =xex
n=1l+/2),

[y=t- arctgt.

10 v= X3



_ 2
3.y=
(2x-5)7
5.,,_ V»—-V
X+2)\2x +1Y"

7. xmQy-x2+y-=4.

9. l);_%Vxan*.

1 y=43x2+4ic—5+

(x-4y
3. "
Y- (3x-2)2
r (x=2)sl(x +iy
V@ +2)2

7. (X+y)2-(jc-2y)5=0.
9. limf— L

Tnx

1. y=\3e-4*+ 5+

(*-3)5
3. >=3x+14-ef
5 (*-2)'y(*-1)y
(3x+1)5

7. v —jc2 =arctgy.

9-variant
2. y =00sbX *arccosAx.

4. y=(tg)*.
3+4x
6. y=
Y 2x +I
X =2(t-sint),
y = 2(1—eost).
2X
10. y=
Y 4x2-1
10-variant

2. = sin57x mrcctgs5x2
4. y =x32\

6. y =log2(3,c-1).
f*=tgt,
8. 1

10.y=
Y 3—x

11-variant
2. y =sin23x-arcctg3xs
4. y=x"3\
6. y =log3x +4).
®jc=sin34/,
I = doos34t.

1. y =2\



3. y=(Ec2+Ax - 2)2.eX
jj(x +5f(2x +iy
5.y=
(x-1Y
7. yinx-xIny =x+y.

X m X

Iy r

1. y=— — \]J@R2-X +iy.

(x+4)

ctg5.t

(3x-5)4
e o N3y
Y= ox-h\3x +V

7. e"-x2+y3=0.

In(cosax)
. lim
In(cos&x)
10
1. y=\J(x-4)2-
Y (x=4) (Bx -5x +I)
3y = (2x - 3)7
Sy-= (2jc+1)V(x +1)3
(*+3)4

7. y3-3j>-+sinxy=0.

. ex—I|
9. lim

12-variant
2. y =cosyfx arctgx4.
4. p=(x2+1)s™\
6. .y= cosjc +sin(x +1).

(x =tgt +ctgt,

N Fy=2inctg t
10 y= x+y
(t-1)-

13-variant

2. y=tgax-coslIxl

4. p=(sin2x)X1

6. y=az
lic=4-e2,
h i

1
10. y =
y X2—9

14-variant

2. y = ctg3HjcearcsinV*.
4. j/=(x+H)*X
6. y=jcV.

8. J*=w "
[i/= 2sin31

10. 3,=" N

(x-1)2



.y =43x* +2x-5
x-2y

r
(2x2-x +4Y

_ =IXH-N\J(x-3y

T (2x-1Y

. Yy =X-+Xsiny.
LG

=>4{X-by-
y { y 2xJ-3x +1

Y= (3x+5))
_ Bx+1Yyl(x+1Y
N\1(x+3y

. ely-e~%+—=1
. lim(cosx)' m
y=— -

C+2)

nsindr

-4b-5x +2x1

'y:(zx-5)6

(2x=N\yj(x +iy
Vs (2x +3Y

. ey+3x2'r=4x.

. lim(l +sinx)r.

2.y =2"5 sarctgSx1
4. M(sinx)'4d

6. jy=Ig(x +3).

X =2-cos/,
y =t—sinl.
8(x-1)

10.y =
y (x+1y

16-variant
2. y=4-Mn5(* +2).

4.y = @jc2- 1)

X =/+Incost,

8. .
y =t—nsinr.
2x-1
(x-1)2
17-variant

2. y =3lgearcsin7x‘.

4. y=(e'T\

6.y=47".

8 X = 3 +cost,
"y =t+sinf.



1. y=VvV(*-)5+

2jc -4oa+7
Bbx1—5x +10
3.y=
5 y= N(X+5)3(x +2)s
Vu+i)4d '
7

. In(jc2 +y2) +arctg—=0.
Yy

1. y=ij{x-4
y=iix )5+(2x2+4*—l)1'

V7*3-5x+2
y =

5 >=_ JAU-1)y
(X +3)5Ni(x+1)s

7. R2-2xy+y}=1

9. imOV").

1. 1= NAR—3xy+b— .
(x-iy

3. v=
3R -x +4
e y_V(x+5)’ (2*-D4

7. Ix+-ly=3+~71J-

o a'-b’
9. lim
XAN\-X" '

2. y=5" mrccos2*3
4.>=(*J-D)*4

6. 7 =sin(jc - 1) +cos(x +1).

Nr_= /cos/,
/Sin/.
X3
2(ic+1)2
19-variant

2. 7 =sin43jc-ar-d@Rjc\

4, N
_2x +
3 +4x
X=2/-sin2/,
7 =sin3/.
10, v= 3712
' X +2
20-variant

2- 7 =/93c arcsinVjc

4. 7=(e3)"*

6. 7=eJ’s.

8 jc= arcsin(/2- 1),
" 7 =arccos 2/.

4x
10. y=
y x+ly



7xX2-5x-8

3.y=
y VX2+5x-1
V(2x-3Y

y= :\.](x—l)2(3x +i)2

7./ -3x3y+9=0.

[{e]

. lim{n-x)tg-.
z

y=\I17"s-:
1-3x-4x2

3. y= (3x2-4x +2)
N (2x +1)3Y(x+1)3
- (2x +3)4

7. ysinxy =cos”.

L y=0(x-ly - 7x2-3x +2
3. y:T]x +5

(3-X)EN(X—3)
" (2,-1)

7./ -4x2y+9=0.

VAN

9. limf
*~4 Inx Inx

21-variant
2. y =sins3x arctgVx.

4. y=jacs\

6. y="\fe™.

x=r +],
y=e".
5x2

10. j/«
X2-25

8.

22-variant

2. j' = cosd3x-arcsin3x2
4. y = (arcsinjc)*.
6. y=xe,\

]‘ _ t

X = CO0S—,

8. « 2
lv="f-sinf.

10. y = X -3x+3
x-=1

23-variant
2. y=sin32xcos8xa

4. y ={tgxf.
6. y=423
8. \e=t2

[*=1-cos/.

10, p=X2*!



6x +3jc-7

3. v=-
(3pr-2)2

_(x +3)tj(Bx-iy
Wx-3Y

7. €' =—1.

9. limO +sinx)"*1

1. y=JI +5x-2x2+— —

(*-3)4
. N3 +2X- X2
jo y=-=-S2-22 .
e*
S8 V27TT"-3)s
(x+1)5

7. cos(jc-jl)-y+ 4y =0.

n3*2-4%-7 -
5 }._ (BxAyNJ(x+Hy
V(2x+3)4

2. y =cosb3x tg(4x+If.
4. y =(sin*)"6.
6. y—lg(l +6x)

X=t" +t2+t,

8 .1
R

10, y= X3+16

25-variant
2. y =fg4 earcsin 4x2
4.y =XSbe.
6.,y =sin2(x - 1) +cosx.

8. Jx =f +2—sin2f,
Yy = cos2/.

10. y=x Hn-+1

26-variant

2. y =arcsin32jtectg IxX\
4. y = (cosjc)*4’

6. y =/ra.



1. = e _~45x2-4jc + 3.
y 7 !

o

~

©

je- arctgx
0 T

43 +2x - x2
V=

v (2jc + 1)5
V(jc+ 1)2(3jc-2) 5"

COSXy = —.

V=V4j2-3 je b --
(jc-3)5

i+ 4)1"
_ X +H-\I(X +iy
(2x-3Yy

ic2+y3-10x +y =0.

limAL X

‘jc+e

je= cos3l/,

y=sin3/.
x3-1
4jc2 '

27-Vvariant

2. y =c/g3*-arccos3jc2

4,
6. y=jcV.
. _ sin?
je=-
8. 1+4sin/
oos/
1+cos/
Jc2+ 16
4jc
28-variant

2.y =arccos2: i Wn(ic - 3).

4. y=x=.

6. >= In(5jc —D).

1-/

je= -
e
8. 14
ymT "
10. y=
m i-



29-variant

1. y=45x2-4x +1— 2. y =X x-arctg7xl.
Yy (x-5Y Yy g
3.y= 4. y=(x2-2)“"
(x-Sf
XSN\J(2x—i \
5. vy: N y 6. y=\[7Z"
tex-V
7. (Xy)r=3x-y\ 8. \Xx=sin{"’
[,y = COSf.
/ |
9. limf tgx————- - T_
g 1_§iinxJ 100 y= 1+
30-variant
4
1. =43-7X-X2+ 2. y=arctgIix s "'
Y (x-7Y Y g
Nfeol-3x+1
3.y= 4. =
S y= (x+iy\](3x-iy 6. Ax3*
Mx +2
. X*—t2+t +1,
7. 4x +-jy =bxy. .
y=1 +t
9. lim(2-2x)®". 10. p="t*t

X-1

NAMUNA VIY VARIANT YECHIMI

1.30. y=B-7x-x2+ 4
(x=-7)5

® Yy =(n/3-7x-X2) + =MB-7xX-X"j +(4(x-7)'5)

=](B-7x-%X2) 18- 7x- X' +4(-5)(X - )X -7)' =



(-7-ap— ~ri= 20

— 7+2*
5A3 - 7*- jc2) (*-7)6 5\}S-ix-x2¥ (- 7)6'

2.30. y=arctg3x-3

,0> / =(arctglAxe«3s")’ = (arctg4x)' ms" +arctg-Ax m3’"")' =

= 3arctg24x(arctg4x)’ ms’v+arctgix ™ In3 msin X)' =

=3arctg24x———-—" «(4x)' 83" +arctg’Ax 8 In3 «cosn=
1+16*

=zarctg24x———e<3s +arctg34xX m« M n3 *COSX =
1+16x

=3"" arctg4x ( , ¥In3 mrctgx mosxj. q

Il +16x!
330, y= V2x2-3x+\
S 2x2-3x +iy \e8- (2x2-3x +L, e
B 41x2-3x+\ ( y ( W
V €5 9

1
(2x2-3x+1) 3(2x2- 3x+1V - (2x2-3x+1)ell -

M3 LT e

e -

ANRe-2x +\2 3
2
j3
4X —3—2Xx2+3x—1 -2*2+7x-4
3EeNI22-3x +1)2  3eINj@2-3x +1)2



4.30. y=xXr*e
® Logarifrn formulasidan foydalanamiz:

m)' =ny'Inn +—
\% uJ

Shartga ko‘ra n~x' V=3sin*. Bundan u'=i, v'=3cosat. Uholda

Y, (Y*")'* Xg¥"ficosxIn* + ,, MSCOSXItIX +1*™

5.30. e

® Logari/mik diffefensiallash usulini go‘llaymiz.
FunksiyanJ sogarifmlaymiz:
Iny *»3M* +1)+-In(3x-1) - - Inf* +2).

Bu tenglik®i x bo'y i”a differensiallaymiz:

i./= _L_+I- 3 1 1
y X+ 5 3x- 3 x+2’

/n i topam*z:
————— 1
U+l 5@B*I1) 3x+2)J°
ya’ni
x+]Dp3y(Bx-Hh6 I 3 ~ Jg
/- i+ 2 U +l +53*-1) 3(jc+2)>
6.30. y=xr.
<> (m—v)w=%¢ * formuladan foydaianamiz.

Shartgak0O<ta u** v=3
Bundan
x'=1, ~ =0,..*w=« (37 =3'1n3, (3*Y=3'In13 , (3w =3rIn"
U holda

(X3'T=ge>“43'T'=0 O@E)I>cyp T I+ .+cv W '

N
oln
Demak, (xI0'M =3"In" 3(*In3 +1), o

3.



7.30. -Jx +~Jy=b5xy.
<§* Tenglikning har ikkala tomonini differensiallaymiz:

Ix +Jy =bxy, " +7°Qly'=Sy+5xy', y' - SX 45y~ 2")’
Bundan
y_nb/ (I<wx- 1)
“Vx(I-10jo )
8.30. } /r * +l
> -
Y + 3r2+1
® ~ X (tl+t+1= 272+T
U holda
f3n -
CWo- = 2f+100 (/1) (2F +1) - (26 +1) (3/r+l)
* 2/+i (2/+1)3
A0t(2t+1) ~2(3r +1)_ 6t° +6t~2
T iy Qt+\y

9.30.1im (2-2x)**.
r
lio\ /E**h{2~2.r)

lim(2 - 2xY* =(r) =

Bunda
\iintgmln(Z- 2X) =(00+0) = —— =f-\

Oxirgi limitga Lopital qoidasini qo’llaymiz:

~/1  ctgnx «f  (ctgnx)' «£ X

Demak,
lim2- 2x)*“ ~e’. O



<> I° Funksiyaning aniglanish sohasi: D (f) =(-oo;l)u (l;00);
2°. x=0da y =-\ bo'ladi. Funksiya Oy o‘gini (0;-l)nugtada kesadi.
y*0 bo'lgani uchun funksiya Qxo'qini kesmaydi.
3°. Funksiya (I;+oo)intervalda musbat ishorali va (—eol)intervalda
manfiy ishorali.
4°, Funksiya uchun f(-x) =f(x)va /(-*) =-/(j:)tengliklar bajarilmaydi.

Demak, u umumiy ko‘rinishdagl funk3|ya.

5. im0 va 1imX2!=co,

ioM> X —1 *.1-0 )c—1

Demak, x=1to‘g‘ri chizig vertikal asimptota bo'ladi.

k=lim-*-+1 =1, 6=limf~-ll-IxI=Hm — =1
«toX(X - ) X -1 J x-1

Demak, y =x+1to‘g‘ri chiziq jc->+oodahamijc-»-00 da ham gorizontal
asimptota bo‘ladi.

6°. Funksiyaning o‘sish va kamayish oraliglarini topamiz.

f'(x) =2X(X~ V -f -' =x2-2x -1 f {x =Qd 1 /2, X, =1+V2.
(x-1)2 Ge-D2 3w ' :

Hosila x =1 nugtada mavjud emas va x[=1- 41, xr=1+4i x=0
nuqtalarda nolgateng. Bu nugtalar berilgan funksiyaning aniglanish
sohasini to‘rtta (-00;l-n/2), (1-n/2;1), 1 +ns2), (L+v2:+00) intervallarga
ajratadi. Funksiya (-00;l-v2), (1+ v2:+00) intervallarda o‘sadi va (1-V2]),
(1- n/2;1), (1;1+ns2) intervallarda kamayadi.

T. Funksiyani ekstremumga tekshiramiz. Hosilaning har bir kritik
nugtadan chapdan o‘ngga o‘tgandagi ishoralarini chizmada belgilaymiz:

1- n/2 1 1+ n/2

Demak, x=1-41 maksimum nugta, x=\+4| minimum nugta.
y_=/7(1-42)=2-242, y*=f @+n/2)=2+2n/2.



8. Funksiyani gavariglikka va botiglikka tekshiramiz va egilish
nugtalarini topamiz.

fix) =& ~2){x~1)z(-xz_<fsz1 D2 ~2x~1K =(—n_jﬁs, £1(x)*0

3-shakl.

Ikkinchi tartibli hosila *3=1nugtada mavjud emas. y" hosilaning
ishorasi bu nugtadan chapda manfiy va 0‘ngda musbat.

Demak, fimksiyaning grafigi (-°°;1) intervalda gavariq, (I+00)
intervalda botiq bo'ladi. Funksiya grafigining egilish nugtasi yo‘q.

I" - 8 bandlardagi tekshirishlar asosida funksiya grafigini
chizamiz (3-shakl). o



Y11 bob
BIR 0 ‘ZGARUVCHI FUNKSIYALARINING
INTEGRAL HISOBI

7.1. BOSHLANG4CH FUNKSIYA
VA ANIQMAS INTEGRAL

Boshlang‘ich funksiya. Anigmas integral.
Anigmas integralning xossalari. Integrallar jadvali

7.1.1. y =/(*) funksiya (a\v) intervalda aniglangan bo‘lsin.

& Agar Mce @\b) da F'(x) =f(x) (yoki dF(x)=f(x)dx) bo'lsa, F(x)
funksiyaga (ab) intervalda /(i funksiyaning boshlang‘ich funksiyasi
deyiladi.

Agar F(x) funksiya /(i) funksiya uchun (a\b) intervalda
boshlang‘ich funksiya bo‘lsa, u holda /(iey  funksiyaning barcha
boshlang‘ich funksiyalari to‘plami F(x)+C kabi topiladi, bu yerda
C-ixtiyoriy o‘zgarmas son.

intervalda boshlang‘ich funksiyaga ega bo‘ladi.

712. 8 /s(i9 funksiyaning (a\b) intervaldagi  boshlang‘ich
funksiyalari to‘plami F(jc)+Cga f{x) funksiyaning anigmas integrali
deyiladi va J/(jc)atckabi belgilanadi.

<S) Boshlang‘ich funksiyaning grafigi integral egri chizig deyiladi.
Anigmas integral geometrikjihatdan ixtiyoriy C o‘zgarmasga bog'liq
bo‘lgan barcha integral egri chiziglar to‘plamini ifodalaydi.

7.1.3.Anigmas integral quyidagi xossalarga ega.
. Anigmas integralning hosilasi (differensiali) integral ostidagi
funksiyaga (ifodaga) teng:
O\F)dx)' =Ff(x) (d\f(x)dx =f{x)dx).
2°. Funksiya differensialining anigmas integrali shu funksiya bilan
0'zgarmas sonning yig‘indisiga teng:
\dF{x) =F(x) +C .



3. 0 ‘zgarmas ko'paytuvchini anigmas integral belgisidan tashgariga
chigarish mumkin:
\kf(x)dx =k\f(x)dx, kK=const,kK* 0.

4°, Chekli sondagi funksiyalar algebraik yig‘indisining anigmas integrali
shu funksiyalar anigmas integrallarining algebraik yig‘indisiga teng:

j (fix) £g(x))dx =Jf(x)dx £Jg(x)dx.

5" Agar jf(x)dx =F(x) +C bo'lsa, u holdajc ning istalgan
differensiallanuvchi funksiyasi u=u(x) uchun \f(u)du = F(u) +C bo‘ladi.

Xususan, \f(ax +b)dx=-F(ax+b) +C,a,b-0‘zgzrm?L5sonlar.

7.1.4. Integrallarjadvali

1. luadu=- 2. J— =1nu]=C;
a+1 K g
3. ]a‘duzl— +C, (0<a* 1) 4. \e'du=€" +C;
na
5. \smudu =-cosm+C; 6. Josw<iM=sinn+C;
7. jtgudu =-In Jcosu]=C; 8. jctgudu = In] sinu \=C,
b, j—dy— =/M +C; 1°- \~r-r~=~ctgu +C;
cos U” sin n
du n an
n. =Ing. +C; 12. J-——=Inte-+_ j+C;
sinu 9- ocosm FVZ ‘éfy
f5. --g-l-l---——arcsmm—+c 14. I - —an +n/’\T’\| +C.
Vaz2-M*“ a J,,1+ 1
15, j_fife =4 arc<g +C; 16. J-MvI =-UnY"? +c
a +m a m—a' 2a u+a
17. \shudu =chu +C; 18. Jchudu =shu +C;
19, J-A - =/An+C; 20. 1 —cthu+c.
Jein n sh2u



1-misol. Integrallami anigmas
jadvalini go‘llab toping:
1)J(2-3* - 4skx +6cosx +9)dx;

3)J(3jc-7fdxi

5)J— —r.
1+ X

dx
VIN3-VX-T’

integralning xossalarini va integrallai

3X2-2x +

2l ]
MAES N7 a

,1 rCOs2x

6) Bf TF "
dat

8)f\z+a+x

® 1) Anigmas integralning 27, 3°, 4° xossalarini va integrallar
jadvalining 3, 6, 17 formulalarini go‘llab, topamiz:

J(2 -3*-Ashx +6cosx +9)dx = |2 m*dx - f4shxdx +j6cosxdr+ Joc&=

=2j3'dr - 4jshxdx + 6] cosxdx +9jdx =

3”

2-3'

=2 4cfoc +6sinx +9x +C ===-2--- 4chx +6sin x +9x +C.

I3

In3

2) Integral ostidagi kasming suratini maxrajiga hadma-had bo'lamiz:

ba-2x 250X
XX

Bundan

j3X— 2X +s4xN

=32 X

=3jch- ox 2
X
J"N3xa- 2x 1+—j-tEc= j3xJabc- j2x 2dx+f-cbc~

+5Inx +C =2xSx -4 4x +51nx+C.

3) Anigmas integralning 5° xossasini qgoMlaymiz:

EO* 7r*ﬂ3& %A) C-B*"+C.



4)-7) misollarda awal integral ostidagi ifod/va integraUar jadvalini
bajaramiz va keyin anigmas integralning xossalari

go‘llaymiz:
f'lJI +X2-n /TTS dx dx
' 4T-: WA+x'
=arcsiru - Inljic+ ™l +x2\+C;
I+X I+X I+X
=-fdx+ (x20X +f——m=-Xx +— +arcI*X
JI+Xj 3
)l_COSZE" jaEo-suron 1 1 =
'sin22x J 4E3¥2xsin xm 4\sin ¥ &%
+C;
=i 7 \ANT~=" +*&)+C = in 2
J4 sin je 74 co-ls-x (Efgx & +C=J Zsinge
M4 f f-Ix~ 3 +r~7
OJ'Vjc-3 -A/x-7  Vx-3+Vx-7 VX-3-Vx-
! # 1 i-7)1+C.

=AJ(N/A3 +V AT)A =1V (X-3)3+ -V V.

. o L _ Jratamiz va anigmas
8) Misolda ildiz osdidagi ifodadan toia kvadrat /

integralning 14 formulasini go‘llaymiz: &

wexeN - Py =0=1— 4Vl
ViU #4520 (A2) 12

vl e
:fm:jc4_l_7 w=[2- =In 1

2

=Inx+ 2—+n/3+x +x2+C



7.1.1. Berilgan integrallami anigmas integralning xossalari va integrallal
jadvalini go‘llab toping:

jc+3
JX-Xxe -Xx 3
3)J dx; 4 [+ VI-:
5)f2 3 53 - 6) szin;\+COST dx;
~Nocos 4 '
9)jctyxdx; 10) ) cos j:ccos 2%
1D ) 12)J43 +j>)<(-2 x2'

7.2. INTEGRALLASHNING ASOSIY USULLARI

Differensial ostiga kiritish usuli. 0 ‘rniga qo‘yish
(o‘zgaruvchini almashtirish) usuli. BoMaklab integrallash usuli
& 7.2.1. Anigmas integralda x o‘zgaruvchidan boshga u=u(x)
0‘zgaruvchiga o'tish orgali \f(x)dx integralni jadval integraliga keltirib
integrallash usuliga differensial ostiga kiritish usuli deyiladi.
Bu usulda f'(u)du=d(f(uj) formulaga asoslangan quyidagi
almashtirishlar keng go‘llaniladi:
du=d(u+a), du:a—d(au+b), uduzz—d(u2), cosudu =d(sinu),
sinudu =-rf(cosM), —du=d(\nu), —"~—du- d(tgu),
(cosM), —du=d(\nu), —~-—du- d(tgu)

— du=t/(arcsinu), —2- du=d(arctgu), a,b-0 ‘zgarmas sonlar.
VI-u?2 1+«



3)p2£ 2N, 4) g ts* V

1+jc SiNX-coSX

n nf d* If rf(3x) 11 7 1 33X,
® O)N16/~r=3"™ K N '5A~N'54 regd+c'it " \*T +c-

2) fe' xifk=—I1V rf(x2) =—Ie'Mv=—e“+C =-je'"" +C.
21 2 2 2

3) farCt™ Xdx = farctgixd(arctgx) = fu’du =—+C =—arc/g4* +C.
I 1+j- J 4 4

gy feosiLEsinX p_ r(sinx-cosAf) _ (AU _ | e =th Jsmx- cosx +C. ©

7.2.2, O Anigmas integralda integral ostidagi funksiyaning bir
gismini « =u(x) o‘zgaruvchi bilan almashtirish orgali J/ (x)dx integralni
integrallash qulay bo‘lgan \f(u)du integralga keltirib integrallash usuliga
0 'miga qo Yish (yoki o zgaruvchini almashtirish) usuli deyiladi. Bu usul

\f{x)dx =\f(_<p(t))<P\)ck (2.1)
formulaga asoslanadi.
Ayrim hollarda t=<p}Y) 0‘miga qo'yish tanlashga to‘g‘ri keladi. U holda
(2.1) formula o‘ngdan chapga go‘llaniladi, ya'ni Jf(<p(x))<p\x)dx =Jf(t)dt.

2-misol. Integrallami o‘miga go‘yish usuli bilan toping:

NIW x-3dx; 2) J VT+c0s2x Sin 2xdx;
3) 1{1‘ LTS #)JRLAX2
.clnx X

® 1) Vx-3 =r o‘migago‘yishnibajaramiz. Uholda x=t2+3, dx-2tdi.
Shu sababli
TWx-3<fc =f(/J +3)*-2/<ft =2j(/4+3/I){/ =

=2\t,dt +6\tldt=2-¢t +6-j +C=]/(x-3)5+2V(x-3)3+C.



2) 1+cos2x=/2 deymiz. U holda sin2x=-2tdt, t=VI +cos2x. Bundan
Vel 0
j VI +cos2jc sin 2xdx = Jt{-2t)dt =-2 —+C =- - V(T +c0SZc)3 +C.
%X:%# /:\}I +Injc.U holda

[-1
/+1

3) I+Injc=f2bo‘lsin. Bundan \'x=t2-1,
V1 +Inj +C=
jclnjc

VI+Injc-1 +

=2VI+Inx +1In i
VI +Injc+l

4)jc=2sin/, dx=2costdt, V4 —jc =2cos/deymiz. Bunda/=arcsin—

U holda
_\_/_‘I'_Ji o= [0 g = H-sin2/ - rjt_ U=—ctgt—t+C=
J -sin2/ J sin2/ ésin2/ ]
I-sin:
=-c/g"arcsin—J - arcsin2—+C=- s | -arcsin—+C =
siiii arcsin 2
I 2
iAx2 arcsi'n%c T

Ba’zan bajarilgan 0°‘rniga qo'yishdan so‘ng shunday integral hosil
bo‘ladiki, bu integralni boshga 0‘miga go‘yish orgali soddalashtirish yoki
jadval integraliga keltirish lozim bo‘ladi.

3- misol. f----------- - integralni topin%.
J(8x2+ ])V4TTT n

® X=- o'‘rniga qo‘yishni bajaramiz. U holda dx=~—— va

dx at . tdt
T@* 24 nyvakbE- I it +i) 1A +i ] (8+/)VA+/
" )b>

Keyingi integralda 4+ /=22 0*'miga gqo‘yishdan foydalanamiz.
Bundan tdt=zdz, 8+/2=z2+4. U holda

f tdt rzoz r oz 1 z
=" =TT -2 rc



r =M4+t2={f1+i:_2=ﬂ 1T

Demak,
n 1 V4x2+1
--------- = = =—arctgt = 4T O
;(8*J+I)V4x!+l MG
7.2.3. O Anigmas integralda integral ostidagi ifodani udv ko‘payt

shaklida ifodalash va
judv=uv- jvdu (2.2)
formulani go‘llash orgali \f(x)dx integralni integrallash qulay bo'lgan fvdu

integralga keltirib topish usuliga bo "laklab integrallash usuli deyiladi.
® Bo'laklab integrallash usuli bilan topiladigan integrallarni asosan
uch guruhga ajratish mumkin:

"P(x)arctgxdx, jP(x)arcctgxdx, jP(x)\nxdx, J.P(tjarcsinjcEEic,
\P(x)atccosxdx (bu yerda P(x)-ko‘phad) ko‘rinishdagi 1-guruh integrallari.
Bunda dv=P(x)dx deb olish va golgan ko‘paytuvchilami n orgali belgilash
qulay;

jP(x)ebdx,  jP(x)sinkxdx, jP(x)coskxdx ko‘rinishdagi  2-guruh
integrallari. Ulami topishda u=P(x) va golgan ko‘paytuvchilami dv deb
olish magsadga muvofig;

febsmkxdx, jebcoskxdx ko'rinishdagi 3-guruh integrallari

(2.2) formulani takroran qo‘llash orgali topiladi.

4 -misol. Integrallarni bo*laklab integrallash usuli bilan toping:

1) jarctgxdx; 2) Jin2xdx;
3)jVsin2jodx 4) Je" cos/3xdx.
1) jarctgxdx integral 1- guruhga kiradi.
U holda
arctgx =u, du= o
=t | ' =xarmxx- \— Tx=
dx =dv, v =jc

= LA I 1
=xarctgx—] 1_|_)ft—2iax xarctgx 2In"l+xzi+C.



2) 1- guruh |In'xdx integraliga (2.2) formulani ketme-ket ikki mart
go’llaymiz:
jinixdx= MX¥=U du=2IW—, o0 oinxdx =
dx=dv, v=Xx
InX=U, du=—=, —y|n2x - 2drgr +2jalx =xIn2x - 2xInx +2x+C,

dx=dv, v—x

3) Jx2sin2xdx integral 1-guruhga kiradi.

U holda
X2=u, du=2xdx.
i = =— X200S2X + fxcos2xi& =
Jx2sin2xdx sinoxdk =dv, v= _cost > ]
X =u, du=dx,

sin2x =——=x1c082x +—xSin 2x - —fsin2xdx =
cos2xdx » dv, V== 2 2 2]

=—2 x1€0S2X +2—x sin2x +Z<-3052x +C.

4) \ewwcosfixdx integral uchinchi guruh integrali bo’lgani sababli
(2.2) formulani takroran go*llaymiz:

* =u, du=ae“dx,

— ot e fi .
I =fe™ cosfixdx - chuan=av, y=Sin/i*.

e" =1, du=ae"dx
~  sinfix-—\&* sinfixdx = MRk =ay v=--Cosfix

o fisinfix + fi 1
=—e“%sin fix- — _ed cosfix +—fe* cos /& |=¢' Isinfix +acosfix  al}
‘ fi{ fi fi J
Bundan o _
fismfix +acosfix +C. O

al+Pr

/=<’



0‘z ichiga olmaydi. Masalan, J .,
sin X

integral yuqorida keltirilgan integral

guruhlariga kirmaydi, lekin uni bo‘laklab integrallash usuli bilan topish

mumKin:
X =u, du =dx
Xdx d
sin X ) X -=dv, v=-ctgx
sin X

=-xctgx +1ctgxdx =-xctgx + In sinjc |+C.

Mustahkamlash uchun mashgqglar

7.2.1. Berilgan integrallami differensial ostiga kiritish usuli bilan toping:

Cos X

J I +4x’

5)Je*“ *cosxdx\

sin X
g'dx
9)111/4- g2

2) jeos2xsin;tdfr;

)1l o» *
X+5

J
6) je"'xAx;
A\ Ndx;

VX

i0) b dx
i) sin24x\]ctg24x

7.2.2. Berilgan integrallami o‘miga qo‘yish usuli bilan toping:

3)jV 16 - x2b\

5) DX +301;

(arcsinx)’ /- x!
dx
9)\]%_4X_Xll

2)1x6+2

VX' +4’
coslxdx
1+ sinxcosx’

'X2+5
da* .
N/3Xr —2x-1*



-FE N
13)f-£%;

ax

14) (in2x

Indx x'

7.2.3. Integrallarni boiaklab integrallash usuli bilan toping:

1) j xarctgxdx;
3) xInxdr;
5) jx 3xdx;

7) Jin2xdx;

9)Jsin(Inx)<&;

11) jx-JIx +ldx;
7.2.4. Integrallarni toping:
1) IX 3V +x2*,

3)jV cos2(e')*£c;

"Ji+tex

M et D@ic- 3

xdx
9)f COS X

AN +Xx

13) jsindN<&;

8) J-xsinxdx

2)jaicsinxdx;

4) Jx2'dx;
6)Jxsin2xdx;

CoS' X

xarctgdx

10)J
) VT+X

12) Je4'sin4jcon.

2)J sinzjcsin S,
41 f;
Inxofr
6)J x(1- I2x)’
dx
8)J X4X2+4

dx
Xn/2x~95
elxdx
12~ '
14)Ix/gV<fr,
16) firCOSJIN
sin X

10)J



7.3. RATSIONAL FUNKSIYALARNI
INTEGRALLASH

Ratsional kasrlarni sodda kasrlarga yoyish
Sodda kasrlarni integrallash.
Ratsional kasr funksiyalarni integrallash

7.3.1.1kkita QOnfx) va P(x)ko‘pHadriingnisbati
R(X) = Q™ — hZX ” +b-?_(""‘| +...+b;(|,x+br_n

P.(x) ak +alxa-+..+a’x+a,

ratsional kasr funksiya (yoki ratsional kasr) deb ataladi. Bunda ratsional
kasr m<n bo‘lganda to‘g rikasr, m>n bo'lganda noto'g'ri kasr deyiladi.

&> Har bir noto‘g‘ri kasr ko‘phad bilan to‘g‘ri kasming yig'indisiga
teng. Bu ko‘phad kasming butun gismi deyiladi va u kasming suratini
maxrajiga odatdagidek bo‘lish orqali topiladi. Bu jarayonga kasming butun
gismini ajratish deyiladi.

Quyidagi to‘g‘ri kasrlarga sodda (elementar) kasrlar deyiladi:

an | - (_XU (k*2, keZ);
Mx +N i L , Mx +N D i
. —X N  (p ' —&g<0); v, —XTIN — (5>2,seZ,p’ -4g<0),
 roxrg P ) X rpirq ($725eZ,p7-4G<0)

buyerda A,M,N,a,p,q- haqiqiy sonlar.

<> Har ganday P to'g‘ri kasmi sodda kasrlar yig‘indisiga

yagona tarzda yoyish mumkin:

Qx) A A A,
M) x-a (x-a)l (x-a) (3.1)
M,x +N. Mx+N, + + Mx+N
X2+px+q  (X2+px+0)2 " (x2+px+q)’’
bu yerda AlAL...AKkMI,Nt,M2,N1,...,MLNi - noma’lum koeffitsiyentlar.
Oxirgi tenglikning  noma’'lum koeffitsiyentlarini topishning turli
usullari mavjud. Ular quyidagi tasdiqlarga asoslanadi.
1°. Ukkita ratsional funksiya bir-biriga teng bo‘ladi, agar ular bir xil
surat va maxrajga ega bo‘lsa.



2°. Ukkita ko‘phad bir-biriga teng bo‘ladi, agar ular bir xil darajaga ega
bo‘lsava ularda noma’lumning bir xil darajalari oldidagi koeffitsiyentlar
teng bo'Isa.

3" lkkita n-darajali ko‘phad bir-biriga teng bo‘ladi, agar ular
noma’lumning n+Ita turli nuqtalarida bir xil giymatlar gabul qgilsa.

&> Noma lum koeffitsiyentlar usulida:

1 (3.1) yoyilmaning o‘ng tomoni P(jcjumumiy maxrajga keltiriladi;
natiiada =Six- ayniyat hosil bo'ladi, bu yerda

P"(X) P"(X)
S (x)- koeffitsiyentlari no‘malum bo'’lgan ko'phad.

2. I - tasdigga asosan suratlar tenglashtiriladi: Qngx) =Sn{x).

3. 2°- tasdiggaasosan  (x)« Sr,(x)tenglikda xning bir xil darajalari
oldidagi koeffitsiyentlar tenglashtiriladi; natijada tenglamalari noma’lumlar
soniga teng bo'lgan sistema hosil bo‘ladi va bu sistemadan izlanayotgan
koeffitsiyentlar topiladi.

& Ixtiyoriy giymatlar usulida. 3° - tasdigga asosan Qufx) =Sn{x) ning

har ikkala tomonida xga turli m+1 ta giymatlar beriladi va izlanayotgan
koeffitsiyentlar topiladi.

Noma’lum koeffitsiyentlami topishda yuqorida keltirilgan ikkita usul
birgalikda go‘llanishi mumkin.

7.3.2. S) Sodda kasrlaming integrallari quyidagi formulalar bilan
topiladi:

I cjddx =AlInX- a WC;
1x-a

il Adx _ . A )
'Fx-ayk (L-£)(*-o*

in. “)'(‘tl'\‘l"<&:M|n|X2+pX+q |+2N._—M|p-arctg 2x+p +C;
Xl +px+q 2 J*q-P W -p 1

Y .f Mx+N—dx= A +(n-~"EI-/,
b B N PTG gy T E

Bunda /, integralni hisoblash indeksi bittaga kichik bo'lgan
/ integralni hisoblashga,  integralni hisoblash esa o'z navbatida



integralni hisoblashga Kkeltiriladi va bu jarayon quyidagi integralni
topishgacha davom ettiriladi:

_t
5t A —-]arctg +€.

1- misol. Integrallami toping.

5dx ldx
Doy +3 2)f(x+5y

- - - - 4) f 2% +-— dx
3 Jx +2x1+3dx )}x2 4x +5

® Awval integral ostidagi ifodalami sodda kasrlarga keltiramiz va
keyin ulami yuqorida berilgan formulalar orgali integrallaymiz.
5dx _ 5 f dx 5 3

I—l— ------ =-]-—-=-In*+- +
X +3 zls : C

ldx ~ 7 _
2)/(ic+5)4~(l-4)(* +5)4'+C_ 3(x+5)5+C

4, L+l a1 (XA 2, {02 +4* +8) . d(x+2)

jo +4m:+8 2' X +4x+8 2j jc2+4jc+8 (x+2)2+22

=—InIx2+4x +4]- —arct6gx+ -+C.
2 2 2

M1 X +4 _lp 2x+2+6
) (x2+2X +5)3  2"(Xx2+2x +5f
=ltd(x +2x+9) n dx
2 (X +2x+5) J(x2+2x +5)3
d(x+1 .
rr+3J Gy 7+3/j,

2(1- 3)(x2+2x +5) (x+h2+4)2  4{x2+2x +5)

buyerda /=x+1, a=2.
U holda
1 I t 2-3-3 1
2alL3-) (< +alw BT 4a 4f2+a2
3 2-2-3
v(2—-)(/2+a221 2-1



4a M(r+ay  FA\ETwaT +garcts-

yoki
X+ +i‘ Xl . l%arctgz(--tl-

/ .-- :
16 LIx2+2x +5)2 8 U 2+2x +5

Demak,
f- x+4 miix=~ +3/, =
V. +2x +5)3 4(X2+2X +5)2
+
b X+ 3, x+I '+1—36arctgxxl =

4(x2+2x+5)2 16LLx2+2x +5)2 8 x2+2x+5

+ +
x+l +iarctg-x----! +C. O

3x-1
16

-l LLx2+2x +5)2 8 x2+2x+5
R(x)=—"Y ratsional kasr funksiyani integrallash  quyidagi

tartibda amalga oshiriladi:
1) berilgan kasming to‘g‘ri yoki noto‘g‘ri kasr ekanini tekshirish; agar
kasr noto‘g‘ri bo‘lsa, kasrdan butun gismini ajratish;

2) to'g‘ri kasming maxrajini ko'paytuvchilarga ajratish;
3) to‘g‘ri kasmi sodda kasrlar yig‘indisiga yoyish va yoyilmaning

koeffitsiyentlami topish;
4) hosil bo‘lgan ko'phad va sodda kasrlar yig‘indisini integrallash.

X2:3x 44 TX38X2+ 0 X Nyx fntegraln topMh.

9-mioll JXE:3X4+7x38x2+ 6|
X3- 3X2+4x- 2
- +7x3- +6x - e L .
> X0 3XAFTX3-BX2HBX-1 54 ¢ri Kasrdan butun gismini ajratamiz;
x3- 3x! +4x- 2
X5- 3x4+7x3- 8x2+6x-1 -3xX +4x- 2
~XS- 3x4+4x3- 2x2 X2+3
3x3-6x2+ 6x —

3x3-9x2+12x-6
3x2- 6X +5.

Bundan
X3- 3x2+4x - 2

X3- 3X2+4x- 2



ml0'g‘ri kasming maxrajini ko‘paytuvchilarga ajratamiz:
X3- 3x2+4x- 2 ={x- 1)(x2- 2X +2).
To'g'ri kasmi sodda kasrlarga yoyamiz:
3x -6x +5 A Bx+C
X3-3X24+4x-2 Xx— x2-2x+2
Yoyilmaning koeffitsiyentlarini topamiz:

3x2- 6X +5=A(X2-2x +2) +B(x2- x) +C(x- 1.

Bundan
x2: A+B =3,
xxX\-2A-B +C=-6,
vx° 2A-C =5
yoki A=2, B=1 C=-I.
Shunday qilib,
3x2-6x +5 2 x-1

X3-3x2H4x-2 x-1 X2-2Xx +2
Ko'phad va sodda kasrlar yig‘indisini integrallaymiz:

(X5-3x*' +7x3Sx2+6x-1j f/ 2,n\i dx ( x-1 ,
J— ~ 3--4j-2 +3)A+2ta ~ 7T AT T * 7

_/\3- +3»+21n |nr-1|é-[‘<§’§'_-2~)2(*_:22)- - ?+a» +2h | »-1]-

-Uzn\x2-2x +2\+C::?+3x+- C.

I n +
2 X2-2X +2

Mustahkamlash uchun inashqglar

7.3.1. Berilgan to‘g‘ri kasrlami sodda kasrlar yig‘indisigayoying va
koeffitsiyentlami noma’lum koeffitsiyentlar usuli bilan toping:
X2+4x +1. 3x3-5x2+Bx-4
axz . XA +4X2
on 3x—2 m X2+5x+1

X3+X2-2X '’ X1+ x2+1"



7.3.2. Berilgan to*g‘ri kasrlarni sodda kasrlar yig‘indisiga yoying v
koeffitsiyentlami ixtiyoriy giymatlar usuli bilan toping:

3X3—2X%2- 2Xx +7 ,
x4- i@

7.3.3. Integrallami toping:

i\f 2x+3
')bx Z\X +5)

xdx
3)L (x +1Xx +2Xx +3)’

5)J3*A+2* 3-0;
IX(x-1)(x +I)

f2x3+2Xr +4x +3
=— 777— AI
O =Xk

11)fc(l+jc)

}.%L)li)(4+3)(3+ 2X2+X +1

dx

19) f(jcQ +4jc+5)(x2+4* +13)’

21) f—" —
u,(x2+i ir’

0 - xr 2x +3

2x2—1ljc—6
X5 +x2- 6X’

4y 20—

2)f(x+l)(2x +1)

8xdx
4)LGc+1)(x +6x +5)

dx

(m +9)

Y, X*+2x2+X

18)h. 277

(x I)(x2+4)2
dx
2° N (x+DA*2+1)



7.4. TRIGONOMETRIK FUNKSIYALARNI
INTEGRALLASH

p?(sin*,cos*)A: ko‘rinishidagi integrallar.
jsin' xcos!" xdx ko‘rinishidagi integrallar.
\tg"'xdx, \ctg"xdx ko‘rinishidagi integrallar.
Asmmxcosnxdx, Jsinwxsin~” ~cosmxcosrixdx ko‘rinishidagi

integrallar

@ >7.4.1. p2(sm*,cos*)rf* ko'nnishidagi integralni hamma vaqt
universal trigonometrik o ‘miga qo'yish deb ataluvchi tg~=t o'miga go‘yish
orgali t o‘zgaruvchili ratsional funksiyaning integraliga almashtirish, ya’ni
ratsionallashtirish mumkin.

Bunda [i?(sinjc,cosjr)i& ifodadan

X

X
smx 2192 2t , I~ % = "2{ _2 - x=arctgt, dx =29
[+*-i +' [+e .01 +< 1+

2 ' 2
o‘miga qo'yishlar yordamida t 0‘zgaruvchili

2t 2dt
1+r2l+rry i - KCO*

ratsional funksiya kelib chigadi.

1 misolL. *«oM*siM-sH ®*bltqing
® tg=t deymiz. U holda
2dt
f =f L+Z 2r -2r ,
J2cosjr-3sinjc +3 J2 1-f 2 T V-6/+5 J(/-1)(/-5)
i+t 77 +

=i(InU-5]-InU-1])+c =lin/g;-5-Inlg)-1 1C. O



J7?(sinjc ao§g<dc ko'rinishidagi integralni quyidagi o‘miga qo‘yishlar
orgali ham topish mumkin:

a) /f(sinx,cosx) ifoda sin* ga nisbatan toq bo‘lganda uning integrali
cos* =t o'miga go'yish orgali ratsionallashtiradi;

b) R(sin*,cos*) ifoda cos* ga nisbatan tog bo‘lganda uning integrali
sin* =t 0'miga qo'yish bilan ratsionallashtiriladi;

¢) R(sin*,cos*) ifoda sinn va cosxlarga nisbatan juftbo‘lganda uning
integralini tgx=t 0‘migaqo‘yish ratsionallashtiradi. Bunda quyidagi
almashtirishlardan foydalaniladi:

—_ig'x _ t2 2. 1 -1 dy=dt
sl 0S X = tgt,

T+# 2> 1+ Trtgix 1+/5 x=arcg T+
2 -misol. Integrallarni toping:

r sinxabc . -4 r_dx

COS2*-2C0SX +5 3sin *-4

® 1) Integral ostidagi funksiya sin* ganisbatan toq funksiya.
Shusababli cosjc=t, -sinxdx=dt deb olamiz.

U holda
B sinft& f d ~ adit-1) _
Jeos2*¥-2cos* +5  '/2-2<+5 (/-1)2+4
—--arctg'l]c IJ+G lelrctg cosx-1 4€C.
2) Integral ostidagi funksiya sin* ga nisbatan juft funksiya, shu sabat
tgx=t o‘miga go'yishdan foydalanamiz:
dt
rdx rl+/2 rda 1 t 1 t(tgx
3sin2x-4 3 31 . Jt2+4 2 2 2
r~ -4

7.4.2. jsin" xcos”xdx ko‘rinishidagi integrallar m va n butun sonlarga
bog'lig holda quyidagicha topiladi:

a) n >Ovatoq bo‘lganda cosx =t 0‘miga qo‘yish integralni
ratsionallashtiradi;
a) m>0 va toq bo'lganda sin*=/ o‘miga qo‘yish orqgali integ

ratsionallashtiriladi;



c) ar va u sonlarining har ikkalasi juft va nomanfiy bo'Isa,

., I-cos2x , | +cos2x
SM’ X = —----m-mme- , COS "X = -memmomee-
2

formulalari bilan integral ostidagi ifodada daraja ko‘rsatkichlar pasaytiriladi;

d) m+n<0 va juft bo‘lganda tgx=t yoki ctgx=t 0‘'miga go'yish
bajariladi. Bunda m<0 va n<0 bo'lsa, suratda 1=(sin2x +cos2x)*
almashtirishdan foydalaniladi, bu yerda k=—ma - 1 ;

e) m,n<.0 va ulardan biri tog bo‘lganda sinx va cosxlardan gaysi
birining darajasi toqgligiga garab, surat va maxrajni shu funksiyaga
go‘shimcha ko‘paytirishdan foydalaniladi.

3-misol. Integrallami toping:

1) fsin2xcos’xofr; 2) fsindxcos2alx; 3) e .
sin* xcos! X

@ Y)fanlxcosXdx (m>0 vatog, sinx =/)=Jsin2xc0s2x cosxrfx =

=\ti{\-thdt =ffdt- ft'dt= 3 5+C ?lnSX--§|n5x+C

2) Jsin2xcos'xdx (n,m>0 va juft) = J(sinxcosx)2cosxdx =

2x4 {1 +c0s2xV, _ 1, :
_/sin2x cos X\d(—- (Sm'2X+sm'2XCOSZX)<&:
M

= ﬂ-f-g-sﬁdx+— Ism 2xd(sm2x) =
8J 2 16
_ 1( sin4xy sin32x if  sindx sin32x (’:\

X s e —hC=— X -———"- + s
16" 4 J 48 161, 4 3 J

3) f——-- integralda n=-4, m=-2, n+m=-6<0, k=—+ -1=2
Jsin xcos X 2
Demak,
I_ e i_(:s_i_r_1_5_>§_+ cos! x)2 ‘SII’]4X +2sin! xcos2x + cos4xdx_

Jsin xcos'x J sin Xxcos X 1 sin'xcos x

B S ci)g)fgfg-‘d’x =tgx- Tctgx - f ctg X({(ctgx)q:

Jcos X Jsm x Jsm

= jctg’x - 2ctgx+tgx+C. O



7.4.3. \tg"xdx va \ctg'xdx (bu yerda n>0 butun son) ko‘rinishidagi
integrallar mos rasvishda tgx=/va ctgx =t 0‘miga qo‘yish orqali topiladi.
Bunday integrallami o‘miga go‘yishlardan foydalanmasdan, bevosita
tgx ——Os-r ----1, cth(—- -1-—-—-1
formulalami qo’llab topish mumkin.
4-misol. jtglxdxintegralni toping.
dt ]Ltdt | dt

<> 1-usul. \tgixdx = tgx =t, dX=l+t3 [T It dt— dt+ el

=t / +arctgt :-]793< -tgx +arctg(tgx) +C :-l[g X -tgx +x +C.

2-USul.  fig*xdx = ftgx mgXxdx = ftgzx f—\— 1\dx=
ul. Biomxdx = ftoacmoaax = flon oS Ty

!th X -— itg xdx = !th xd(tgx) - U_ - \J\lx =

=\tg'x-\d{tgx)+\dx="~tg'x-tgx +x+C. O

7.4.4. jsinmjccos/mfa, Jsinmxsin/mic, jcosmxcosweabe ko'rinishdagi
integrallar

sinTexcos«x =/\(sin(/w+ ri)x +sin(m - ri)x),
sinrnxsinwc =i(cos(m - ri)x- cos(w + n)x),
cosmxcosnx =-i(cos(m + n)x + cos(m - n)xd)
trigonometrik formulalar yordamida topiladi.
5-misol. Jsin3x mos5xdx integralni toping.

<€> Jsin3x meos5xdx =-jJ(sinsjc - Sin2x)dx =

——( ICOSS]C+§COSZ*;+C—l—(40052jt cosgjc)+C. O



7.4.1. Berilgan integrallarni toping:

dx e adx
1) f5+ 4sin=*" 2)Fasinx +sin2x
dx dx
3)f3+5$inx +3cosx ' 4)14+2sinx +3cosx’
sinxdx . 3 cos3xdx
-v/3-c0s2x m sm X
cos’ xdx oS X+sm X
. gs — r\~dx;
| +sin X cos'x-sm X
9)Jsin 2xcos4xdx; 10) dxj S
sinxcos’ X
dx
12)fctg32xdx;
IDf2+33in2x-7c052x Jtets
sin2X
13)f dé( . 14) Jcos2xcos5xcEc;
1+cos X
15) Jsin2xcos3xdXx; 16) JCcOSXCOS2XCOS3X<=C.

7.5. GIPERBOLIK FUNKSIYALARNI
INTEGRALLASH

Giberbolik  funksiyalami integrallash trigonometrik funksiyalami
integrallash kabi amalga oshiriladi. Bunda giperbolik funksiyalar uchun
o'rinli bo'ladigan quyidagi formulalardan foydalaniladi:

CAX - shx =1, 2shx mhx =sh2x, ch2<:c’\;<+l shx = 2—I
{ 1 2th— | +th2-
\-thix=——, c¢thx-1=——, shx—-—-—-——, shx =
c/rv iAV 1- th2-2 1—/R—

1-misol. Integrallarni toping:



dx
3chx+ 2shx

tic
dx

2sh—eh— th— chl— /A
2 2 2 2 2

Ax= Ay Rix =M1 ~~x)d{thx) =/Ax- if Ax +C.
3) JthXdx = J/Ax «ttfxdx :Jfolftl— ! jooc = thxdx - j thxdithx) =

_g_s_fp_(g_)g____l % fr—fic'élx) ;/AJX =Inchx I—21th%< +C.

3 chx
4 belgilash Kiritamiz. dr= ” -
th—=t belgilas ritamiz. dx= hx = hx=-—- 0'miga
) 5 gi iritamiz I/28X I/ZSX 17 ig
go'yishlar yordamida topamiz:
2dt
dx I-t1 - f dt
|Schx+25hx-/-FT7 . 2 T8 4
I-r 1-T 3
f.o,x N
/42" 3/A2- +2 +c o
37, 2V ‘?h/S ~ harctgh vs
v 13 v
O Giberbolik funksiyalarni 0‘z ichiga olgan integrallami

R(e") ratsional funksiyaning integraliga keltirib topish mumkin.
Bunda jR(e’)dx ko‘rinishdagi integrallar e =/ o‘rniga qo‘yish yordamida
ratsionallashtiriladi.

2 - misol. Integrallami toping:

dx .
NS J3e-‘ ~ex-2
® Mrdr—f & _n edx =(e'=/ e tk= dt)’—E\f—dt-:
CAX ‘'e'+e" V *+ J/2+1

=2zrgtgt + C =2arctgex+C.



o -2, Lyox=lot &= =t 2 aE Ny g -2j®
Ratsional kasmi sodda kasrlarga yoyamiz:
2/-1
MN+1X/-2) [/ T+1 r-2
Yoyilmaning koefFitsiyentlarini topamiz:
-1 =A(t2-t-2) +B(t2- 2t) +C(t2+/).

Bundan
"t2: 1+A+C =0,
t': -A-2B +C=2,
Axe: -2A =-1.
y0k| A=~, B=-1, C=——
2 2
Shunday qilib,
/-1 1r dt

et 2™ lican2) 20t 4 v1720/-2
=i/ - In/+1)+ (/- 2 +C =

2 (z+1)2 2 (el+))

Mustahkamlash uchun mashglar

7.5.1. Berilgan integrallami toping:

1)b-c/kA 2) Jj ANA —<£t;

) VI +sh ) 806’8
thxadx

Axshxdx;

R 4)J _jehx-1

ax chadx _
5 )fcti—x 6)f mJchix’
7) fth5dx; 8) jeth'xdx;

eI+l o 2o
9i; a7 10)H, g,



7.6. IRRATSIONAL FUNKSIYALARNI
INTEGRALLASH

ax+bV' (ax+by*

. dx ko‘rinishidagi integrallar.
cx+d]  \cx+d)

Vax2+bx+c) Ako‘rinishidagi integrallar.
jx*“(a+bx"Y dx binominal differensial integrali

1 i

7.6.1.IR x, dx (R -ratsional funksiya,

ex+d) ljt+dj

ml,nl,m2,n1,...~butun sonlar) ax+b
cx+d

=t’ 0‘rniga go'yish yordamida ratsional
funksiyaning integraliga keltiriladi, bunda s=EKUK(n,,rr,...).

1- misol. Integrallarni toping:
Ax2+\lx +1

D Pt o
S 1 = deymiz. Bundan 2——, dx=
) g deymiz. Bundan x=27775, &=
U holda
N4x —ft 8ttt
JT?2-- MIZ n (t1+|)2 (t - Dt +1

t-1
= e 4\ =2 —21+———= +C =
2{{/ -1 +/2+U\3/r 2{/ + | 2{/ - 2€mtg[Hn/+l
-2 +X —n/2 —j

+C.
*R+x +V2—X

Qarctg['zix +In
2) EKUK(2,3) =6. 2x +I =/6 deymiz. U holda

V2X+1=/\ 112x +\=r\ dx=3tgit.
Demak,

Arc, +2c Hdp =f« 62 1)24 | 351 =3fri(/c _ + r+i)df=
J n/2x +1 J /5 J



_{Vs_, 1, ? /3’)1|+c:£(3/12-10/6+9/2+15)+c:
15

1,15 9
“’21"5+T (12x2- 81+9Y2X +1+8)+C. O
7.6.2. jn(x,~ax1+bx+c)dx ko‘rinishdagi integrallar Eyleming uchta

o'miga qo'yichi orqali ratsional fimksiyalardan olinadigan integrallarga
keltiriladi:

a) a>0 bo'lganda -fax2+bx+c =tx+4ax almashtirish orqali integral
ostidagi funksiya ratsionallashtiriladi (Eyleming birinchi o 'miga qo Yishi)-,

b) ¢>0 bo‘lganda 4ax2+bx+c =tx+4c almashtirish yordamida integral
ostidagi funksiya ratsionallashtiriladi (Eyleming ikkinchi o'miga qo'yishi);

c) axl+bx+c kvadrat uchhad a(x- x)(x-x2  ko'rinishda
ko'paytuvchilarga ajralganda integral ostidagi funksiya
Jax2+bx+c =t(x-x,) almashtirish bilan ratsionallashtiriladi (Eyleming
uchinchi o ‘miga qo Yishi).

2-misol. Integrallami toping:

nfi1r~ - 2)f  * : 3)f - - -
AL +9X +] X4x +n+l 4x +2x-3
<$> a>0. Shusababli -J4x2+9x +\-2x +t 0‘migaqo‘yishni bajaramiz.
U holda

/=18x2+9x +\-2x va 4jc2+9* +| =4;t) +4*/ +/2 9;c-4te =/2-1.
Bundan
_f2-1 dx= 2/29/+2 Q r 3;—--[:_2t2-9t+2
9-4/ (9-40 9-4/
Topilganlami berilgan integralga go‘yamiz.

Qaxomowa1 " & 1o o2y y 2 (9-47y0 9% Q1479

Bundan
, ™~ - =--nJ4/-9]+C.
VAX2+9X +1 2
N o‘zgaruvchiga qaytamiz:
dx =-- JI 14(4xT+2x +2 - 2x) - 9] +C.

l—Iilxr+9x+\_ 2 1v



=-x>—m1 - va x2+x +1 =fX2+2xr +1, x-x<2=2r-1.
Bundan
2/-1 -t +1 C_2-<+]
=- <=2" dt, AR+X+i=
[-/2' (I-r22 -/2 "
Topilganlarni berilgan integralga qo‘yamiz:

\2f-1J [i*#+U (/22 J 22/

Bundan
i, gL= f% =In|2fI|+C =In "7 X 12X e
vy+ x+ 1 j2/-l 1

3) x2+2x-3 =(x-1)(x+3) bo‘lgani uchun ~(x ~IX*+3) =(x ~IV 0'miga
go'yish bajaramiz. U holda

(x-I(x +3)=(x-)V, e=ij~ -

Bundan
2123 -_f_s_/_q/_ﬂ,x fhrg=e_ 4
Topilganlarni berilgan mtegralga go‘yamiz.
dx dt

f = 2f

Vx2+2x-3 Jl &< n(/'-1) , V-1
Bundan
=T dt :In/+1+C—In V/x+3 + n/x—1

= +C. O
MR2+2x-3  “IR2-1 r-1 Mx+3-n/x-1

J

Eyler o'miga qo'yishlari murakkab hisoblashlarga olib kelgan
hollarda integrallashning quyidagi usullaridan foydalaniladi.

(N(x,Vox2+Ax+c>£c  ko'rinishidagi  integrallami topishning kvadrat
uchhaddan to‘la kvadrat ajratish usulida kvadrat uchhaddan to‘la kvadrat

ajratish yo‘li bilan berilgan integral awal ushbu integrallardan biriga
keltiriladi:

a) agar a >0 va b2- 4ac <0 bo'lIsa, u holda JR(t,4m2+N'tAdt, bu yerda



U-a, T' il , t=x+—;
4a 2a
b) agar a>0 va B2-4ac>0 bo'lsa, u holda \R(t,Sn22-m 2)dt, bu yerda
n2=a, m2:_b___—_4_1§19’ t=x+-2
4a la
c) agar a <0 va B2-4ac>0 bo'lsa, u holda j R(t,Jm2- n22)dt, bu yerda
n2:_a' m2 ____t)_l_-_fl_@_(‘:, t:X+—b,
4a 2a
So‘ngra hosil gilingan integrallar mos ravishda t=—tgz, t:Wsri]:r

/*—sinr trigonometriko‘migaqo‘yishlar orgali |”~(sinz,cosz)dz ko‘rinishga
keltiriladi.

3-misol. Ja/7+6x-x2dx integralni toping.
® Kvadrat uchhaddan to‘la kvadrat ajratamiz, yangi to‘zgaruvchi
kiritamiz va trigonometrik o'rniga go'yishdan foydalanib, topamiz:
_ _ X-3=t, _ _ t=4sing,
VT +6x- x2dx=J}/16- (x - 3)2dx = dxrdt |VI6- t ot = dt =4coszdi

=]VI16-16sin2z -4cos2cfe= JI6cosZzab =8f(l +cos2z)«E£ =§ z+ S\Z—JHC =
y

ot/ ’
1=8 arcsm—+_g41----- +C=
vV 4 ﬂ/ 16

=8arcsin‘i +-2t-J|b-t2+C:8arcs'in)-(zT3- +2£(jc- INT+6x-x2+C. O

<3 Shuningdek, \r[x,4 ox2+bx+c)dx ko'rinishidagi integrallarni
topishda quyidagi usullami qo‘llash mumkin:
ko‘rinishidagi integrallar, bu yerda -n- darajali
mjax2+bx +c J g y ix)-n J
ko‘phad:

1) n=0 da J}— Adx bo‘ladi; bu integrallar a>0 bo‘lganda
a2 +ox +c
integrallar jadvalining 14-formulasiga, a<0 bo‘lganda esajadvalning
13-formulasiga keltiriladi;



2) n=1da f bo‘ladi;bu integrallar suratdakvadrat
\lax2+bx +¢

uchhadning hosilasini ajratish natijasida ikkita, biri integrallarjadvalining
1-formulasiga vaikkinchisi 1) banddagi integralga keltiriladi;

3) n>2 da berilgan integraldan keltirish formulalari yordamida quyidagi
ko‘rinishdagi ifoda hosil gilinadi:

dx
n/ax +bX+C (x)Jax2+bx +¢ +M fbbx b 4C
bu yerda  Q,AX-koeffitsiyentlari noma’lum bo‘lgan un-1-darajali

ko‘phad, M-gandaydir o‘zgarmas son. Bunda ko‘phadning noma’lum
koeffitsiyentlari va J¥soni oxirgi tenglikni difFerensiallash hamda
tenglikning chap va o‘ng tomonidagi x ning bir xil darajalari oldidagi
sonlami tenglashtirish orgali topiladi.
b) f N ko‘rinishidagi integral ax +p =- almashtirish
J (ax +P)ax2+bx +c t

yordamida 1) banddagi integralga keltiriladi;

C)-f-mmmmmmm- ™ - (e Z,n>1) ko'rinishidagi integrallar ax +.13—-l
J(ax +p)”’blaxr +bx+c t

0‘miga go'yish orqgali 3) banddagi integralga keltiriladi.

4- misol. f-----mn-- f* = mtegralnltoEln%
(x-Sfy/x1- -6x+10

<$> x-3 = deymiz. Uholda dx:-h, x2-6* +I0 :zt1£+l. Bundan

dt
f * fot _orotat
: (X-E'Q)&E'B x~:&{6 J jl FI I+
tht 2+

3) banddagi integral hosil gilindi. n=2 bo‘lgani uchun
f y- =A/+EN2+H+m f—
Npw =D M W

Tenglikning har ikkala tomonini differensiallaymiz:
Wi+i V2+i  V2+1

yoKki
f2=/1(1+f2) + 04/ + B)f + M.



Bundan A=~ b=0, M =- — U holda

2 2
SN = If a =/E£+7?_ inL+" +C
JVbMr 2 2IVTT7 2 2" 1
yoki eski o'zgaruvchiga gaytsak
r ax Ve-6x +16I+ %,n [+Vx2-6x +10 + Q
\x-3)U x2-6x +10 2(x-3)2 2 x-3
7.6.3. JV’(@a+mwc"),dc  ko'rinishidagi integral binominal differensial

integrali deyiladi. Bunda m,n,p- ratsional sonlar.

<§© Binominal differensial integrali fagat uchta holda ratsional
funksiyalami integrallashga keltiriladi:

a) p butun son bo‘lganda integral x=t* (bu yerda s =EKUK(m,n))
0‘miga qo'yish orqali ratsionallashtiriladi;

b) Hr;\l. butun son bo‘lganda integral a +bx" =/ (bu yerda s - /?sonning
maxraji) o‘'miga qo‘yish yordamida ratsionallashtiriladi;
c) "“" +p butun son bo‘lganda integralda a+bx" =/V(bu yerda
n

s - psonning maxraji) almashtirish bajariladi.
Bu o'miga go'yishlar Chebeshev o ‘miga qo yishlari deb ataladi.

5- misol. | - ~ £xdxintegralni toping.

® Integralni standart ko‘rinishda yozamiz: jx 37-4x3 dx.

2+

Bundan m=--, n=~, p=-va =—\— 1-butun son.
3 36 1

n

3
Shu sababli Chebishevning ikkinchi o‘miga go‘yishini bajaramiz.

7-4x'=t\ 1=gh-4\Ix, at5=i4(7-/6), * 1=(7_116)

X=T70~t)\ dx=~ (I~ t6)25it.



Bundan
W rain" 'K -u<d-"H ' n
yoki
jV74Vx cU=--\tedt=-~-t7+C =- —\f(7~J~y +C. O
n/? 7 14 14

Mustahkaralash uchun mashqglar

7.6.1. Berilgan integrallarni toping:

dx dx
IX+"-IX’ 2)Jn/x(1+>/x)
3 X+ n/T+ Xt-C
Wyt
dx
5)J-j2x-\+\j{2x-\y
dx .
") -3 +2
9)fo2+x+I’
. dx
)fI+VI-2x-x2’
13) JV5 +4x - x2dx;
15)J *
) (x-1)V-x2+3x-2" (x-1)n/?-2x’
17)d xtfc 18)/ (2x +3)dx _
al3-2x - x2’ n/6x-x2-8
dx dx
19)/ _
) x(I +1fxy! 20)/ \I2-x’

2i)jxsiJ(l+xydx;

dx

23)h 4i+.

22) d | +*f*dx;
VX

24) ~A\
WT



7.7. ANIQ INTEGRALNI HISOBLASH

Aniq integralning ta’rifi, geometrik ma’nosi va xossalari.
Aniq integralni hisobiash

7.7.1. y =f{x) funksiya [a\b] kesmada aniglangan va uzluksiz bo’lsin.
[a\b] kesmani ixtiyoriy tarzda a =x0<x, <..<X_, <X, <..<X,, <xn=b
nuqtalar bilan uzunliklari Ok =x,-x0...,0x; =x ,X M..,Ax, =X,,-X,,_,bo‘lgan
n ta gismga bo'lamiz. Har bir Ax (i=l,«) gismda ixtiyoriy £ nugtani
tanlaymiz. /(x)funksiyaning bu nuqgtadagi giymati /(£,) ni hisoblaymiz, bu
giymatni tegishli Ax uzunlikka ko'paytiramiz va barcha ko‘paytmalami

go‘shamiz, ya’'ni
C =g/ (E)AX (7-1)
yig‘indini tuzamiz. Bu yig‘indiga /(x) funksiyaning [ab\ kesmadagi
integralyig'indisi deyiladi.
3 Agar (7.1) integral yig‘indining A=maxAx ->0dagi chekli limiti [a\o\
kesmani gismlarga bo*lish usuliga va bu gismlarda £ nugtani tanlash usuliga
bog‘lig bo‘Imagan holda mavjud bo'lsa, u holda bu limitga [a\b] kesmada

/(x)fimksiyadan olingan aniq integral deyiladi va b\f(x)dx kabi belgilanadi:
$f(x)dx :}\m)'Zf(I)Axi. (7.2)

Agar /(x) funksiya [a\b] kesmada uzluksiz bo‘lsa, u holda shu
kesmada integrallanuvchi bo‘ladi (anig integralning mavjudlik teoremasi).
Shuningdek, [a;b\ kesmada chegaralangan va chekli sondagi birinchi tur
uzulish nugtalariga ega bo‘lgan /(x) funksiya shu kesmada integrallanuvchi
bo'ladi.

|
1-misol. BXdX integralni integral yig‘indining limiti sifatida hisoblang.
&> [0:1] kesmani 0=x0<x, <..<x_, <X <..<x4 <x,=1 nugtalar bilan

uzunliklari Ax,=i (i=l,«) bo‘lgan «ta bo‘lakka bo*‘lamiz.



Bunda N=Huwirax/x, :M@j =0. £ nugta sifatida gismiy kesmalaming

oxirlarini olamiz, ya’'ni £ :x,:?

Tegishli integral yig‘indini tuzamiz:

a =37(f) A*—S'---— a+2+.+8)= ”1\“)‘) V'I:l
Bundan
n+1 1
Be~ "»—% m
Endi £ nugta sifatida qismiy kesmalamlng boshlarini  olamiz:
£=x, = Bundan
i\ n n n 2n
_on-1 1
A-* (I)I(rl-'lnmo)a In'[?_zfl 2

Demak, integral yig‘indining limiti [0;1] kesmani bo‘lish usuliga va bu
kesmada £ nugtani tanlash usuliga bog‘lig emas.

U holda ta’rifga ko‘ra . dxz; O
[o]

y =f(x) funksiya [a;b] kesmada uzluksiz va /(x)>0bo‘Isin.

Yuqoridan y=f{x) funksiya grafigi bilan, quyidan Ox o‘q bilan, yon
tomonlaridan x-a va x=b to'g‘ri chiziglar bilan chegaralangan figuraga
egri chizigli trapetsiya deyiladi.

b -
<> \f(x)dx aniq integral sonjihatidan egri chizigli trapetsiyaning

yuziga teng. Bujumla aniq integrating geometrik Ta 'nosini anglatadi.

2-misol. %)VIG-xzdx integralni uning geometrik ma’nosiga tayanib

hisoblang.

<> x ning 0 dan 4 gacha o‘zgarishida tenglamasi y =416-x1 bo'lgan
chizig x1+y1=16 aylananing I chorakdagi bo‘lagidan iborat bo*ladi.
Shu sababli x=0, x =4, y =0, y =V 16-x2chiziglar bilan chegaralangan egri



Uning yuzi S= A gateng.
Demak,
'bVIG-XZabr=4;z-. (@]

O» Aniq integral quyidagi xossalarga ega.
I". Anig integralning chegaralari almashtirilsa uning ishorasi o‘zgaradi,
ya'ni
V{x)dx =-\f{x)dx.
a b

2°. Aniq integralning chegaralari teng bo‘lsa uning giymati nolga teng
bo‘ladi, ya’ni
H(x)dx =0.
a
3. 0‘zgarmas ko‘paytuvchini aniq integral belgisidan tashqariga
chigarish mumkin, ya’ni
b b
\ (X)dx= f (x)dx, Kk=const.
&, Chekli sondagi funksiyalar algebraik yig‘indisining aniq integrali
go‘shiluvchilar aniq integrallarining algebraik yig‘indisiga teng, ya’ni
\{f(x) £<Og)ax =j f(x)dx = \p(x)dx.
5°. Agar [ab] kesmada funksiya o'z ishorasini o‘zgartirmasa, u holda
bu funksiyadan olingan aniq integralning ishorasi fonksiyaning ishorasi bilan
bir xil bo'ladi.
6°. Agar [aJT] kesmada /(x)” (p(x) bo'lsa, u holda

\f(X)dx-£ Nk
bo‘ladi.
T. Agar [a\o] kesma bir necha gismga boMingan bo'lsa, u holda [a\b]

kesma bo'yicha olingan aniq integral har bir gism bo‘yicha olingan aniq
integrallar yig'indisiga teng bo‘ladi. Masalan,

\f{x)dx = \f(x)dx +\f{x)dx, ce [ab].



8°. Agar m va M sonlar /(*)funksiyaning [ab] kesmadagi eng kichik
va eng katta giymatlari bo'lsa, u holda

m(b-a)< \f(x)dx <M(b- a)
bo‘ladi.
9° Agar f(x) funksiya [ab\ kesmada uzluksiz bo‘lsa, u holda shunday
ce[a;4] nugtatopiladiki,
\f{x)dx =f(c)(b-a) (7.3)
bo‘ladi.

3-misol. f-------—-— integralni baholang.
: 4 +3sin je Integ ! g

<S> O<sin2g<lekanidanis-—--—
7 4+4+3sin x 4

U holda aniq integralni baholash hagidagi teoremaga ko‘ra

—<l1 xS
14 bA=+3simix 8

7.7.2. 1-teorema ( integral hisobning asosiy teoremasi). Agar F(X
funksiya [a;b] kesmada uzluksiz bo‘lgan /(x) funksiyaning boshlang‘ich

fimksiyasi bo'lsa, u holda [ab\ kesmada /(x) funksiyadan olingan aniqg
integral F(x) funksiyaning integrallash oralig‘idagi orttirmasiga teng, ya’ni

Ji(x)dx =FX)|* =F(b) - F(a). (7.4)
(7.4) formulaga Nyuton-Leybnisformulasi deyiladi.

4-misol. i;—:z-x--zr--lémtegralm hisoblang.

dx V  dx 1 X-2
< |} =V O -w zarctgX o= =arc/gl - arctgO) = o}
X TAXT13 i(x.2) 43 H3cteTyT =T/l arctgO)

2-teorema. Agar: y=f(x) funksiya [ab\ kesmada uzluksiz;
x =/funksiya [a;/3kesmada differensiallanuvchi va funksiya \a,p\
kesmada uzluksiz; x=" 0 funksiyaning giymatlar sohasi [ab] kesmadan



[f(x)dx =/f(<p())<p\i)t (7.5)

bo'ladi.
(7.5) formula aniq integralda o zgaruvchini almashtirish formulasi del
yuritiladi.

5-misol. (}49-x1dx integralni hisoblang.

<$> x=3sint, 0< t<f belgilash kiritamiz. Bu o'zgaruvchini almashtirish
2-teoremaning barcha shartlarini ganoatlantiradi: /(x) =V9-x2 funksiya
[0;3] kesmada uzluksiz;  x=3sin?  funksiya 0;2— kesmada

differensiallanuvchi va x'=3cos/ funksiya bu kesmada uquRsiz; X =3sin/
funksiyaning giymatlar sohasi [0;3] kesmadan iborat; {0 =0 va <p”j=3.

(7.5) formuladan topamiz:

N _gi (TN
9-JC dc-9{)cos /m-%?l +cosZ’?)d/—2 /+55|n2/il— i 10= 1

O
0

6-misol. jxsll +x1dx integralni hisoblang.

® t=41+x2 o‘rniga qo‘yishni bajaramiz. U holda
tdt x=0dat =1,
M- ¥ x=1dat=\2
[l;'V2]kesmada M2-1 funksiya monoton o‘sadi. Shu sababli
(7.5) formulani go‘llaymiz:

x=4t2-1, dx=

\2
VA-1 r 3, 3

3-teorema. Agar u(x) va v(x) funksiyalar Z(x)va V'(x) hosilalari
bilan[a;b] kesmada uzluksiz bo‘lsa, u holda

Judv=wE - Jvdu (7-6)
bo*ladi.



(7.6) formula aniq integralni bo‘laklab integrallash formulasi dek
ataladi.

7-misol. x\xsmxdx integralni hisoblang.

L X =u, dv =s'mxdx )
jxsinxdx = =-jccos;e£ +JcosicA =
du =dx, v=-cos*

=-?2rcos;r +0-cos0 +sm*€ =;r +0+sin7r-sin0=7. O

Mustahkamlash uchun mashglar

7.7.1. Integrallami integral yig‘indining limiti sifatida hisoblang:
1)J;aft; 2)jx ax.
a 0

7.7.2. Integrallami aniq integralning geometrik ma’nosiga tayanib
hisoblang:

Dcos xdx-, 2)J0(3 +Xx)dx;
) . " _\-x,agar -2<xS,0,
3)]6n1‘|6—Xde, 4) %(x)dx, f(x) = x.agar OSx £2.
7.7.3. Integrallami taqqoslang:
£ |
1)/, =jcosxabc, i ="s\nxdx\ 2)/, =/2- 17=jx 2x.
1 1
3)/,=3 V. | |, =\(\x)dx; 4)/,= jxcosxdx, 12= Jxsin xdx.
-2 -2
7.7.4. Integrallami baholang:
=J——; 2)/2=0>/1+3x2E&;
DA ﬂ 2cosx’ ) | %8
dx

i
3)/3=IVT+x%dx;



7.7.5. Funksiyalaming berilgan kesmalardagi o‘rta giymatini toping:

Ny =j4-x2 [-2;2];
3)y =3x+2, [13];

2);H*1. [[11];
4) y =x2\ [0;1].

7.7.6. Berilgan integrallarni hisoblang:

1) |1(jc2+ 2x +1)dx;

2

3)j cos xdx;

b

a

5) i)cosz

dx
7)J

DWW I +
)}

K
J1)j sinjoA

dx
13
) I}}S +4x2’

a

0s xdx
15){)6-Ssinjc +sin2jt’
|

17)J%rcsinxfi£c;

19)Jxsin—dx;
)oxsm2

21)bVe3‘Cfl‘,
i
23) Jsin ~IxiX,

2)Jsindj«&;

4)i f :

LLI,&ZX'+I)xldx;

2
IC~Jcosjrsin3xdx;

'H
12).

1IV4/79*2
14) jsin3j«&;

1 fVIx!
16)] —

18)/In2
1

20)jVsinzje<£c;

22) frame

24) j cos(In m) ke



Cheksiz chegarali xosmas integrallar.
Chegaralanmagan funksiyalardan olingan xosmas integrallar.
Xosmas integrallarning yaqginlashish alomatlari

7.8.1. Cheksiz  chegarali integrallarga va chegaralanmagan
funksiyalardan olingan integrallarga xosmas integrallar deyiladi.

o /(jo funksiya [a+00) oraliqda uzluksiz bo‘lsin. Agar ]imjb/(jt)<&
chekli limit mavjud bo‘lsa, bu limitga yliéqori chegarasi cheksiz :(osmas
integral (I tur xosmas integral) deyiladi va jf{x)dx kabi belgilanadi:

a
Tf(x)dx =lim ff(x)dx. (8.1)
Bu holda ;]D/(x)dx integral yaginlashuvchi deyiladi.
Agar if(x)dx limit mavjud bo‘lmasa yoki cheksiz bo‘lsa, u holda

Jf(x)dx integral uzoglashuvchi deb yuritiladi,

Quyi chegarasi cheksiz va har ikkala chegarasi cheksiz xosmas
integrallar shu kabi aniglanadi:

JF(x)dx =lim Jf(x)dx, (8.2)
[f(x)dx= limj / (x)dx+Yimjf(x)dx, (8.3)
bu yerda c-Ox o‘gning istalgan fiksirlangan nugtasi.

1- misol. Integrallami yaginlashishga tekshiring:

1) je'~cbc; 2) jxsinxdx; 3)
0 1+ X

® 1) a® 0 bo'lsin.
U holda
fe~qx= lim fe~ddx=—1Iim(e'4 - 1).
n 1Y*—



Bunda
a >0 bo‘lganda \nux= i 4r+—_-0 =
g 0 _I!1m a a
<0 bo‘l d “adx =—-1j Y — 40,
a o‘lganda Ie X an.n&fe

a
a =0 bo‘lganda jg' °*d>(=jcc)ix =Br¥:+oo

Demak, Be' “c&xosmas integral a >0 da yaginlashadi va a s 0 da

uzoglashadi.
0 0 / 0 \
2) Jxsinxalx= lim Jxsin~"= liml - xcos;t]° + Jcosxd*: 1= lim (acosa-sina).
= A e*\ e
= 0
Bu limit mavjud emas. Shu sababli Jxsinxdx integral uzoglashadi.
-00

3) (8.3) tenglikda c=0 deb, topamiz:
arctgxdx _ Yarcigxax  *arctgxdx

J, 1+je2 I +x2 J I+x1

TP i XK =L prrerc f =] ymarctg a=-2%

Bundan
i
-------- =iim - :Llimarctg’xlzﬁurnarctg’b:)l—f,

+X o 2<— 8

7arctgxdx k2 H_~
L 1+x2 “T "' T"

Demak, xosmas integral yaginlashadi. O
7.8.2. 81 /0) funksiya [a\b) oraligda aniglangan va uzluksiz bo‘lib,
x=b da aniglanmagan yoki uzilishga ega bo‘Isin. Agar !iggf]‘f(x)dx chekli
limit mavjud bo‘lsa, u holda bu limitga chegaralanmagan funksiyadan
olingan xosmas integral (11 tur xosmas integral) deyiladi va i/(x)dx kabi
belgilanadi: :
1F(x)dx =\\m\f(x)dx. (8.4)



f(x) funksiya X ning a ga o‘ngdan yaginlashishida uzilishga ega
bo'lganda

\f(x)dx =lim \f(x)dx (8.5)
bo‘ladi.
/(x) funksiya ce[a ,b] dau2|llshgaegabo Iganda
( ydx = \\me{x)dx +Y|m]f( )dx (8-6)
bo‘ladi.
N
2-misol. f m_ integralni yaginlashishga tekshiring.
ot | -x2

® X=l da integral ostidagi funksiya ikkinchi tur uzilishga ega.
U holda (8.4) tenglikka ko‘ra

f-~ j =limJ ,~ 2 -limarcsinjc™* = lim(arcsin(l- £) - 0) =arcsinl=—.

Demak, xosmas integral yaginlashadi. O

7.8.3. Xosmas integralning yaginlashuvchi yoki uzoglashuvchi bo'lishini
yaginlashuvchi yoki uzoqglashuvchiligi oldindan ma’lum bo‘lgan boshqga
xosmas integral bilan taqqoslash orgali aniglash mumkin.

1-teorema (I tur xosmas integralning yaginlashish alomati). [a,+0)

oraligda f(x) va (p{¥ funksiyalar uzluksiz bo‘lsin va 0<f(x)<<p(x)
tengsizlikni ganoatlantirsin. U holda:

a) agar J(P(X)dx integral vyaginlashsa, jf(x)dx integral ham
yaginlashadi;
b) agar Jf(x)dx integral uzoglashsa, \<p(x)dx integral ham uzoglashadi.

3 -misol. *%;e "dx integralni yaginlashishga tekshiring.

® Puasson integrali deb ataluvchi bu integral boshlang‘ich funksiyaga
ega emas. Bunda

!)e~r ox =j0e~"dx+ j1e~r dx.



be "dx integral xosmas integral emas va u chekli son giymatiga ega.

fe "dx integralni garaymiz. [I+00) oraligda 0<e"! <e™ hamda ex va

(7" funksiyalar uzluksiz. U holda

Ne~'dx=Mppje'dx =lim(-e")f =; - limf-==

Demak, bu integral yaginlashuvchi va 1-teoremaning a) bandiga binoan
Puasson integrali ham yaginlashadi. O
2-teorema (Il tur xosmas integralning yaginlashish alomati). [a\b)

oraligda f(x) va <p(¥ funksiyalar uzluksiz bo‘lsin va 0<f(x)<<p(x)
tengsizlikni ganoatlantirsin, x=bdz f(x) va <p(x)funksiyalar aniglanmagan
yoki uzilishga ega bo‘lsin. U holda:

b b
a) agar \<p(xdx integral vyaginlashsa, \f(x)dx integral ham

yaginlashadi;
b b
b) agar \f(x)dx integral uzoglashsa, j g>(x)dx integral ham uzoglashadi.

4- misol. J°~s xdx integralni yaginlashishga tekshiring.
® Integral ostidagi funksiya x =1da Il tur uzilishga ega.

xe(0;1] da §oe2 _@oszt o 1
Vi-*2 Vi+® Vi-* vn”?

J e xosmas integralni yaginlashishga tekshiramiz:

P,ax —!imt a)m( ------- Liimu - X))y =--§;n§e-l)f=7—.

3 X -x -*1ow - x 2.0V
iL ax . . . . .
Demak, OVI_ .- integral yaqinlashadi va 2-teoremaning a) bandiga

binoan berilgan mtegral ham yaqginlashadi. O
3-teorema. Agar f\f(x)\dx ijl/(]C)lC&l integral yaginlashuvchi bo'lsa,

uholda J/ (X)dx (j f(x)dxj integral ham yaginlashuvchi bo‘ladi.



Agar \\f(x)\dx y|/(x)|abrj> integral yaginlashuvchi bo‘lsa, u holda

Jf(x)dx f{x)dx integralga absolut yaginlashuvchi xosmas integral
deyiladi.

Agar Jf(x)dx {\f(x)dx~ integral yaginlashuvchi bo‘lib,
\\fG)\dx /(o) |dgj integral uzoglashuvchi bo'lsa, u holda

\f(x)dx ~/(x)c6ej integralga shartliyaginlashuvchixosmas integral
deyiladi.

5-misol. 0e integralni yaginlashishga tekshiring.

® Integral ostidagi funksiya [0;+°0) oraliqda ishorasini almashtiradi.
sinc

Ma’lumki 1-misolgako‘ra fe 2dx integral yaginlashuvchi.

in*
U holda 1-teoremaga binoan jSIn dx integral yaginlashuvchi va
X
3-teorema va 3-ta’rifga asosan Js2*dx integral absolut yaginlashadi. O

Mustahkamlash uchun mashqlar

7.8.1. Berilgan integrallami hisoblang yoki uzoglashuvchi ekanini
ko‘rsating:

“H if? ) fe
3) Jjccosxdx, 4) 32|nXXCfC,
dx arctgxdx

I x



Mo : 16:6:%)

'l + T 1)nr .
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7.8.2. Integrallarni yaginlashishga tekshiring:

i Ov 1+ x
3)JVxe dx; 4) ) —;
0 17 X
5)l— “m
7 * ; 8)ji— ~
) J‘Vle—éﬁsv ){?‘--cosx
9)J[3 +smx~ 10)j_Vx*
/(x=#)3 W 1-x 4’
1)yjnfc; 12) Je -’ sinxokr.

7.9. ANIQ INTEGRALLARNING TATBIQLARI

Yassi figuraning yuzasini hisoblash. Tekis egri chiziq yoyi
uzunligini topish. Aylanish sirti yuzasini hosoblash.
Hajmni hisoblash. Momentlar va og‘irlik markazini hisoblash.
Kuchning bajargan ishini hisoblash

7.9.1, Yugoridan y2=f(x) funksiya grafigi bilan, quyidan vy, =f,(x)
funksiya grafigi bilan, yon tomonlaridan x=a va x=b kesmalar bilan
(kesmalardan biri yoki har ikkalasi nugtadan iborat bo‘lishi mumkin)
chegaralangan yassi figura yuzasi

S =\ (f2(x)-f(x))dx (9.1)

formula bilan hisoblanadi (1-shakl).



Funksiyalardan biri nolga teng bo'lganda, ya'ni yuqori yoki quyi
chegaralardan biri Ox o‘gdan iborat bo'lgan egri chizigli trapetsiyaning
yuzasi quyidagi integral bilan hisoblanadi:

S =]\f(x)\dx (9.2)
a

Agar y=f(x) funksiya x=<pt), y=y/(t), a<t<.p parametrik
tenglamalar bilan berilgan boisa

S =ji//(t)<p'(t)dt (9.3)

bo‘ladi, bu yerda, a =<p{a) va b=<p{P).

Qutbdan chiquvchi (p-a va <=P nurlar bilan hamda tenglamalari
r=rtfep) va r=ri(<p) (r,(<p)*rA<p)bo‘lgan egri chiziglar bilan chegaralangan
yassi figura yuzasi

S = 1;\(r2(<P)-rl2(<p))d<p
n

integralga teng bo‘ladi (2-shakl), xususan r =r(<p)(rl(Y=0) funksiya grafigi
bilan chegaralangan figura uchun

S =\\r\<p)d<p. (9.4)

P=P

2shakl.



1-misol. y=x2, y=0 va jc=1 chiziglar bilan chegaralangan figura
yuzasini hisoblang (3-shakl).
<> (9.2) formuladan topamiz:

— Ay —
S ="xldx= 3 3

2-misol. y =cosjc, y =0, x=0 va x=x chiziglar bilan chegaralangan
figura yuzasini hisoblang (4-shakl).

® 4- shaklda berilgan figurani yuzalari 5, va S2bo‘lgan
kesishmaydigan gismlarga ajratamiz. U holda yuzaning additivlik xossasiga
asosan berilgan figuraning yuzasi gismlar yuzalarining yig‘indisiga teng
bo*ladi.

Demak,
X

5=5 +82=jcosjcck-J(\:osjcfitc =sir]'c|x| sinxpr =!-(-1) =2. O

3 -misol. y2=x+1va y =x - 1 chiziglar bilan chegaralangan figura
yuzasini hisoblang.

® Figura umumiy fl(0;-1) va C(3;2) nuqgtalarga ega bo‘lgan parabola
va to'g‘ri chiziq bilan chegaralangan. Shaklni uchta qismga, ya’ni yuzalari



S, ga teng bo‘lgan AOD va AOB parabolik sektorlarga va yuzasi S2 ga teng
bo‘lgan BCD parabolik uchburchakka ajratamiz (5-shakl).

U holda
§ =25, +S2=2/Mc+ldx +j(VX +1 - (x- \)dx=
{4 Mx+D3-y +r
S) Yuzani hisoblashga oid masalalami yuzaning ko*‘chishga nisbat:

invariantlik xossasiga asosan soddalashtirish murnkin. Bunda  figura
yuzasi (9.1) formulada x va y o‘zgaruvchilar (Ox va Oy o‘qlar) ning
o‘mini almashtirish orqali hisoblanadi, ya’ni

s =J(JTW - f ix))dx=\(g2(x)- g, (y))dy. (9.5)
Masalan, 3-misolda berilgan figura yuzasi y o‘zgaruvchi bo'yicha
hisoblansa, figurani gismlarga ajratish shart bo‘Imaydi:

S=j0*+l-(/-\)dy =(y -y +27]

4-misol. x=asin/. y=bsva2t cliiziglar bilan chegaralangan figura

yuzasini hisoblang.
® 6-shakldan ko‘rinadiki, egri chizigning t parametr 0 dan n gacha
0‘zgarishiga mos bir halgasining yuzasini hisoblash yetarli.



(9.3) formulalar bilan topamiz:
S :21bs\n 2tacostdt« 4a£d'0052tsintdt=-AabA99§-3-1- =-§ab. 0]
5-misol. r=2cos3<p egri chiziq bilan chegaralangan figura yuzasini
hisoblang.
<> r=203%> tenglama uch yaproqli gulni ifodalaydi (1-ilovaga
garang). Uch yaprogli gulning oltidan bir gismi yuzasini hisoblaymiz:

n | 4¢0s23(pcp= J(1 +cos6pkp={ o+

X
it

. 6-
Bundan
S=x. O
7.9.2. [a\o] kesmada uzluksiz y =f(x) funksiya grafigining (egri chizic
yoyining) uzunligi
I =jyI\ +f" 1(x)dx (9.6)

formula bilan topiladi.
Agar egri chizig x=g(y), y e][c;d] tenglama bilan berilgan bo‘lsa uning
uzunligi
Mn/be~Yyn (9.7)
integral bilan topiladi.
Agar y=f{x) funksiya x=<pf) vy =iy(t), a<t<p parametrik
tenglamalar bilan berilgan bo‘lsa
| =\4<P'\t) +v'\1)dt (9.8)
bo'ladi, bu yerda, a=c>@) va b=<p{p).
Qutb koordinatalar sistemasida r=r(gp), a <g<p tenglama bilan
berilgan AB egri chizig yoyining uzunligi
| :£4r'{(p) +r'\<p)d<p (9.9)
integral bilan topiladi, bu yerda r<p), r'(ip) funksiyalar [a\P] kesmada

uzluksiz va A,B nugtalar qutb koordinatalarida a,P burchaklar bilan
aniglanadi.



6-misol. y =*x\IXx-"Jx2 egri chizigning Ox o‘gbilan kesishish
nugqtalari orasidagi yoyi uzunligini toping.
<S> y =0 deb egri chizigning Ox 0‘q bilan kesishish nugtalarini

aniglaymiz: x, =0, xr=242.
Hosilani topamiz:

vo34 J__§___2)<41 I:'(l]-x 'L
A )

Yoy uzunligini (9.6) formula bllan topamiz:

/

7-misol. x--4>’1~-\ng egri chizigning y,=1 dan yr=e gacha yoyi

uzunligini toping.
<€ X' hosilani topamiz:
Xy 1 _/~1
2 AN
Yoy uzunligini (9.7) formula orgali topamiz:

= * *
&X_GCI:S/, - - - - - - -

8-misol. . tenglama bilan berigan egri chiziq uzunligini
Ly=asin’'/ g g g g g

toping.
® Berilgan-tenglama astroidani ifodalaydi (1-ilovaga garang).
Astroidaning uzunligini (9.8) formula bilan topamiz:

/=4j ~(-Sacos1fsin*)2+(3asin2lcost)2dt =



=4}3an/cos2fsin21m{cos21 +sin2t)dt =
(0]

=12abcos/sinﬂ//=6asin2/|2=6a. 0

9-misol. r =a(l +00s<®), a>0 kardioida uzunligini toping.
® Egri chizigning simmetrikligini (1-ilovaga garng) hisobga olib,
(9.9) formula bilan topamiz:

1=21= 2]\/a'(| Foos<pl2-+al(-S\nvdp=da g ;—ES—dtp =
=4af cos—ekp=8asin™ =8a. O

7.9.3. [a;6] kesmada /'(*) hosilasi bilan birga uzluksiz bo‘lgan>>=/(x
funksiya grafigining Ox o‘g atrofida aylanishidan hosil bo‘lgan jism sirti
yuzasi

a =2mjf )N+ ' 2(x)dx (9.10)
formula bilan hisoblanadi.

x=g(y),y&[c\d] funksiya grafigining Oy o‘g atrofida aylantirshdan
hosil bo‘lganjism sirtining yuzasi

a =InJg(y)Jl +g'4y)dy (9-11)
integralga teng bo'ladi.

x=<pt), y=if/(t), a~t~p parametrik tenglamalar bilan berilgan egri
chizigning Ox(Oy) o‘q atrofida aylanishidan hosil bo'lgan jism sirti yuzasi
quyidagicha hisoblanadi:

<= 2nfy(t)y|<p 2t) +y/2(t)dt |<r 27r]p(t)J|t/ 1(t) + pL(t)dt (9.12)

bu yerda a= <p(a) va b=<pP) (c y/( Jva d —(K,D,)).

Qutb koordinatalar sistemasida r=r<p), a<<piif} tenglama bilan
berilgan egri chizigning Ox{Oy) 0‘q atrofida aylanishidan hosil bo‘lgan jism
sirti yuz1a113| y g 4
a =2n”r(ip)sing=>Jr2<p) +r' 2(<p)d<p {/a =2/rjr(<p)cos<pM2A<p) +r'2Ag>d<p  (9.13)

a a



10-misol. Radiusi R gateng bo‘lgan shar sirti yuzasini hisoblang.

<€ Aylana markazi qutb qilib olingan qutb koordinatalar sistemasida
aylana r =R tenglama bilan aniglanadi (1-ilovaga garang). Bu aylana
yarmining Ox o‘q atrofida aylanishidan shar hosil bo‘ladi.

Shaming koordinata o‘glariga simmetrik bo‘lishini inobatga olib,
hisoblaymiz:

a=2- 6 n R2+0d<p =4nR2(-cos<p)\% =4nR1 &

794, Oxyz koordinatalar sistemasida gandaydir V jismning Oxy
koordinata tekisligiga parallel tekislik bilan kesimi yuzasi S ma’lum
bo‘lgan gandaydir D yassi figura bo‘lsin. Agar V jismning Ox o'‘gga
proeksiyasi [ab] kesmadan iborat bo‘lib, V jismning Ox 0‘gga
perpendikular bo‘lgan va (";0;0)nugtadan o'tuvchi kesimining yuzasi S(x)
xning uzluksiz funksiyasi bo‘lsa, uhodabundayjismning hajmi

V =)s(x)dx (9-14)

formula bilan hisoblanadi.

11- misol. *2+Y¥2+22=1 ellipsoidning hajminMMoblang.

® Ellipsoidning koordinatalar boshidan x {-a ZxZa) maso&da
o‘tuvchi Ox o0'qqa perpendikular tekislik bilan kesamiz. Kesimda yarim

o'glari b(x)=b ~ | va c(x)=cJl - bo‘lgan ellips hosil bo*ladi.
Uning yuzasi
s(x) =nb(x)c(x) =nbc{1----7
Uholda

V=[nbc 1- =abc(x - ——I1 =—mbec.
[- | a é 3a21 R

2} 3

12-misol. Balandligi Hga va asosining yuzasi S ga teng piramidaning
hajmini hisoblang.

<S> Oxy koordinatalar sistemasini koordinatalar boshi pirarflida uchida
joylashgan va Ox o‘g balandlik bo'ylab yo‘nalgan qilib tanlaymiz.



Piramidani uning uchidan * masofada asosga parallel kesim bilan kesamiz
va kesim yuzasini S(x) bilan belgilaymiz.
U holda parallel kesimlar xossasiga ko‘ra (7-shakl)

_SQ() =ljf\-yok|' S(x) :_Slxﬁ
m
(9.14) tengllkdan topamlz

a -3 S
V= \S(x)dx \’\dx =N -n —
0fl tl 3 H2 3 3

13-misol. x2+y2=9 va x2+z2=9 silindrlar bilan chegaralangan jism
hajmini hisoblang.

<8> 9-shaklda berilgan jismning | oktantda 0,-"0) joylashgan
sakkizdan bir bo'lagi keltirilgan. Uning Ox o'‘qga perpendikular tekislik
bilan kesimi kvadratdan iborat. Kesim abssissasi (jc;0,0) nugtadan o'tganda
kvadratning tomonlari a=y =:=79-x2 ga va yuzasi S(x)=9-xJeng
bo‘ladi, bu yerda 0<x<9.

Jismning hajmni (9.14) formula bilan hisoblaymiz:

V:83(9 =X 2)dx =S\ 9x-— \
4 3)



& Yugoridan y =f(x) uzluksiz funksiya grafigi bilan, quyidan C
0‘q bilan, yon tomonlaridan x=a va x=b to'g‘ri chiziglar bilan
chegaralangan egri chizigli trapetsiyaning Ox o'q atrofida aylantirishdan
hosil bo‘lgan jism hajmi

V =7c\fl{x)dx (9.15)
a

formula bilan hisoblanadi.
Bu egri chizigli trapetsiyani Oy o‘qi atrofida aylantirishdan hosil bo*lgan
jismning hajmi quyidagi formula bilan hisoblanadi:

V =2ffjxf(x)dx. (9-16)

& Agar egri chiziqgli trapetsiya x =g(y) uzluksiz funksiya grafigi,
Oy (Ox) 0'g, y=c va y=d to‘g'ri chiziglar bilan chegaralangan bo'lsa, u
holda

V=x\gliy)dy (Oy) (v =2Triyg(y)dy (Qx)!. (9.17)
S >r=r(<P) egri chizig va f=a, =P nurlar bilan chegaralangan
egrichizigli sektoming qutb o’qi atrofida aylanishidan hosil bo’lgan
jismning hajmi
V:—3 jr3sinpdp (9-18)
a
formula bilan topiladi.

14-misol. Radiusi R ga va
balandligi H ga teng bo'lgan
konusning hajmini hisoblang.

® Konusni katetlari n va 4
bo'lgan to‘g'ri burchakli
uchburchakning balandlik bo'ylab
yo‘nalgan Ox 0'q atrofida
aylanishidan  hosil  bo‘lgan  jism
deyish mumkin (9-shakl). Gipotenuza
tenglamasi y =kx bo'lsin deymiz.

U holda

y :|’()(l |’(:tg<p:5l y :B)(_



Bundan
"-s:l'de. (@)

7.9.5. Oxy tekislikda massalari mos ravishda wim2,...,m,bo'lgal
A(*>>), A2(x2y2) , A n(xryJ nugtalar sistemasi berilgan bo‘lsin.
Sistemaning Ox (0y)o‘gga nisbatan statik momenti Mx(My) deb nilgtalar

massalarini  ulaming  ordinatalariga  (abssissalariga)  ko‘paytmalari
yig‘indisiga aytiladi, ya’ni

Sistemaning Ox(Oy) o‘gga nisbatan inersiya momenti Jx(Jy) deb

nuqgtalar massalarini ulaming ordinatalari (abssissalari) kvadratiga
ko‘paytmalari yig‘indisiga aytiladi, ya’ni

Sistemaning og "irlik markazi deb koordinatalari

m n
bo‘lgan nuqgtagaaytiladi, buyerda

B ) Tekisegri chizigning momentlari va og 'irlik markazi.

Oxy tekislikda AB egri chizig y =f(x) {a<x<,b) tenglama bilan berilgan
bo‘lib, egri chizigning har bir nuqtasida y =y(x) zichlik va / (x) funksiya
o‘zining /'(jc)hosilasi bilan birga uzluksiz bo‘lIsin.

U holda AB egri chizigning statik va inersiya momentlari hamda
og‘irlik markazining koordinatalari quyidagi formulalar bilan aniglanadi:

(9.19)

(9.20)

m m
b
bu yerda y =f(x), y=y(x), dl=4I +y’ldx, m=\ydl,a<x<b.



15-misol. Zichligi /=1 ga teng bo‘lgan
jc=3(j —sin/), y =3(1-cost), /e[0;"]sikloida yarim arkasining statik va

inersiya momentlarini  hamda massasi va og‘irlik markazining
koordinatalarini toping.

® dx=3(I-cost)dt, rfy=3sin/c*bo‘lgani uchun

dl =y - cos?)2+9sin2tdt =3V2 - Icastdt -6sm~dt.
Izlanayotgan kattaliklami (9.19) - (9.21) formulalar bilan topamiz:
r a j * j j */ t\ t
=\ydl =j3(I-cosr)6sin—#=36jsin2—sin—dt =36j] 1-cos2—sin—dt =
AT v =3(1-cosn6sing #=30)sin27sino et =36]] 1-cos2—si

=36dfsm"2<*+72|f0032§d§/0052—)1:-72cosé -72-3;eos3|-| =72-24 =48;

Mv:*|xd|:33(f- sin06sin—f I=18ﬂ]/sinj— -18Tsinfsinl—dt:
* A *.ot t .

= - + - - —€ = + —

18 - 2/cos 2fcop-efr -36fsin2geqs—dt =36 0 25|n2

-72jsin22Y[ sin—=36-2-72--sin34 =72-24 =48,
o 2 2/ 3

J =3 yao/ =) Y1 —eosf)26sin—dt =216jsin* —sin—dt =
5y =1L —eosh)2sing 527

=216ff1- cos2-1 sin-dt =2167sin.<# +8642cos2-~d{cos:1 -
(1o coszlp sin 5 geoszdfeossy

- 432fcos4§ao|(sos—1=-432005 +864-;3cos’? -432-icos5

—432-288 L432 112

X K £ A i X i
J v=jox ]d(l)=j9(t - sin/)ZBsinidt =54j0t25inl§dt -1081)t sin/sinlzdt +



x A ' t ot
+54E)sin2/sin§~dt: A 212c0s— +4]?l\(/C052— j-216jj}sin2—eos—elt+

- 432 1- cos? ocsf H ) _ 216 2rsin- - 23)sm§d!

-144ftd\sin3—-432 -cos3— +4§2-5 os';—

N 432
=432 i +2c0s; 144 rsin® 1 - rsinsgdt +144-

=432(* - 2)- 144n-- 288j" - cos20 ™ cost) +N -

= - — - — —+
288 a'- 3+ 5 ]‘cos2 300512>1/ 1= 285|';| —Jl =288[ K- B

dl :}issm—dt =- 1zcos§ =12:

=" :%:4,;1 =M =£=4 yaw cl49). o
Y<Bx figuraning momentlari va og'irlik markazi. Oxy teki:
la\b] kesmada uzluksiz bo‘lgan y =f(x) funksiya grafigi , Ox 0'q, x=
x=b to‘g‘ri chiziglar bilan chegaralangan egri chizigli trapetsiya I
figura) berilgan bo‘lib, yassi figuraning har bir nugtasida y=y(x) z
uzluksiz bo‘lsin. U holda yassi figuraning momentlari va og
markazining koordinatalari quyldagl formulalar orqgali topiladi:

M~/ ~ \yyldx Mv= jyxydx
J, =71IWdx, Jy=fyxdx;

j yxydx \\yyrelx

m K=-

bu yerda y =f (jo), y=y(x), m=jyydx,aix”™b.



bo‘lagi bilan chegaralangan, zichligi y=1 ga teng figuraning og‘irlik
markazini toping.

<S> Kosinusoidaning simmetrikligidan xc=_bo'ladi.

U holda
T A
=—} yldx=—Jcos2xdx «
2 5 2 _ X
_ IR roosdiry ISt
20 2 41 2 4
2
i= foosxdx=sinjo =2, ¥ =5=g
Demak,
f—eo—
U ’sJ
7.9.6. Material nugta o‘zgaruvchan F kuch ta’sirida Ox o‘qi bo‘yla

harakatlanayotgan bo‘Isin va bunda kuchning yo‘nalishi harakat yo‘nalishi
bilan bir xil bo‘lsin. U holda F kuchning material nugtani Ox o‘qi bo‘ylab
x-a nugtadan x=b(a<b) nugtaga ko‘chirishda bajargan ishi quyidagi
formula bilan hisoblanadi:

A=\F(x)dx, (9.24)
a
bu yerda F(x) funksiya [a;6] kesmada uzluksiz.

18-misol. Agar prujina 12 4 kuch ostida 4 sm ga cho‘zilsa, uni 22 sm

cho‘zish uchun gancha ish bajarish kerak?
® Guk gonuniga ko‘ra prujinani cho‘zuvchi kuch prujinaning
cho'zilishiga proporsional bo‘ladi, ya’ni F = kx.
Misolning shartigako‘ra: F(0,04 T) =12 H yoki 12=0,04*. Bundan A=300.
U holda

A= j 00xE&=150x] F2=7,26 (J). O



Mustahkamlash uchun mashqglar

79.1 Berilgan chiziglar bilan chegaralangan figuralar yuzalarini
hisoblang:
1) y=9-x2 y=0 2) y=-X, Y =2X-X2
3) y=In(x+6), Yy=31nx, y=0, x=0; 4) y=Inx, y=0, X=e€r;
5) Xx=y2 x=\y+2N\ 6) xy=4, x=5-y;
Dy =x2 y2=-x; S)y=x2 y=xX\x=-1, x=|;

9) x=4cos/, y= 3sin/, 0"/<2zr;

10) x=3(/ -sin/), y = 3(1-cost), sikloidabittaarkasi;

11) r =3'cos2g>\ 12) r = 3sm2g>.
13) r =2 +3cosyy, 14) r = 2 bir o’rami.

7.9.2. Berilgan egri chiziglar yoylari uzunliklarini toping:

1) y=Y ’ x=0 "an x= gacha;

2) y=chx, x=0 dan x=1gacha;

3) y2=x\ x=0dan jc=5 gacha;

4) y=arccosVx-"Ix-x2, x*0 dan x=1gacha;

5) x= ZyZ—EIny, y=1dan y=2 gacha;

6) *=1-1n(Y -1), y=3dan y =4 gacha;

7) x=t2 yzf—t, koordinata o‘glari bilankesishishnuqtalariorasidagi;

8) x=t2 y=t\t=0dan /=1 gacha;

9) x=2(/-sin/), y =2(1- cost), sikloida bitta arkasi;



10) x=3(2cost - cos21), y = 3(2sint - sin21);

11) r=a(l - cos ), kardioida bo‘lagining;
12) r=8cos’'-j, =0dan ¢p= gacha.

7.9.3. Chiziglaming berilgan o‘q atrofida aylanishidan hosil bo‘lgan sirt
yuzasini hisoblang:
1) y2=4x, x=0 dan x=3 gacha, Ox 0‘q;
2) x2+y2=9, Oy 0‘q;
3)jt=2(f-sinf), » =2(I-cos/),bitta arkasi,Ox 0°‘q;
4) x=%*j2cost, >=sin/, Ox 0°‘Q;
7.9.4. R radiusli shar hajmini hisoblang.

7.95. Asosi X2+¥2=1 ellipsdan iborat bo‘lgan va balandligi » = 3ga

teng elliptik konusning hajmini hisoblang.

7.9.6. x2+y2+z2=16 shar hamda x =2 va x=3tekisliklar bilan
chegaralanganjism hajmini hisoblang.

7.9.7. —-x2=1bir pallali giperboloid hamda x=-1 va
x =2 tekisliklar bilan chegaralangan jism hajmini hisoblang.

7.9.8. Berilgan chiziglar bilan chegaralangan figuraning berilgan o‘q
atrofida aylanishidan hosil bo‘lgan jism hajmini hisoblang:

1) xX2=4-y, y =Q,0x 0o‘qi;

2) x1+Y =4 yarim aylana (x>0)va y1=3xparabola, Ox o‘qi;
3) y=arcsinjr, y=0, x=\, Oy o0‘qi;

4) y2=xX\ x=1, y=0, Oy o‘qi;

5) x2=4y, x=0, y=1, Oy o‘qi;



6)?5+3_1 Oyogl,

7) x=2(/-sin0, ;y=2(l-cos/), bitta arkasi, Ox 0‘qi;
8) x=t2 y=t3 x=0, y=1,0y o‘qi;

9) r =3(1+cos”), qutb o‘qi;

10) r =2Rcos<p, yarim aylana, qutb o‘qi;

7.9.9. r=2Rsmtp birjinsli aylananing og‘irlik markazini toping.

7.9.10. x=acos3], y =asin}t birjinsli astroidaning Ox o‘qdan yuqgorida
yotgan yoyining og‘irlik markazini toping.

4911. 4*+3y-12=0 bir jinsli to‘g‘ri chizigning koordinata o‘glari
orasidajoylashgan kesmasining koordinata o‘glariga nisbatan statik
momentlarini toping.

49.12. x=0, =0, x+y=2 ciziglar bilan chegaralangan bir jinsli tekis
shakIning koordinata o‘glariga nisbatan statik va inersiya momentlarini,
og’irlik markazini toping.

7.9.13. y=4-x2va y =0 birjinsli chiziglar bilan chegaralangan
figuraning og‘irlik markazini toping.

7.9.14. Yarim o‘glari a=5va b=4 bo‘lgan birjinsli ellipsning
koordinata o‘qglariga nisbatan inersiya momentini toping.

7.9.15. x2+y2=R2 aylananing birinchi chorakda joylashgan bo‘lagining
o'girlik markazini toping. Bunda aylananing har bir nugtasidagi chizigli
zichligi shu nugta koordinatalarining ko‘paytmasiga proporsional.

7.9.16. x=8c0s3], 8=4siny astroida birinchi chorakda yotgan yoyining
koordinata o‘glariga nisbatan statik momentlarini va massasini toping.
Bunda astroidaning har bir nugtasidagi chizigli zichligi xga teng.

7.9.17. Prujinani 4 smga cho‘zish uchun 24 J ish bajariladi. 150 J ish
bajarilsa, prujinana ganday uzunlikka cho‘ziladi?

7.9.18. Agar prujinani 1sm.ga sigish uchun 1kG kuch sarf gilinsa,
prujinaning 8 sm.ga sigishda sarf bo‘ladigan F kuch bajargan ishni toping.



7-N A ZORATIISH.I

1-2. Anigmas integralni toping.

1-variant
L2 gy 2 f 3x2-1
'X2-6x +10 ' @)(x2)
2-variant
1. f—2X 5 dx 2.
4 x2-2x+2 V (jet+))
3-variant
Lf r4d d - f2+r2-3
V3 - x2+2x J X +1)
4-variant
e F@So2-1 . 2.
3 -Jl-x1 VvV +H2
5-variant
* | +smjc
[ AL JT. :
(JC - COSAC) 2 Txxﬁlﬁ
6-variant
«BIC+4dIlC
> 1. [~
‘](Slnj:—cos*)z 2 !‘J*{*{—ch +l)
7-variant
i. /4% 2.
1X -1 L -X
8-variant
2smx +x om
9-variant
jcoosjc +sin;:

_ A
* (icsinic)3 2 (7 5



1 jMEr- 2¢*, 2. /4x1n

3 |+x2 3 - X
11-variant
ool xzy 2. j rMdx.
= = b
12-variant
dx
- f .
V(* -Dr ke
13-variant
1. f - ¢ I
X +2x+2 M A2+3x+2
14-variant
1. J 4-+3— dx 2. jz?——~—|dx
X +IQc+29 T
15-variant
1. f- j~ —dx 2. > +3— dx
X +hy 13 L%
16-variant
. " 5 o2,
4x2-4x +5 X =7xX+\
17-variant
i. i—-rJa~-n 2.
>3+2x-%x2 X —~2X
18-variant
i j,-2°*3 i Elmata i
45+ 4x-x1 J jo +2¢
2. f 2=



1. N\copA\NG\X)dx

t
1

1-  \tgx\n(cosx)dx

E

SX +2x +5

i 3cosx +2sinjc

dx
fxjx2-1

dx
fW X2+1

dx

- Fyvi-xe

R

X +IN9x2 ,

— ——dX

20-variant

21-variant

22-variant

23-variant

24-variant

25-variant

26-variant

27-variant

28-variant

29-variant

30-variant

- 3-dx

X +X-6

r x2-3x+2
K (x2+2x +l)

2. f— X3 dx
J(X-D2Ax+I)

>
jc -3jc+2

m\V-jt-2



8- N AZORATIISH I

1. Aniqg integralni hisoblang.
2. Xosmas integralni yaginlashishga tekshiring.

1-variant
—v2
1 )-££= 2.
01/16 —x j4 +ijc
2-variant
t fv*2-4 .
*o 2. ] ——&
2 * {)cos I
3-variant
1 l* «L
m = . 2-J(3x +1)2
4-variant
I fit.
o9iA+1L
5-variant
- 5« 2. A.
6-variant
1. 1- * % - dx
» 7(64 - jy oX -2x-3
7-variant
1 }— * 2.0~
iJix2Jx -9 IxX2x +1)'
8-variant
P 2.
A*ANx2—3 /0+*)*
9-variant
l *

XInx



1. Ix2/4-x*dx.
)

1. |d(1-x231.

= Ve HD3

1) *
«A25+x2Y

bei(=>
bn/lG—,u,cZ

3 X&E
1- 1

1. J>/4-x2cfe.

1. JVVI-x'tfc.

1. Jjc2V16-jc2ac

11-variant
Jafe

o 844; +4*+ 5

12-variant

13-variant

14-variant

15-variant
2'El/l—Sx

dx
JX1-6X+9’

16-variant
2-]
17-variant

2.
Y -4*

18-variant
2 i-sinjca®

*Vcos2X
2

2-%\/jc-j2-4



1 J/(4-* y<m

= dyeooy

XX
- (;lr/9 - jc2

. j-JI6=x!dx

1. jV 425-x‘dx.

1 JjVI-

I. >3+ p2fr.

I. |n/25-p:21.

. J- n
0>/(16 + X2)3

I }—i—1.

ae

2.f

21-variant

2-f

22-variant

Jtinx

ac

2-f

23-variant

24-variant

25-variant

2-

26-variant

o2 4 +3

i |+9x2
X’dx

Jv8bca+1

In -3jc +2

<83 /"y

27-variant

n

2 ¥ 2+i6

28-variant

2.

30-variant

Ne £=£*.
| 2—x

2. j- *

43 *2

2 \xtdx

mivr?'



9-N A ZORATIISH I

1 .Berilgan funksiyalar grafiklari bilan chegaralangan yassi
figura yuzasini hisoblang.
2. Berilgan egri chiziq yoyi uzunligini toping.

1-variant

1. 4y=xr, 2y=6Xx-X1 2. v=-Incosx, 0<x<%_
2-variant

1* Y=X2 y=2X, y =X 2. r=3(+sin”),— <(p<0.
3-variant

1. ~ =arccosic, y=0, a=0. 2. jc= 2cosd, y=2sin3, 05/5 &
4-variant

1. y=x3-3%X, y =X 2. y=chx+4, 05x51.
5-variant

1. y=(-N\)\yr=x-\ 2. x=2(7-sin/), y=2(I-cos/), 05/5—.
6-variant

1. r =3cos3(z>. 2. r =4(l-sin#>), O<<p<,€.
7-variant

1. vzlncosx+3,05/53; 2. v=Incosx +3, 05/5 —.

' 3 ' 3

8-variant

1. r=3p 05075y; 2. r=3<p, 05?>5y.
9-variant

2. v=vIl-xJ+arccosx, 05x5—
' 9



11-variant
y=3X-X2 y=-X. 2. jc=3(f-sin/), y=3(l-cosf),
12-variant
. _ X
y2=4x, x2=4y. 2. r=2(1- cosip), —XE<pii-—.
13-variant
- ] y
. y=2', y=2x-x2 x=0, x=1. 2. v=vl-x2-arcsin, O<X5?
14-variant
. X=4-y2 x=y2-2j9. 2. r=3e"*, —2<q><2—_
15-variant
y=n/4-x2, y=0, x=0, x=1 2. jc=5cos2/, )\//z 5sin2f, 0</<7.
16-variant
r = QO5P-S\Rp. 2. I’ZZSiI’]3? O£<p<?.
17-variant
. Xx=2(r-sin/), 7 =2(1 —-cost). 2. jy=€eT+12, liWI5 SfEIn-\/24.
18-variant
j =sinjr, 7 =cosjf, x=0. 2. y=In(I-x2), OSfS—4.

. Y*F=XT, X+y+2=0. 2. v=Insin;c+3, 55 /i?.



1*

X=4cos3, >=4sin3. 2. r=2er, _§<’&<?

21-variant
j2=9y, x=3y. 2. x=4co0s?, y=4sin3, 05/5"-
22-variant
y1=2 —x, y=JX. 2. y=2-¢‘, InV5 5/<1lrsv/B.
23-variant
y=x2M4-x2, y=0 (05x52). 2. x=5(/-sinf), ¥=5( - cosr), 0<t-in.
24-variant 3
r = 4(1 - cos<p). 2. r=4p, 05(2><I.
25-variant
y =Xxarctgx, y =0, X =43. 2. r=cos3—, 0S®5— .
3 2
26-variant
N=x2-6, y= -x2+5x - 6. 2. 7=In—, 43<,x<b.
2x
27-variant
y=(x+2)3 y=4-x, y=0. 2.y=~ - 1£x<2.
28-variant
oy=4,ar+y=5 2. r = l-sin<g>,
29-variant
jc=3cost, y = 2sin/. 2. jc=8cos2/, ;y=8sin2/, 0S /< E
30-variant
f -

. y==X* -2X +3, y =3x—. 2. y=3+e2+e'l, 0ix"2.



6-M USTAQIL IS H

1-4. Anigmas integralni toping.

5-7. Aniq integralni hisoblang.

8. Berilgan / egri chizigning ko‘rsatilgan o°‘q atroflda
aylanishidan hosil  boMgan sirt yuzasini hisoblang.

9. Berilgan egri chiziglar bilan chegaralangan figuraning
ko'rsatilgan o‘q atrofida aylanishidan hosil bo‘lgan jism hajmini
hisoblang.

10 (10.1-10.15). Bir jinsli | egri chiziq og'irlik markazining
koordinatalarini toping.

10 (10.16- 10.30). Berilgan chiziglar bilan chegaralangan bir
jinsli D vyassi figura og‘irlik markazining koordinatalarini

toping.

1-variant
’]A(< Ix-1 dx
(X +IX*2-4x +13) 2 +4sinx + 3cosj«:
4
I
XK

5. | (x+ 2)zcos3jratt. 6. j02'10058xdx.

-2

X=-\
dx.
Jv3x2-JC+5

8. /: x=e'sin/, y =e'cost egri chiziq yoyining t=0 dan
t=y gacha gismi, Ox.
9. y=xe’, x=-2, y=0, Ox.
10. /: jt=200s3-, y=2sin3- astroidaning birinchi kvadrantdagi gismi.



4cosjt +3sin;t

VX +3
3. 4. f
EI)I+ hx+3 Jx-n
c2 ~ X
5. lexln2><t& 6. j24sinBXcos2ER
X+5
-21/3-6x-x2

8. /: x=2cosY, v=2sin¥ astroida, <9y
9. p2=3%, x2=3y, Oy.

10. /: r=2simp egri chizigning ~>=0 dan <p=;rgacha gismi.

3-variant
o X2-3x +l sinxfifc
1 =" dk .
X+2)(x +4) M 54 3sinx

fVI1+ x 4
3- J x-V7

3 2x
5. B(x2~3jc)sinx"6:. 6. 624sin4ﬂcn§*>dn
7.

%I | +X-X-

8. /: x=3(<-sinr), 7*3(I-cos0 sikloidaning bir arkasi, Ox.

9. r2=acos2tp, qutbo’qi.

10. /: ~ =3c/1(x - 3) zanjir chiziq yoyining x=-3 dan x=3 gacha gismi.



"| +sinx +cosx

3. AG _
JVX+VxX 4 !] S'_-rg X
r
5. IxIn(3x+26& 6. |24singxdx
7. }--=+2
W x2+3x+4

8. /: r=4sin» aylananing <p=0 dan g=—gacha gismi, Ox.
9. y2=(x +)\ x=0, Oy.
10. /: x=5cos3, y =5sin3 astroidaning Oy o‘qdan chapda yotgan gismi.

5-variant
r___3x*1 . 2 f6sinx-5cosx +7 ,
X-D(x +2x+5) "' | +e0sx
3.3.Z1) dx *
Wx-1+1 X=\/X
5. fx2Inxdx.

7. f--7——-2 dx
W x2-5x +l

) = y=d— i chizi _ _
8./ x i y 16egrlc iziq yoyining /=0 dan
r=2rv¥2 gacha gismi, Ox.

9. x=a(/-sint), y=a(l - cos/), b.a., Ox

10. /: x2+y2=9 aylananing ¢=60"li markaziy burchagi orasidagi gismi.



3x2H-5jc—1 dx

X +1)(2+2)' 3cosx-5
W C 4xdx 4.
J3X+V 7! X-Vx7
5. H(x2+I)cosxabe. 6. _fsinzzcos6d—rdx
i
7. . <.
4V4+2x-%x2

8. /: j»:j —iH2i egri chiziq yoyining je=1dan x=egacha gismi, <
9. x2+(.y-2)2=I, Oy.

10. I': r = 2(1—cos<p) kardioidaning <o=-n dan €=~"gacha gismi.

7-variant
2x3+I o f dx
X+2)(X* +2x+3) " J5cosx+3

5 MXb1+VX+1L 4. fAU d x .

3 Vx+T 3 x-Vx4
5. x2 ik 6. j2*sin2xcostxar

_|

6x-1 ,

T SW2-3x—x

8. /: _y=sinxsinusoidaning x=0 dan x = a gacha gismi, Ox
9. y=e", x=0, y=0, (x*0), Oy.

10. /: x=n/3/2, y =t-1t3egri chiziq yoyining /=0 dan /=1gacha gismi.



sinx +cosx +3

X+DH(x2+D)
3. PVYXEVE g 4
© o Ax +alx
1 0
6. J28sin8xfift.

5. Jxarctgxdc,
7. f 442 a.
on/2n;2—-x + 5

L X2 v2_ . . _ _ .
8./ ?5+T6—1elllpsn|ng x=0dan x=5 8acl"]]a gismi, Ox

9. x2=(y +4)3 >=0, Ox.
10. /: x=3(cosf+ fsinf), v=3(sinr-fcosO (0<r<7r) egri chizig yoyi.

9-variant

SX+6 2. f  ?4sin*—dx

- J —dr. .
(x -2 )(x2- je+ 1) Jsinx +cosx +1
3.t-J*—*, 4.
J*-4V? JXx-i7
Ix
5. J(x-De 2x; 6. Jsin43xcos™ 3x<&

7.} N +3--&
o/2x2-x +6

8. /: y =2ch” zanjir chiziq yoyining x=0 dan x=2 gacha gismi, Ox.

9. v=sinx, V=CosX, OSXS%, Oox.

10. /: r =asin3— egri chiziq yoyi.



10-variant

" (X +2XX" +x+1) 2. (Eosx(ﬁkcosx)
3.1t 'G+f i &. 4.

J x(1+*1X) T XNe
5. IXInZ(dX. 6. J)é%inZCCOSG)m

7.L 2x+1 dx,
iV x2+ 5jc-4

8. |1 x2=2y parabolaning y =0 dan y:g gacha gismi, Oy.
9. r =acos2q qutb o’qi.

10. /: x2+Y=25 aylananing Ox o‘qdan yuqori yarim gismi.

11-variant
1 P2y 5% &
x -1 Jsin;t +3cosx+5
o JOVE AU+ o 2 TN
J *17 1 X -\f7
5. 6. j2 &ose«&.
7.6 X0«
_UGml-2m+l
8. /: r=—1?— egri chizig yoyining <p=0 dan <p=—gacha gismi, Ct.
02 2
2

2
9. >=———-jc=0 =0, jc= X.
l_'_'q,J ,Y=0,ic=1 0

10. /: r =4(1+cos9) kardioidaning p*0 dan <>=tgacha qismi.



J (X +2Xx2-2X +N\)) 2cos*-sinjt +3

) 4,
J1+Vx J
0
5. .]|an0+1)<& 6. I2$in2jcc056p,'<a'x
. jc-3
7 Donoyosic—a

8. /: Y =2x+I parabolaning jc=0 dan x=7 gacha gismi, Ox.
9. x=a(t-smt), y =a(\-cos/), b.a., Oy.

10. /: y:ach;zanjir chiziq yoyining x=-a dan x=a gacha gismi.

13-variant
o *2H3T+1 2 )=
= 1 (x +1)jc2- x +1) " “2sinjc +cosj:
3. f o 4. pm~"-dx.
3MX +4x } x-Ifx
5. gt%inadx 6. Jsin2iccossj:A.

7.j--2» 1 .gr.
oVl +X-3x"

8. /: r2=9cos29 limniskataniing <p=0 dan <pzzgacha gismi, Ox.
9. xy=6, x=I, x=4, y=0, Ox.

10. /: x1+y=16 aylananing Oy o‘gdan o‘ng tomonda yotgan yarim gismi.



2. jo——* e

1- ‘](X+|)(X +2X+2) " Jcosje-3sinx
3. r1x~1n. 4. V*+= N 1.
3 Vic—1
w
5 \ 6. f24sin4xcos4jchc.
Scos'x
4jo_+l
"0V +—x2

S. I: r=4cos<» egri chizig yoyi, Ox
9. y=ach— -aijifl, 6x
a

10. /: jc=3cos3”, >=3sin3" astroidaning uchinchi kvadrantdagi gismi.

15-variant
5x+2 sinxcbc
1 f ax. 2 1y,
(* +3)(x +2x+2) 1+sin jc+cos*

3. Nli+47 dx

JVF+1+1 x2-Ax"" .

&
5. Ix2nxdx. 6. jcossﬁdt

4x-1
7- .
4x2+4jc+ 17

8. /: r=2(1- as<®) kardioidaning g>=-n dan <=-"gacha gismi, Ox

a o
10. /: r=2cos”" egri chizig yoyining <p:~z dan <p:Zgacha gismi.



N4 — dX 2 f—
}X_+|XX’ +)

» 3sin*-cosjc
3 PN 4. pii xp /.
IX(/X+VX) je-\v*
5. JinIxdx. 6. |f2“sin2—0056—ait.
2 2
Lj]o2nh=Nn
0-JI-X +X2

8. /: x=¢'siru, y =¢€'cost egri chiziq yoyining /=0 dan
t=] gacha gismi, Oy.

9. r =a(l-cos<p), qutbo‘qi.

10. Z= r29cos2<p limniskataning birinchi halga$i bilan chegaralangan

17-variant
Iy j 12 -6+ ae
(ic +2)(jc24jc +13) 3oosic+5
3.j- LI~ -n. 4 ffcp I*.
JO(1+\[><)
X 2x
5. %-cssin 6. josin4.xoosz;<<£r

7. f 2*-1-. A.
o/1 ! -3jc+4

8./ x= egri chiziq yoyining y =1 dan _y=egacha gismi, Oy.

9. y=(x-2)\ x=4, y=0, Oy.

10. D: j'=sinjcsinusoida va Ox o0‘gining

[0;9] kesmasi bilan
chegaralangan.



W[ 2x2+2x+10 4 2 j— X
" Jc- Diic + 2jc+ 5) m3sin * - 4 cos*
_ f vk
3* TTATx
o 0
5. 5ﬂ2—4)cos3xdx. 6. J2*sin6jccos2jc<&.
X-4

=ax.
7_092jc —X+7

8. /: x=cost, j =|+sin/ egri chiziq yoyi, Ox.
9. x=acosa, y =asin3, Oy.

10. D: y2=3x va je2=3y egri chiziglar bilan chegaralangan.

19-variant
X+T
I+ jc2+2x+3) M 8+4cos*
. fan . _J- dx.
3 hJ— *C'II' X 4-/: “r
xdx 6. (28sin8<ix
rSin *
2c+3 .
7-J- ) R
T a2—2jc+10

/2 3
8./: jc=4-y, "=- egrichiziq yoyining /=0 dan

t=2"2 gacha gismi, Oy.

9. >=arcsinx, y =arccosx, y =0, Oy.



20-variant

X-2)(x2+x+]) M 'SCosjc—4sinjt +4

3. — 4.
J *2_~A

Jl+=vr
3 r
5. %3]0— X DS\ 6. J2ssing* cosdxdx.

7. J, 2x+5 dx.
-W4;c2+8jt +9

8. /2 X+~ =1ellipsning y=0 dan y =5 gacha gismi, Oy.

a2 P = 0%
10. D: r=2(1-costp) kardioida bilan chegaralangan.

21-variant
_ 5%2+17x+36 COosA
(X +1)(* +6x+13) M 2 oot
X 4 fVI+vx
s jfl+ "l
5. Jj2n(l—odx 6. I1‘24sin42—e:034-5dx
7. T.-*+6 A
2y/4x-3-x2
8./ r=—— egri chiziq yoyining ¢»=0 dan q>:—zgacha gismi, Ox.
sin &

9. 2x +2.y-3=0, 725, Oc.

10. D: %52+~i-/€2:1 ellips va koordinata o‘glari (;y£O, jc*O) bilan



—ax.
J(x +2X*2-2*+ 10) 2 _“Qinjc—3cos;c+ 2

- r V*+
3. I -—%:‘:d)(.
nlgr+3 +V* + 3

1-

5. J(X +I)2cos—x. 6. Bsin’zfl.
4 x+3 =dx.
i V8 +6jc - 9x

8. /: *=2(f—sinf), j= 2(1-cos/) sikloidaningbir arkasi, Oy.
9. x=t\l p=1-j/1, b.h,, Ox
10. Z= y=(;t-2)2 * =0, y =0 chiziglar bilan chegaralangan.

23-variant

*
R . 2 £ ™

1(X - D2 +2n+5) 2sinjr-3cosjc

4, dx.

3-
5. 6. |28cos8xdx.

1 X

4x-3

4 _12-6x-9X1

8. /: r=5(1 +cosp) kardioidaning #>=0 dan ~gacha qismi, Oy.

9. x=acost, y”~bsint, Oy.

10. D: x1+/=16 aylananing ¢=60°li markaziy burchagi bilan
chegaralangan.



X143x +1 , dx

T I Dur-6%+ 13) 2- i2cosjr—4sin* +5
g TIItLL 4
" 3y[7+1-1 J x1-7
0
5. f(x +De-2dx 6. J2ssingjtcosgjoft.

7. ) mX+4 <
“Wit2+2*+ 4

8. /: *=4cos3, y =4sinY astroida, Ox.
9. r=a(l - cosP), qutb o’qi.

10. D: x+y =6, y=0, x=0 chiziglar bilan chegaralangan.

25-variant
fix

V+27 M '5-+2sin* +3cos;t
3. —="=£1— dx 4. f dx

X-\hc+2+2 X— BNIX

|
5. jxarctgyfxdx. 6. j24cos' —ex.

o 2

7 2X-4
’ @8 +2x - J2

8. /: y =e¢"™ egri chiziq yoyianing jc>0 gamos qismi, Gt

9. v=sinx, y=cosx, 0<*< T Oy.



1 rmBx2+2x+1 f n

!. J___Jc_+|_ dx. 2. j75“‘?'11—3005*
3. j£xJLdx. 4. jr - N - dx
Ji-Vv7 1 x-i/7

1
5. PcZarcsian— 9A. 6. IEsinESZooszzelr.

1.5 *zI1_A
VI-x-jcl
2

8. /: y =cosjckosinusoidaning m="  dan x=-2gacha gismi, Or.
1 v3

9. v=—,
2 y 8

10. D: y—1—, x=tl -1 chiziq va Oxo’q bilan chegaralangan.

, OX,

27-variant
o 2.) *
JjcdA+-4jf2 J4sinjc-3co0s.x
3. 4.1
Jx(1+Vijo) * -V
5. J(jc3-1)e . 6. J24sin62—0052;dx
(0] (o]

7.b=*"=A.
3V8JC-15-*2

8. /: x=2Rcost-Rcos2t, y = 2Rs\nt-Rs'mlt egri chizigning x=-n dan
x=0 gacha qgismi, Ox.
9. x=acos, t, y=asin3f, Ox.

10. D:x=2(t-sint), y=2(1-cost) ning bir arkasi va Or &g bilan
chegaralangan.



28-variant

x +3)(-2-jc+]) M 5-+3cosJC-5sinjr
4. !]W
*2_&/\
5. .b(j05+ 5)cos2jk&. 6. .1024Sin*—2<&
7. 31 dx
—2/2% 2—bx +1

8. /: r ="cas2<p limniskataniing <p=0 dan q>=zgacha gismi, Ox.

_ =1 -bLAx*
9.g TbT 1,-biax*b, Oy.

10. D: x1+yr=9 aylananing Ox o‘gdan yuqori yarim gismi bilan
chegaralangan.

29-variant
6*-10

=) (X +2)(x2-2x +10) 2+{ "3cos” +4sin* +5
3. dx 4

V(c+2)2-47+2 X-YX

K

5. %e*sinxdx 6. jsingdE:
7.} - 4 +3

IV3 - djc- 402

8. I: xr=3y egri chiziq yoyining x=0 dan jc=1 gacha qismi, Ox.
9. x=acosf, y=bsint, o Oox.

10. D: r=4(l+cosp) kardioida bilan chegaralangan.



1 j— 4Xx'~ % - 5— dx

(x-D(x +2x+5) I+ COS)f
3. N {x+3)1 +Vjc+3 4. phlxiSIA.

JVX+3 A\IX+3.

 x e

5*\] 6. f28sin6jccos2xdx.

C0S23X

2
2x-5

s+

7- R2 43x-2x2

8. /: x=5¢c0s5", y=5sin3l astroidaning /=0 dan f=—gacha gismi, Oy.
9. v=6, x=0, Ax
3
10. 2): - +B:1 to‘g‘ri chiziq va koordinata o’qlari bilan chegaralangan.
a

B. NAMUNAVIY VARIANT YECHIMI

1.30. — + X -5—-ex
J(X=IXX +2x+5)

<& Integral ostidgi funksiya toay‘ri kasrdan iborat. Kasming
maxrajidagi x1+2x+5 kvadrat uchhad ko‘paytuvchilarga ajralmaydi, chunki

£.i-q=-4<0.
A
Uholda kasmi
4x2+7x +5 A Bx +C
X-D(x2+2x+5) x-\ x2+2x+5

ko’rinishda yozib olamiz.
Tenglikning chap va o‘ng tomonlarini umumiy maxrajga keltiramiz va

suratlami tenglashtiramiz:
Ax2+IXx +5= A(Xr+2x +5) +(Bx+C)(x -1).



X=1:16=8A

X2: 4=A+B,
, X°: 5=5A-C.
Bundan A=2, 5=2, C=5.
Shunday qilib,
I___fXL"'P_(L"?__ dk= 2\6__+ 2_X_+_5__j'| =2 /-1 (X2+2X+5)
] (ic-1)(x2+2x+5) J* -1 f§+2x+5 X +2X+5
¢ 40D "2inlje-1]+In}ra+2c+5\ 4 ~arctg~ +C. 0
JU +i)3+2) 2

830, =sint+3cosirg,
| +cosx

® Integralda almashtirishlar bajaramiz:

[2csinir +3cosffy _ [3+3cosA-l-sinxy, - gf_sm_xok Y

i +COSX J 1+Q8C

/, integralni universal trigonometrik o‘rniga qo'yish orqgali
ratsionallashtiramiz:

t—tg5 sx = - B cosjc = 12
7= Slsinir o 2’ +2 " 1+t2
1+CoBX dS(zf-d-t- X= arctgt
21

g+
=l— \, =+ £.2 =| | +H2422tdt=jdt +j
D S TSI R 2 2l cLr TR §1+
| +t2

=/ +In|1+/11=fg—j+Inl +fg2" =A] -211) cos;—

Demak,

I’Z—Sm X +3cosjt dx=3x— tgLZlHCOSﬂH'e-
3 | +cosx 2 A



3.30. Ne-+31H*Hch.
1 Vx+I1+Vjc+3.

<® x+3=t6belgilash kiritamiz, chunki EKUK(2,3,6)=6.
Bundan x=t6—3, £&=6/s¢.

U holda
n 3)1+%x+3 tA+t
P OIS, [T sBii-
Jx+3+\|x+3 t +t
= ot*dt= -f+1)<r=

J‘|7’>—t*’\5t5+c % ('\W+ 6&7If x +C. O

430. jW tp t*.
o’ya3
® Integral ostidagi funksiyani standart shaklda yozib olamiz:

X'l +"0 3
Vv ;

Demak, m=——, «=-=, »=-. Bundan *"="+» =-|.
12 4 ' 3 n ‘

Chebishevning uchinchi o‘rniga go‘yishidan foydalanamiz:
| +Htd=xV yoki jea(*- 1)=1

Bundan
1=V o= 3, o= N - it

U holda

In 9\§'R q .

A dir=—12j(f2—)3 (r3<3-1)3-t\t}-\y sdt-

1 e j(f2—)3 (r3(r3-1)) }-\y

—_12j(t1~iy - N\A\rd=
I+VP’ C. O



xdx
icos 3x
@ Aniq integralni bo‘laklab integrallash usuli bilan hisoblaymiz:

~—lgBxaix

4 (f'gf '0)4 InJCoS3x =~ +?(Inposf -1rlcos®])=

o7 1(k4-b1} ="*n/3-3102). O

6.30. 128sin6xcos2xdx.

2

® Integral ostidagi funksiyaning darajasini pasaytiramiz:

ZBBINBXCOS2X = 24(22sin* X)(225iN2xc0s2 ) = 16(2sin2X)2A2sinXCcosx)2=
= 16(1 - c0s2X)2sin22x = 16(1 — 2cos2jc +c0s22X)Sin22x =
= 16siN22Xx — 32c0S2XSiN2X +16SiN22Xc0s2X =
=8(2sin22X) — 32c0s2XsiN22x +4(2sin2XCc0s2x)2=
= 8- 8c0s4x — 32c0s2xSin22x +2(1 - cos8x) =
=10- 8cos4x — 2c0s8X — 32SiN22XCOS2X.

Integralni hisoblaymiz:

12Rsin6x cos2xdx = 10j dx — 8] cos4xdx — 2] cos8xdx — 32] sin22xcos2xdx =

—1oq-8 M, S";sx _16j sin22xd(sin2x) =

5

-
=107 -]1-0-0-16- " 7 =51 0



IN2 +3x-2x2
Ildiz ostidagi funksiyada almashtirishlar bajaramiz:

24+3%_2%]=D-2 |(4,-c2- 32 x =
j

Z( 1 1:tL.Jt2 l(+ 9 5
NV 2 16) 16J 16
U holda ;
ANXx-
dx K s — n_4X— 3
W2 u3ic—2i2 Y V2 5
-4{ I(arcsin f'—_—é—_—%— arcsihof)!z ﬁ Iarcsinlnz n4.2

8.30. /:x =5c0s3f, y =5sin¥ astroidaning t=0 dan r="gacha qgismi, Qy.

N x=gKt), y=Vy/(t), a<,t<,p
parametrik tenglamalar bilan berilgan
egri chizigning Oy o‘q atrofida
aylanisliidan hosil bo‘lgan jism sirti
yuzasi

cr’=2xj (p®)-J@pn {t) +y/2t)dt

formula bilan hisoblanadi.
jt=5cos3/, N =5sin3<

astroidaning J0515—J) Oy o‘q

atrofida aylanishidan hosil bo‘lgan
sirtyuazini hisoblaymiz: (10-shakl). 10-shak.

<= 27| 5cosl/ ¥(-15c°s:Vsin/)2+(15sin2fcos/)Jdf =

= 1507-] cosly/(cosisinl) Acos21+sin2t)dt = 150k] cos5lcos/sin tdt =



* : r ast
=150n—6cos4/sm/l‘| = —150n—5:os',f</(cos/) = —15011——75—

9.30. x=" 33)2, P=6, x=0, Ox.
® x=0da >>=?a.
U holda K=2 formulaga ko‘ra

K=2*}7 n =~ }03-6>2+9y)dyJ"X - -2/ + =
J J I3 J ou4 2.4,

9-36-2-216+9 18- —+54-— F—% O
4 21 2

10.15(1). /: x=a(t -sin/), y-a(\.-cost) sikloidaning bir arkasi.

® Sikloidaning birinchi arkasi x=m to‘g‘ri chiziqga nisbatan
simmetrik bo‘ladi. Shu sababli sikloida og‘irlik markazining abssissasi
xc=m bo‘ladi.

Sikloida og‘irlik markazining ordinatasini

\pd b

yc= Arﬁ Zm =]ydl

formula bilan topamiz.
Bunda

dl=i](a(t - sin0")2+(a(l ~cost))dt = g/aq(1 cos/)2+sin2t)dt=
=aV2- lcostdt= 2as'm2—di.

Egri chiziq birjinsli bo‘lgani uchun uning zichligi y =constbo*\ad.
U holda
Ik It f f
i=y~dl= 2ja Jsin—dt=-4>0c0s- =8a\

2% j Ix i i
2yaJa(1- cos/)sin—dt =lyall 2sin2—min—et =
a 2 [ 2 2

= —8ja2f(£ll— cos2® ml{c o s =-8>a[cos™ -icos3"
3 LJ



- 8%V -1+ +3j=T

y‘* 3-S}la 3

Demak, C lam— I.
v 3

10.30. Z= _+F:1 to‘g‘ri chiziq va koordinata o‘glari bilan chegarala
a

® To'g‘ri chiziq tenglamasidan topamiz:
Quyidagi formulalami qo*llaymiz:

jixydx

Xr=N——, Y, *-*——
m m

U holda

m_

24 * a 2 a's3X

Nbaly-2 a v _

=--X+bh.
y a
»
" =\Mb.
bary
+TT s
« *
2 6

cmtoy 3’ * 6efcay 3

Demak, C (H S
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JAVOBLAR

1.1. Determinantlar

1.11. 14. 1.12. 2. 1.1.3.-x2 114. -b(a+b). 1.15. sin(a-/7)sin(a +/?).
1.1.6. 2sina. 1.1.7.40. 1.1.8.-10. 1.1.9.-47. 1.1.10.-18. 1.1.11.22. 1.1.12.-10.
1.1.13.b2(b-2). 1.1.14. 4*. 1.1.15. - 2sina sin/?siny. 1.1.16. —tga-tgfi.

1.1.17.(a-bXa-cXb-c). 1-118. a(x-y)(x-2z)(z-y). 1.1.19a2a+34). 1.1.20. -xyz.
1.121. 0. 1122 cos2a. 1.1.23. x,=-2, x2=1. 11.24. * =1, i, =5.

1.1.25. jc =2, *2=3. 1.1.26. x, =-4, xr=1, xX*=2. 1.1.27. 63. 1.1.28. 100.

1.1.29. 2a-&b+c+5d. 1.1.30. -6.
1.2. Matritsalar

5 N '3 12 0 1 -2 2-v -1 2
) 122. -13 5 123.3 -7 6.124. 5 3-v 3
4 i 23, 3 -7, -1 0 -2-1/,
22 N o - r7 e r2 -1 4'
125 % L, 126. =z <5 127. -1 10 128 -8 -3 13
.16 0O v-2 5 | 2 1 -2,
0 8 -6)
o o
129.7"8 2°\ 12.10.135 676) 1.2.11. 1212. 6 1 -13 1.213.3.
A-38 30/ 1154 166/ 9 -3/
20 1 27
5 10 -2
1214. 2. 1215.2. 1216.3 1217. If nel l218. -6 2
31-2 -3
-2 0
0 0 4
rg 14 -10
1219 4 -1 2 1220 &+ 63
- ' 4 2 -5 3

1.3. Chizigli tenglamalar sistemasi
13.1. Birgalikda emas. 1.3.2. Birgalikda, anigmas. 1.3.3. Birgalikda, anig.
1.3.4. Birgalikdaemas.1.35. x, =-1, xX2=3, x}=2. 136.jc=3 x2--3, x, =1
13.7. x =3, x2=2'*3=1 138. . =1, *i=l, x, =-1. 139. xI =3, *2- -2.
1.3.10. z, =3, x2=-2. 1.311. x, =1 x2=2, x,=0. 13.12. * =1, x2- -2, X, =2



1.313. x, =-2, x2=1, x, =2.1.3.14. x, =0, *2=§, x}=0, a(a-1@+2* 0.

1.3.15. x, =-1, j2=-2, g3=-3.1.3.16. x, =2, x2=-2, x3=1.

1317. * =1, x2=-1, xj =-1, =11318.* =2 x2—1, x3=-2, *4=1

13.19. n =2, X=k H, x}=2k-1, jr4=/1. 1.3.20. 1 =52-13* -3, xr=5*r- 84 -1, *,
X=k2 1.321. xx=-K, *2=0, Xb=K 1.3.22. * = -15£, x2=1\K Xxb= blk.

13.23. x, =1k, x2=-1\ xj =-5* 1.3.24. x,=x2=x, =0. 1.3.25. x, =x2=xs=xt =0.
1.3.26. x, =-lk, x2=7k, x3=0, =3k

2.1. Vektorlar
211.516. 212l = 2.1.3. BC =2{n-T™\. AM =2h +ih, AN =n +3m,
NM =/1-2T. 214, m=2Y3 215 a=26+c, 6= c=5-24 .216. or=1 n=

2.1.7. d=2a-3b+c. 2.1.8.MNMpJIB=2n/2, Mp,nb=-42, np,DC=41i, Mp,AC=0.
2.1.9. Mp,AB =3, Mp,BC =0, Mp,CA=-3,Mp1l5 =3, MNp,ll =-], Mp,CE=~ .
2.1.10. 1) £717—12%2) jl -Z;1}:3) {9;-9;14}. 2.1.11. A(5;-3;-3}.
2.1.12.1(-3;-1;-3}. 2.1.13. |5+6]=6, |5-6]=14. 2.1.14. 1)| 1iA[=25,

2)1351~13, 2.1.15. 1)(1;0), (-7;0); 2)(-1;0), (9:;0).

2.1.16. 1)(0i—4); 2)(0;5). 2.1.17. &> |F7. 2.1.18. M(% 73HV3-H73).

2.1.19. 5= {242v2,-2} 2.1.20.a=-3. 2121A=]y;-y;p|. 2122 5°=

21.23. 1) (-2;hH; 2) '-=r\ 2.1.24. cO= —
) 2 2) T==r T \[546'46\

2.2. Vektorlarni ko'paytirish
2.2.1. 1)12; 2)112; 3)68; 4)252. 2.2.2. 1)-16; 2)3; 3)-89; 4)86. 223.1) T=1
2) w=6; 3) T=-5T=5; 49) w=2, T=3. 224.-2 225 3 226. 2.
2271)y; 2) s 228. 1) -; 2)-4; 3) -. 2.29. 10 (i1AA). 2.2.10. x=2i-3].
2211 x=1i 45j+ K 2.212.1)12¢° 2) 132. 2.2.13. 1) ~(yby, 1) 427(yb)\ 3)

66n/3{yb\. 2.214. 25-¥3. 2.215. +15. 2.2.16.1){9;9;-3}; 2){27;27;-9}; 3){-18;-18,6}



4){63:63;-21}. 2.2.17. 1)"MUl ,2) 92, 3) — . 22.18. S=LUyJ, h:%(mn).

2.2.19. M ={8-9-4}; A?= {10;—2:11}; M = {1—4—7}. 2.2.20. a =-9. 2.2.21.a= =2
2.2.22. 1){3;2>; 2){-2;3}; 2.2.23. 1)yo‘q; 2) ha; 3)ha. 2.2.24. 1) a =i;
2) or=-3. 2.2.25. 1) V=\Ahb)h=4u(ub.)\ 2) V= 2Aib)vi= 3n/2(wN);3)
4]
K=4(hb.),h=— 4 2.2.26.1) chap uchlik, ' =51(A.6); 2) o‘ng uchlik, F =12(A.6); 3)

chap uchlik,V = 18(h.b); 3) chap uchlik, V=27(A>). 2.2.27. x = {242}

3.1. Tekislikda koordinatalar sistemasi

3.1.1.N,(-3;-2)12(3;2)./133;-2). 3.1.2. N(2;-1), fi(-1;4), C(-3;-2), £(3:4).
3.1.3. 22;1\ dn/2;7-\ Z73;-0 E@3n). 3.1.4. 1(30),

C(05), 3.15. 1) 4(3;*), N(3:0);2)

3)C{lt ) C{.;f) 3n6-(3T ) [5,f)' 3-17- 7(ui)- 3.1.8.5 =ir.r, Sn<2- o).
3.1.9. 4 (yA).3.1.1<b-64-pA)r3/1.11. 26(yA). 3.1.12.(3;0),(-7;0).
3.1.13. 1)/1{0;0),B(-3;-8),C(-7;-2); 2) JI(3;8),iA(0;0),C(-4;6); 3) <472, A(4:;-6), C(0;0).

X H. ) 4 *).

3.2.Tekislikdagi to‘g ‘ri chiziq
3.2.1.1) 3nr-y-3=0; 2) — +7--1=0;3) xJ-;y+1=0; 4) y1 x=0.
) y ) T ) y )Y g

3.221)*=-1,a=4,i=3; 2)*/1 ,a=-2,ft=]; 3)*=i,a =5ft=-];
) 4 ) 3 !; ) 2 £

3 5 3 - . - .
4k =-—a=—b=—3.2]. 1)3] +4ji+6=0;2)3jc +>+9=0;3)jt +2=0; 4) *+j>-5=0.
3.2.4. 2va3. 3.25. )M O(1;2),p =45°;, 2)M0O(2;-1),<9=90°; 3)Moe0,(»=0; 4)W0(22),<>=450
3.26.1)m =-6,n*3 vam=6, n/-3; 2)/a=-6,n=3 va/a=6, u=-3; 3) m=0, n—chekli
son.3.2.7. 1) m=-]da |, m=j da 2)m=4da |, m=-9 ‘X .3.2.8. (16).

3.29. x-"-2=0va *-4jy +4=0. 3.2.10. 3*+2>-11=0. 3.2.11. x-5y+2=0.
3.2.12. \2x+9y-17=0. 3.2.13. 5x-y +3=0, *+5>+11=0.



3.2.14. 3x+y-4=0, x+5y+S=0, 3x+y+10=0, x+Sy—~6=0.3.2.15. M@\, <p=".

3.2.16. 3x-3.y-8=0. 3.2.17. 3x+4y-12 =0.
3.218. x+2y-7 =0, 7x+2y-37 =0, 5x-2j/+1=0. 3.2.19. y =2x.
3.220. x-y +7=0, 7x+4y-6 =0, 6x+5y+9=0. 3.2.21. 2x+y +9=0, x-y-3=0.

3.2.22. 29x-2y+33=0. 3.2.23. 29(J>). 3.224. (wgm 3.2.25. 6/I(U.b). 3.2.26. (-125).
3.2.27. 3x+4y - 20=0va Je+4y+10=0.

5.3. Tekislikdagi ikkinchi tartibli chizilar

3.3.U)(x+1)2+0>-3)2=36; 2)(x+3)2+(y-5)2=50; 3)(x +2)2+{y-4f =2;
4) (x-4)2+(y +4)2=16, (x-20)2+(y +20)2=400; 5) (x-2)2+{y+\2=1.

33.2. 5jl(ub). 3.33. (x=2)2+ *-|j =* .3.3.4. (x-5)2+(y-1)2=13.

3.35. Af03;2), R=5. 3.3.6. 0</c<"k,=0va Kr=". 3.3.7. y=0 va 4x-3y =0.

3.3.8. 1) | x=@&l+cos2,) 2)IX=2™ 2"
=8sin2r,(e [0;2i]; Ly=2(1- cos2*)/ s [0;2(];
3) Jjc = 1+sin2/ +cos2f, 339y fl+zL =1, 2) *1+2~=,;3) *I1+£ =j;
B>=1 +sin2f-cos2*,r e[0;27r]. 36 100 24 49 36 81

4) -+, =13310.12(@). 311, x+y+5=0vax+y-5=0. 3312 —(@*).

3.313. J1/, 3.3.14. M(3;0). 3.3.15. 16x2+ 25/ =400.
3316. 1) x =5cos/, 2) fo=5cos/, 0. 3317 1)/\\/2 x1
T TNE st te N\ iy =12sin/fe[0Zr. =7 T'9 16
Pt =1, 3)—— =1, 4)— -— =1. 3.318.1)A -~ =1; 2)A- A= i;
).144 25 /) 6 9 )25 24 '24 8 % 4

32 r & =1, 4)5r T¥=)-3319-T ' 3820-"2. 33.21. |6]>Vio, *=%Vio.

33.22. x2-y3=6. 3323. ~ £ =1 3324)x=--L/+ly; 2)y=%*"_x+3.

4 12 16 2 10
3.3.25. 1)1(-4;1), y - 1; 2)1(2;3), x=2. 3.3.26. 1)4x-2>>+1=0; 2)x-y+1=0va
X+2y+4=0.33.27. i 4 4 3.3.28. 1) x2-y2=1-giperbola; Z)ﬁz?(—parabola;

3)giperbolaning pastgi yarim tekislikdagi tarmog‘i; 4) giperbolaning chap y.arim tekislikdagi
tarmog‘i.



4.1.1. N1/(0;0;4). 4.1.2. A/(I;4;0). 4.1.3. 2*-j/+3z-14=0. 4.1.4. 2*-3>"+4z+20=0.
4.1.5.1)a) 2y+3z=0, b)3x-y =0; 2)a)j>+1=0,b)z-3 =0; 3)a)z-4 =0,b)x-3 =0;
4) a)jr+z-3 =0, b) Ix—y-\I=0; 5) a)22x +14j>-5z=0, b) 14jc+3j>-8z=0.
4.1.6. N(-3;0;0),B(0;-6;0),C(0;0;2). 1). 4.1.7. N)2x-5y+z-15 =0; 2)2jc+4j+9z-21=0.
418 X+y+z-4=0. 419. x+3y+z-15=0. 41.10. Y)n+3y-r-6=0; 2)x-y-z =0

+~+\r=b -X-gy+=—-z-1=0. 4.1.12. *+j; +z-6 =0.
4111 'f;IT it P|J_1X \& 72~ 170, 4112 *+;+2-6 =0

9 2 6

4.1.13.1)45°; 2)90°; 3)90°; 4) arccos(04). 4.1.14. [)m=~,n=~ ; 2)m=3n=-4.
4.1.15. I)m =13;2)/a=1 4.1.16. 1)a)ac-2y-32-4=0;b)2n +3*+r-8 =0;
2) a)2jr +3>+4z-3 =0; bAnc+"-7r +19=0; 3) @)5jr+7>>+3=0; b).y-z+7=0;
C) 5x+7z-46=0. 4.1.17. 7x+14y-27+6=0,4.1.28. x-y +z+l =0.
4.1.19. X2y +AJz- 2=0 v&X+2y-VJz-2=0. 4.1.20. 1)N/(-2;1;2); 2)/1/(2;-1;1).
4.1.21. 4(ni>). 4.1.22. M(-15;0;0)va J1/(1;0;0).4.1.23. 2x-j--2z=0va 2x-j/-2z-18 =0.

4.1.24. 8{kb.).
4.2. Fazodagi tog ‘ri chiziq

g-1_>-1 z+2. X-2 _y+3 _z+1 .. x+l y+2_z-3.

x =13, X=t,
£+ |_2+2—z+l 422 . —="=— 423 J) y=1+I9t, 2) y=1-3t,
-11 7 -12 0 _
z=2+28t z=-2,
424, s={-8;22; 9}4251)]X+4’\\ )\ =\ f3*+J)-8=0,
[x+ z-1=0; [2>+3z+I =0; |4j>-3z-2=0.
426, X-2-—2= 427 428 £x1=Zrl=£zlI
-5-3 4" 1 n2 -1 2 - 1 0
Z»Q f_"é:f’_ >1/ 234 412 iB I\m— Z2) w- arccos——?’—— 4:2.11. 19 JC+2 y—l—:—s——z—;——l

2)N  =2T?=7T 42-52-1>Parallel; 2>“Ys1"b. 4.2.13. )* =£.; 2) ?>=].
4.2.14.1) parallel; 2) tolg'ri chiziq tekisligida yotadi. 4.2.15. 1) J1/(3;2;1); 2) A/(2;4;6).
4.2.16. 1) m=3, n=-23; 2) m=12, n=-12; 3) m=2, n-chekli son.

4.217. 1)2jc-3y +4z-1=0; 2)4pc-.y-2r-7=0; 3)z+l =

4218.1) — = 2"I _01 %_) =i " =— , 4.2.19. 3(:+5]\£I+22—9 =0.

4220.1i/7;2;- | . 42.21. M(2,34). 4.2.22.1) 2 AmN).



4.3.1. 1)@—4)2+(y+4)2+(z-2)2=36; 2)(n:-3)2+>+)2+(r-1)2=21;
3) (*-3)2+0>+S5)2+(z+2)2=56;4) (*-1)2+0>+2)2+(z-3)2=49;

5)x2+y2+rr-10x +HI5y-25z =0.4.3.2.1)m*0 va m>—ZY)m =0.

4.3.3.1)74/— X 4+472=0, z=-XI+y2; 2) — -~ =1 m+7'=-1;
y 2 16 16

- N s

25 25

3)— +- —Z =1, Xx-y +—=1 434 x2+y2-z2=0. 4.35. 1)ellips; 2)giperbola;
It § o & y2 ) ellips; 2)gip

3) parabola; 4) nuqgta. 4.3.6. x1+z2=10"(aylanish paraboloidi). 4.3.7. y1+z2-2x2=—6(ikki
pallali giperboloid). 4.3.8.1) ikki pallali giperboloid; 2) sfera; 3) eiliptik paraboloid;

4) aylanish ellipsoidi; 5) giperbolik silindr; 6) giperbolik paraboloid; 7) ikki pallali
giperboloid; 8) doiraviy silindr; 9) ellipsoid; 10) parabolik silindr.

5.1 Bir o ‘zgsaruvchiningfunksiyasi

5.1.1. (-00;-2u(-2-H>);  2) ("0;-3)u(-3;-2)u(-2;+00); 3) [-22]; 4) (2N (L+®);
5)4) (~00:2)u(@:10]; 6) 11 7) 70k 8) T

10)(2;+00); 11)0; 12)(2;3]; 13)(10;+00); 14) (2nx;(2n+H)x),neZ; 15)

3,3
4’4
512. 1) [-2+®); 2) [2-x0), 3) [-7;-3]; 4) [-V2,V5j; 5) [0+*), 6) (14; 7) [0A4;

16) [3;:6)u(6;7]; 17) ; 18) [-5;0)u(0;]; 19) (-°0;1)n(1;2m(2;-ks); 20) (-3;2).

9) 4 4* ) 10){ 1,U,1}:11>(Ne 12) (OA. 5.1.3.1)3; I)-~-:3)-~—:

4)-r- 514.1 H dakamayadi, |—+00) dao‘sadi; 2) (-oo+00) da o‘sadi;

3) (-00;0)u (0;+00) dakamayadi; 4) (-co;+ao) dakamayadi. 1.15. I)toq; 2)juft; 3)juft;
4) umumiy ko‘rinishda; 5) toq; 6) tog; 7)juft; 8)toq; 9) tog; 10)juft.
5.16. N)M=nm=k; 2) M=4m=-4;, 3) M =42,m=—32; 4 M =-Jsm=—5

5) M =1m=~; 6) M=\m=0 5.1.7.1) chegaralangan; 2) gat’iy monoton; 3) gat’iy

monoton;  4) monoton. 5.1.8. 1)6a-; 2)’\2—; 3)4?r; 4)2n 5)3-; 6) L 7) 8) —

*

v

9)12x; 10)6x. 5.1.9.1)A:'—§—; 2)y=—ti 3)y =34 4) j>:’;arcsin;—.

5.1.10.1) f(g(x))=3x3+,  g(/W)=@Bi+1)3 2) f(g(xj) =sinljtl, g(A*)=Isin*];3)

(gW)=5-3t g(/W)=— 4 /(@({e))=*3 g((x))=3x. 51.13. ACID. 5.114. AB.
.-



5115 l)y =i 2+H; 2)? +7 =1

5.2. Sonli ketma-ketliklar

5.2.1. )x. 3 2);,”:& 3)X,, =c0s”; 4)x. =3+2(-1)". 5.2.2.1); 2); 4); 6).

5.2.3. 2), 5-monoton, 1),3),4),6>- gat’iy monoton. 5.2.6. 1) -1; 2) 0; 3) °o; 4)8; 5) 4;
6)2; 7)1; 8) 9)0; 10)1; 11)-]; 12) -j; 13) oo; 14) to; 15)1; 16)0; 17)-3;
18) I2; 1%) I; 420)1; 21) 0; 22) —%; 233) 24) %’(6; 25)—2I; 26)2; 27)%; 2eB)—b 29)
e3 30) e2

5.3. Funksiyaning limiti

5-3.2. 1)/(jc0- 0) = 2, /(nr0+0) = 3;2) f(X,, -0)=0, /(ar0+0) = —«0;3) f(X0- 0) = 2, /(X 0+0)=0;

4)/(*-0)=1/(*0+0)=1.535. 1)8; 20r, 3)|; 4)1 5)1; 6)2; 7)-"; 8)1,; 9)-1;

10)+®; 11)-2; 12)-1; 13)-%; 14)-3; 15)0; 16)+a 17)- z'f 18)2; 19)0; 20)2—5;
21)2; 22)0; 23)1; 24)—5; 25)2; 26)%; 276n/2; 28)—8 ; 29)0; 30)0; 31)-; 32)1;

A A
33)-1; 34)1; 35)e-g 36)e; 37) +«; 38)0; 39)e!l; 40)e"; 41) e; 42)d2 43)e; 44)e;

45)1; 37)3; 46)1; 47)1; 48) 4.

5.4. Cheksizkichikfunksiyalar

5.4.2. 5 2)%; 3)-fc 4)In3; 5)1; 6)5; 7)2; 8)2; 9)5; 10)%; ny,; 12)z; 13)%;

14)lenli; 15)—4]; 16)—%; 17)%; i8)_ 9 19)3; 20)n—; 21)0; 22)In2; 23)-1, 24):2L

5.5. Funksiyaning uzluksizligi

554. 1)—3,3; 2)—1. 5.5.5. 1) ikkinchi tur uzulish nugtasi; 2) birinchi tur (bartaraf
gilinadigan) uzulish nugtasi; 3) birinchi tur uzulish (sakrash) nugtasi; 4) ikkinchi tur uzulish
nugtasi; 5.5.6. 1) x=0 birinchi tur (bartarafqgilinadigan) uzulish nugtasi; 2) x="+nx(nez)
birinchi tur (bartaraf gilinadigan) uzulish nugtasi. 5.5.7. 1) x=-3da ikkinchi tur uzulishga ega;
2) uzluksiz. 5.5.8. 1) [4;5]da uzluksiz, [0;2]da x=1-ikkinchi tur uzulishga ega, [~3;[]da
Xx=-3,x =|—ikkinchi tur uzulishga ega; 2) hech bir kesmada anigianmagan.



6.1.2.1)—3 2)-4; 3)4; 4)-i 6.13.1)-3, 3 2)0, 2; 3)1, -2*+3; 4)-1, 1

6.1.4. 1)/ =123-x2,  2)/ =r5+123-2; 3)/ =— "=+T7WIl+—t=;
XNX

*
4, 1 3 1 , , »nr-D+e"(ac+2) ~ , 2-6'to-
4)/=n vV " ? ;B)y=- N ? - ;N moTr7’
IBx-1n*-1. yfrhx-1. 9) ,=_ ?2J5L*_. io)v'=— ——;
(tax-)2 * )Y xQnx-e')2' >Y  (1-cos*)2’ I-sin2*’
/ =—i—; 12)/=— pR+2—— 13)/=-f—- ; 14)/ =——
D sin 2* ) Qcco€§+smx) ) Ljcc/nc—-iA*) 14) sh Zx

5)/=—N-; 16)/=— -2-; 17)/=-"JL=; 18)/==-"==; 19)/=-2sin2x;
Xto2* xInlO v4-3jc 2-"%xX

20)Y=2T ?; 21)/-w*m« 22)/= 23)/ =~ ;  24)/N;

25)y' = (1-tgix)2 26)/ =-6e'Fsin3r, 27)/=" " — ;28)/=— —;

Ccos jc;

29)'- X A7 'Wy'=W - w B/=wW 2) 3) .o

/| =-M==; 4)/=--". 616.1)/,,_-_; 2)/=r=-"; 3)/ =N —1;

4)/ =-2£+xZ£EM; 5)/ =_ ~ ;6)/=_>"~x=1IM . 6.17. 1) Oy=191 dy=19
xsin(xy) en+x XCosy—+sinx

2) Oy=071, 4/=07 3)0y=0581, ¢ =05 4) Qy=0110601, <*=011. 6.1.8. 1)2,0125;
2) 1009, 3) 09942; 4)27,351. 6.1.9. 1)203- 2)0,97; 3)0,31; 4)1,01.
an—3Nd

/2—1
2.1.10. 1)4;=(2< +4/ +7X3/ +2)(/1; 2<fy=~ |sm— -n; 3)dy= s—
4 2v2u -3n+l

H<fr= gta4“ +)"A 6111 1) =In»*; 2)h =Y A1 ; 3)# =-2sind**;
sin2(2u +u) X
Arfv>=3asind xocosxdx, 5) rfy= -sinx3“*x1rd/r, 6)dy = -itgxIn2cosxdix.

6.1.12. 1) /' =24x(5x2-3); 2 )/ =eZ(2cosi-lIsini); 3Jy" _(_1+X) )N = X

6.1.13. I)sin—2’\; 2)nsin—2 ; 3)—n(n—|)sin—2 i Hn(n-1). 6.1.14. 1) E_. 2)_"#n t3)

i"4t— i 4)->/1-/2. 6.1.15. 1)3x-3y+2 =0,3x+3y+4=0; 2)X+y-*=0,X-y-49=0;



3)5x~y-4 =0,Xx +5y-6 =0; 4)5x +4y-25=0,2Bx-25y +64=0; 5)x-y =0, X+y-4=0;
6) AX+1y-3=0, 2x-4y+1=0. 6.1.16. I)<p, = 4 R = orctgg—}; 2) p=arctg(2-j2) ;

3) p=arctg™\ 4)p=y. 6.1.17.f, =U 2=3. 6.1.18.1)/=2, 2)t=Ic. 6.1.19./ =12a

6.2. Differensial hisobiniitg asosiy teoremalari
6.2.1. \)C=—3 }'I)c=—4; 3) yo‘q; 4) yo‘q. 6.2.2.1)c=—3’\;2)c=In(e—|); 3)c=e-1; 4)
c=]. 6 .23 .2) g;1} 624 Ihc=J; 2)c=]. 6.26. 1)-*; 2)1; 3)1;
4)0; 5)0; 6)2; 7)1 8)—— 9)3; 10)-3; 11)0; 12) 0; 13) 1; 14)e; 15)e*; 16)en; 17) 1;

18) 38, 6X7. P (x) = 19-1I(x+2)= (X+ 2)2+(x+2)3;
2) A(x) =4+ 13(jc-2)+ 12(x- 2)2+6(x-2) 3+ (x-2)4;

6.2.8.1) 2+- j(X 3)——I (x- 3)J+—| (x-3)3— 5"~ 3} |_, c=x0+*(x-x0), O<0<1;
512 128-Y(1+c)7

c=x0+0(x-xa), 0<ff<l.

2 4 o] 10 C
6.29. 1)/ +—+—++— +— (cHTHHE: O0<<$<
) 09 X+ bt M,( +Hig i3
2) /(*) =1+ 1+X4+—+3<1’ XAlf O<ii<1. 2.2.10.1)0,587; 2)0,868;
A N R @y ez 0<M<l. 22.10.1)0.587; 2)0.868;

3) 1,395; 4)1,004.

6.5. Funksiyalarni tekshirish va grafiklarini chizish
63.1. 1) (-0>;1)l;(5;+00) intervalda o‘sadi, (1;5)intervalda kamayadi, =/() =17,
/u« =/(5) = -25; 2) (-00;-lu(2;+00) intervalda o‘sadi, (—;2) intervalda kamayadi,

/-,=N-1)= ZJ. N» =/(2) = 3 3) (0;2) u (2;-h») intervalda 0‘sadi, (-co;-2) u (2,0)
intervalda kamayadi, =/(0) =0; 4) (~2;2)intervalda o‘sadi, (-00;-2)u(2;+«>)intervalda

kamayadi,/Ne =/(2) =1, =/(-2)=-1;5) intervalda o‘sadi,

- ) [ - —

iendchamaed /»=/l0 4 -~ =/(~wH
6)(—e0—1)vj(0;]) intervalda o‘sadi, (-1;0)u(l;+®) intervaldakamayadi, /wl =/(-1)=2,
Jo««j=/0)=2,/,,b,=/(0)=0; 7)(-o0;l)intervalda o‘sadi, (1-ko) intervalda kamayadi,

/«k =/(D = E; 8) (0;+oo)intervalda o‘sadi, (—<»;0) intervalda kamayadi, =/(0)=U



9) (O~wo)intervalda o‘sadi, (—e0,0) intervalda kamayadi, fnm=/(0) =0; 10) (g0

intervalda o sadi, (0;1)u (Le) intervalda kamayadi, =/(e)- g 11) intervalda
o‘sadi, 0y j n ;2;rj intervaldakamayadi, /e = =N+,

n =j->/3; 12) intervalda o‘sadi, intervalda kamayadi,
hc=/~1)=--6—-— =/ - =—~6" 42.6.32.\)M =2, m=-2

S v R T (12 )

2)Af=17, m=-10; 3)M=* 41-§A , T= 2—E—'b— 4)M =e3 m=0. 6.3.3.v=24 (tez.birl.).

6.3.4.— £>(eni), pD (bo'yi). 6.3.5.- [ 6.3.6.S=24(yuz birl.). 6.3.7.tf =W |
3 Bend. pD(bo'yi) 29 v )

6.3.8.4 zyleZ—. 6.3.9. 1) (-co;01(2;-t00) intervalda botiq, (0;2) intervaldagavanq,

N/,0;0), W22;-4) egilish nugtalari; 2) (5;+») intervalda botig, (—<»;5) intervalda
gavariq, M(5;7) egilish nugtasi; 3) (-00;0)u(0;+°0) intervalda botiq, egilish nugtasiyo‘q;
4) (3+oo) intervalda botiq, (-°°;3) intervalda gavariq, M(3;l)egilish nugtasi; 5) (-1;+°°)
intervalda botiqg, egilish nugtasi yo‘q; 6)(—;)) intervalda botig, (-a>;-l)u(l;+00) intervalda

qavarig, Af,(-1;In2), A/2(l;In2) egilish nuqtalari; 7 ) co;——j=ju 45 intervalda

botiq, ~ ;-j=j intervalda gavarigq, Mx =i, Mr A j egilish nugtalari;

8) (-1;0)u(l;#+00) intervalda botiq, (-00;-I)u(0;l) intervalda gavarig, Mt(-L2), Mj(I;-2)
egilish nuqtalari. 6.3.10. 1) x=#1, y =0; 2) X=0, y =1 (X-* +da),

y =~ (x~+-cc da), 3)y =%, 4) x=1, y =xt—~ {x->+coda), y=-x-~ (x-"-coda),
5) x=-2, y=0 (Xx*<*>da); 6) x=0, y=0;7)x =0, y=3X,8)y =~~"X+* +D d°)>
y = -1 (jc—-co da).

7.1. Boshlang'ichfunksiya va anigmas integral

7.1.1. I)5sinx-2arcfg*+y+C;2)"~"-+21n|x+3]|+C; 3)-*==-el -In|*|+C;

3-2*
4)3arcigx-2arcsmjc+C; 5)2x+—— — -— +C; 6)jc-cosx+C; 7)e*+tgx+C;
3 (In3"In2)

6)-ctgx+cosx+C;9)-ctgx-x+C; 10)-cfgx+C; 11)—arctg— +C; 12)-4=arcsin'mx_ U +cC.
10 5 V2 V5



7.2.1. 1) A-tg'x+C; 2)- 3x+C; S~-tjarctg'lIx +C,)*) — 0(x+5)+C;
) Stg'x+C: 2)- |gos Jgtiarctg’lx +C )*) 7 & n 0x+5)
5)e*"+Cy6) - le'I>+C; 7)--"-7-+C;8)-2cosVx+C; 9) arcsmy+C; 10) -|~/c<g4x+C.
7.2.2.1) 21n(l+e")-x+C; 2) Iel3n(j06+l)+C;3)8arcsinz+2—ij6—x2+C;
4)I\I(X*+4)2+C 5)/‘(x3+3yX3+3+C 6) In]2+sin2x|+C; 7)———— >=—-r +

2(arcsmjc)

8)21n|x2+5]—5arctg-j=+C\. 9) arcsin—*- +C; 10) -~1n|33c-1+1/9x2-6x~3]+C;

14)Inx-In2-|Inx+21n2|+C. 7.2.3.1) J4 * <3yc/gr-"+C; 2)xarcsinx+VI-x2+C;
3)~ In|*|—~+C 4)e*(x2-2x +2) +C; 5) (xIn3—I)+C;
6)Isin2x-Ixcos2x+C;7)x(In2]x|-2In| x| +2)+C; 8) ~ ~ i— ~ASx+C\

9) ~(sinin|x|-cosIn] x])+C; 10) VI+Xx2arctgx- Inix +VI+x2l+C;

11) |xV(+x)3~"(2x +Hf +C; 12)je 4 (sin4x - cos4x)+C.

7.2.4. l)ﬁ(l +x2)JVI +x2—é(l+x2)VI+x2+C; 2) I4sm2x—Esin8x+C;

3) ~~(2+sin(2en +C; 4) —ie‘3,(3x+l) +C; 5) In]sinx+cosx|+C;

2X—
6)-lIn]I-In2Ix]14+C; 7)]In +C; 8)-202M4 6. 9) xilgx+In|cosx]| +C:
X+1 4x

10) 3\arctg"’\3———+C\ 11) e™** +C; 12) n/3+e2 +C; 13)§x——65in3x+C;

14)l/gr2- I1x 2+C; 15)— x391n2x~61nx+2)+C; 16)2~c0S:r+C.
2 2 27 sinx

7J. Ratsionalfunksiyalarni integrallash

231 1;3 ____22) ______ 33 x4 1 1 4
X X2 x+H’ X x2 x2+4> X 3(x-1) 3(x+2)y
D Srmxcnats (3 Dc A SaR T s



3237 +.3 2.0~ 1t 1 | 1

X x2 x—1 je+I X X+l jed-jc+r
2)In [x+'1+C;3) —n_ ( +2)4 +C; 4)—n|- _75:14*——— +C; 5)% +C;
£1+1 2 l@+1Kx+3)5] 2t X+

6)E+hi[x]-2In|2x-1]~ta]|2*+I] +C; 7) - 2+ Iny U +C;
4 16 16 jeH|

8)5*+-1n|*|--1n|*-1]|+~1n|x-4]|+C; 9):t+=InI(Jf 2)5(f - +C;
ST In|Fl-Zin-1l+A1n | x-4] )3(](X)§(2)?Ll

.. 2%zl
]0)~x_amth+c’ :LDH TTTh |2)M X11C+1 +—uarctg|—f} HG
35' iHc' —jd"n— arcty EE —I +C; 14)i S ;6X2 |

15) Zln *_III| —1arctgx+ml6)—( X +arcty ;{—c 17 2x-
X+

Aj2+2%+2

+
18) In |x—11+|’f—x ~+arctgx1+C; 19)—"arctg(x+2)—~arctg)’(‘—g+c;

) +arctg(x +1)+C;

X 1
a — . — £x® _f +2 +larctax)+C: 22) — F—————— h—= ————hC'
2002 'n(Jcpm? P L +C 21), 82>((>@<)2f+1)2 +|arCtgxh+C 22 o Yox2-2x +5) 16arCtg ’

4x-7 8I'I/3 2jc-3
23) — -2 arct — =+C; 24)In +arctg—+C.
) o3 13 0 (r M ) 3

7.4. Trigonometrikfunksiyalarni integrallash

2 5&7+4 N i
741 1) "arctg—-2——+C; 2)Mtg"+21n fgfj+C; 3) lin Stg5+3 +C;
3 J '

0 BTI+2 WY 3 1 _ )
4)-=arctg— 4= +C; 5)arccos—— +C; 6)-—————— —+C; 7) 2arctg(sinx)-sinx+C;
£ V3 v3 sm* sm *

1+tg* . . s 1o .
8) -In f-sin2i+C: 9) — (x--sindx+-sinJ2j] +C; 10) \o\pN\+=—tg2+C\
) 4 1-tgx 4 ) 15\( 4 3 ‘1 ) 2 9

11y —in "9 Lac; 12) -i21n|sin2XNCRIHC; 13) £Arcthj=j-x +G
10 tgx+1

sin2* S|n4r SiN&x
14)— (3sin7jr+7sin3jc)+C; 15)—f sm3x—165|n5x Esmxl+C 16)—+—-—— IGi_+ o4 +C.

7.5. Giperbolikfunksiyalarm integrallash

7.5.1. 1)In |shx+JI +sh2X\+C; 2)85A5§fg +i7—sA2%]J+C; 3)’;3(2xsh2x—ch2x—2x2) +C;
\"%



4) 2arctg4chx- 1+C; S)thx—gth,x+gth5x+a 6) IV bl(42shx+Jchlx) +C;
7)In|cfa|—§th2<~zth4x+c; S)x—ethx—ge'rhSﬁC; 9) In [sX\C; 10) In |dre~xI+C.

7.6. Irratsionalfunksiyalarni Integrattash

7.6.1. 1) 24x B\XH&IX-6in(l +NR+C; 2)- 2 4 +C
) 2 AN -\ Y usdx2 141

*(30 +*)2~100-+X) +9VI +X +L5) +C;

5) W2m-1-372x-1+31n(V2r-1 +1)+C; 6 )~ — ] +C;
7) BNX-3+2MpR-3x+2\ +C; 8) In|x+1+V*2x+5 |+C; 9) )<~ THXHL
i H+Vi24x+
10) 5in - +C: 1)In I-x +JI-2Xx-%2 larclg | +J1-2%x-%x2 +C
4-X +2-j4-2X-X2 | +41-2x-%x2
12) In [1+je+ Vije2 +x + 1] + 2 r—+C,

X+2 +-D2+2X+2
13) Marcsin®—" N j+7—(jr-2)V5 +4x-jc2 +C;  14) N V*2-4 - 21n |x+ V*2- 4 1+C;

15) 2 *——+C; 16)-arcsin®—y j +C; [1)-4b-2x-Xr-arcsin"~ij+C;

18) -21/6ar-jc2-8 +9arcsin(x-3)+C; 19) 23[k1 +C; 20)-~(2 f }-+C;
vV 1+H/* 4

21V (I +x3s 22)|(VA-3)-VM*+C: 2 3 ) - ~ +C;24)-2] | +Uj.
7.7.Aniq integral
*
7.7.1.1) |(62-a2); 2) ys. 7.7.2.1)0; 2)8; 3)4*; 4) 4. 7.7.3.1)/, >7r;2)7, >12;
3) 7, <72  4)7,</2 774.1~S [jSj; 2)4*7, <4V7; 3) 2<73s 6, 4) <s.
775 . 1)f; 2)1; 3)8; 4)e-2.7.7.6.1)9; 2)I1; 3)I; 4)1; 5 £; 6)b-"; 7)ta];
)2)2)) ))2)2))4)3)%

8)-: 99— -1:10) 1 M3 12)= W3, 14)i_(8_5VJ). 15)In— 16)1--;
) 3 ) 3 )4 ) 2 )36 @36 2 3
17)-j-1; 18)e-2; 19) 4; 20)i] e" +2 |;21) —27_2 22)311; 23)2; 24,)6—22_I



- _A i i - _ . - . A~
781. 1) T 2)-4; 3) uzoglashadi; 4) uzoglashadi; 5)6’ 6)4+E|n2, 7)2, 8)2; 92,

10)18; 11) 144—; 12) uzoglashadi; 13) uzoglashadi; 14)a\ 4.8.2. 1) a>1 dayaginlashadi va
O<a £ 1 dauzoglashadi; 2) yaqinlashadi; 3)yaginlashadi; 4) yaginlashadi; 5) uzoglashadi;
6) yaginlashadi; 7) uzoqglashadi; 8) uzoglashadi; 9)yaginlashadi; 10) yaqginlashadi;
11)absolut yaqginlashadi; 12) absolut yaginlashadi.
79. Aniq integraUarning tatbiglari
7.9.1.1)36; 2)— 3)I+61n— 4)e2+l; 5)— 6)— -81n2; 7)1; 8)-; 9)12*; 10)27*; 11)9;
2 3 2 2 3 3

12 13) 1(17*+48); 14)~-. 792 I)fi+Un2+&); 2)ile-N; 3 4)2;

), 13) L ) 14)7; Mfi+gn@+&): 2)3e-1: 9 | 4
5)Z+i2In2; 6)I+Ing; an/3; 8)2—7 (13Tr3-8 9)16; 10)48; 11)4a(2-/1); 12) 2* +3T3.
793. 1)y*;2)36*;3)y a-; 4)*(2+*). 7.9.4. |a437.9.5.12*. 7.9.6.y X 7.9.7. 36*.
7981)— *; 2)—*; 3)— ; 4)-*,; 5)32»; 6)100*;7)40*2, 8)-*; 9)72*;

) 5 )6 ) 2 )7 )32»; 6) ) )7 )

10) j 2137.9.9.C(0;/1). 7.9.10. C (oiyj- 7.9.11. Af, =10y, My=~r, C

79.12blx= =], /,=/=vy, C 7.9.13. C (V,]j.7.9.14./, =80*;/, =125*,

7.9.15. C n)-7916-C 7.9.17. 5 sm; 7.9.23. 032 lOT..
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r = 2Roos<p r=2/?sintp

R radiusli aylana

r- bt+acos(p (a>b) r—ap (a>0)

Paskal drig‘anog‘i Ksrdioida Arximed spirali

N b

r-a’“cobbp (a>0)

(c2+yld -a2(*2-y2)=0 r = asm2$> (a>0)
Bemulli limniskatasi Uch yaprogli gal To'rtyaprodli )
X ~a(t~s\)9

y =a(l-cos*), a> 0
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