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SO Z BOSHI

QoMlanma oliy ta’lim muassasalari texnika va texnologiya bakalavr
ta’lim yo'nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv
dasturlariga to‘lajavob beradigan tarzda bayon gilingan.

Ushbu o‘quv go'llanma bakalavr ta’lim yo‘nalishlarining 2-bosgich
talabalari uchun mo'ljallangan bo‘lib, fanning bir necha o‘zgaruvchi
funksiyalarining differensial hisobi, bir necha o'zgaruvchi funksiyalarining
integral hisobi, oddiy differensial tenglamalar, qatorlar bo‘limlari bo'yicRa
materiallarni 0‘z ichiga oladi.

Qo'llanmaning har bir bo‘limi zarur nazariy tushunchalar, ta’riflar,
teoremalar va formulalar bilan boshlangan, ulaming mohiyati misol va
masalalaming yechimlarida tushuntirilgan, shu bo‘limga oid amaliy
mashg‘ulot darslarida va mustagil uy ishlarida bajarishga mo‘ljallangan ko‘p
sondagi mustahkamlash uchun mashqglar javoblari bilan berilgan.

Har bir bo‘limning oxirida nazorat ishi va talabalaming mustagqil ishlari
uchun topshiriiqlar variantlari keltirilgan. Har bir mustaqil ish topshirig'ining
oxirgi varianti namuna sifatida yechib ko ‘rsatilgan.

Qo‘llanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun
oily matematika fanining amaldagi dasturida tavsiya gilingan adabiyotlardan
hamda o°‘zbek tilida chop etilgan zamonaviy darslik va o‘quv
go'llanmalaxdan keng foydalanilgan.

Qo‘llanma haqgida bildirilgan fikr va mulohazalar mamnuniyat bilan
gabul gilinadi.

Muallif

0 ‘quv qoMlanmada quyidagi belgilashlardan foydalanilgan:
81 - muhim ta’riflar;
<") - «alohida e’tibor bering»;
(@i g - misol yoki masala yechimining boshlanishi va oxiri;

Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga
olingan.



I bob
BIR NECHA 0 ‘ZGARUVCHI
FUNKSIYALARINING DIFFERENSIAL HISOBI

1.1. BIR NECHA 0 ‘ZGARUVCHINING FUNKSIYALARI

Funksiya tushunchasi. Funksiyaning limiti. Funksiyaning uzluksizligi

1.1.1. R2fazoda D va E to‘plamlar berilgan bo‘Isin.

88 Agar D to‘plamning har bir (jc,y) hagigiy sonlar juftiga biror qgonun
yoki qoida bilan E to'plamdagi yagona hagiqgiy z soni mos qo‘yilgan bo‘lsa,
D to‘plamda ikki o zgaricvchiningfunksiyasi aniglangan deyiladi.

Ikki o ‘zgaruvchining funksiyasi

z=f(x,y), z=z(xy)
va boshga ko‘rinishlarda belgilanadi. Bu yerda x va y argumentlar, z ikki jc
va y o‘garuvchining funksiyasi deb ataladi. D to‘plamga f(x,y)
funksiyaning aniglanish sohasi, E to‘plamga uning giymatlar sohasi
deyiladi.

1-misol. Perimetri aga teng uchburchakning ikki tomoni xva y ga teng.
Uchburchakning yuzasini xva y orqgali ifodalang.

® Uchburchakning uchinchi tomoni z bo‘lsin. U holda a=x+y +z
bo‘ladi. Bundan z=a- x-y.

Uchburchakning yuzasini Geron formulasi bilan topamiz:

S=jp(p-x)(p - y)(p- 2), buyerda p =".

p va z ni Geron formulasiga qo‘yamiz:

yoki
5(jc,_v) - 4—Ja(a- 2)(a- 2y)(2x+2y-a). O
® To‘g‘ri burchakli dekart koordinatalar sistemasida haqiqiy
sonlaming har bir (x,y) juftiga Oxy tekislikning yagona P(x;y) nugqtasi
mos keladi. Shu sababli ikki o'zgaruvchining funksiyasini P(x\y) nugtaning
funksiyasi deb qarash va z=f(x,y) yozuvni f(P) kabi yozish mumkin, Bu



holda ikki o‘zgaruvchi funksiyasining aniglanish sohasi Oxy tekislik

nugtalurining biror to‘plamidan yoki butun tekislikdan iborat bo'ladi.
Argumentlarning tayin *=%*, va y =y0 qiymatlarida (yoki <«0(*0;>'l)

nugtada) z=f(x,y) funksiyaning gabul giladigan z0 xususiy giymati

Z,=:v.r, yoki z0=f(xayg) (yoki *,,=/(/>)) deb yoziladi.
2-misol. f{{x,y) = +” funksiyaning A(2;-1), 5*—=3" cf4;,—,
In - ;- nuqgtalardagi xususiy giymatlarini toping.
\Y x,

<S> f(x,y) funksiyaning PO(xO\y0) nugtadagi xususiy giymatini topish
uchun funksiyaning ifodasiga bu nuqtaning koordinatalarini qo‘yish kerak.

Demak,
-m(32+1)
2
+1 /
4(/+*2). +X
=, o= Y
X X

3-misol./(x2-y 2xz+/) =2xybo‘lsa, f(x,y) ni toping.

<s> U=x1-ylvav=jc2+ y2belgilashlar kiritamiz va hosil bo‘lgan
tenglamalarni xva y ga nisbatan yechamiz:

YR L VR v e v,
\x +y =v dan *2=_5-, 2 yOkI*_{/ y_{/f

Berilgan funksiyani yangi o ‘zgaruvchilar orgali ifodalaymiz:

s . V+U V-u = - 2

u,v o‘zgaruvchilarni x,y o‘zgaruvchilar bilan almashtirib, topamiz:
f(x,y) =Jy2-x2 O



2 =f(x,y) funksiya jadval, grafik va analitik usullarda berilishi mumki
Funksiya analitik usulda berilganda uning aniglanish sohasi funksiyani
aniglovchi ~ formula  ma’noga ega
bo‘ladigan barcha nuqtalar to‘plamidan
iborat boiadi.

4-misol. Funksiyalarning aniglanish

sohasini toping:
& 2 2

1) z= >)(/ +Xy 7 2) z=arcsin(V +y1-38).

® 1) Funksiya y =x shartda
aniglanmagan. Demak, y*x. Geometrik
nugtayi nazardan y*x shart funksiyaning
aniglanish sohasi ikkita yarim tekislikdan
tashkil topishini bildiradi. Bunda birinchi
yarim tekislik y - x to‘g‘ri chizigdan yuqorida, ikkinchisi bu to‘g‘ri chizigdan
pastda yotadi (1-shakl).

2) Funksiya -15x2+yl-8s1 shartda aniglangan. Bu shart
1<ix2+yr<9 shartga teng kuchli.
Funksiya aniglanish sohasining
chegaraviy chiziglari bo‘lgan x1+y2=7
va x2+yl1=9 aylanalar ham bu sohaga
tegishli. Demak, funksiyaning aniqlanish
sohasi markazi koordinatalar boshida
bo‘lgan, radiuslari mos ravishda V7 va 3
ga teng aylanalar orasida va bu
aylanalarda yotuvchi barcha nuqtalardan
iborat bo'ladi (2-shakl). O

N3 fazoda D va E to‘plamlar
berilgan bo‘lsin.

88
Agar D to‘plamning har bir (x,y,z) hagigiy sonlar uchligiga biror gonun
yoki goida bilan E to*‘plamdagi yagona haqiqiy n soni mos qo‘yilgan bo‘lsa,
D to‘plamda uch o zgaruvchiningfunksiyasi aniglangan deyiladi.

Uch o‘zgaruvchining funksiyasi

4=1f(x,y,z), u=u(x,y,z), F(x,y,z,u) =0, ...

kabi belgilanadi.



Uch o'zgaruvchining funksiyasi P(x;y;z) nuqtaning funksiyasi deb
gqaralsa u=f{x,y,z) yozuvni f(P) kabi yozish mumkin. Bu holda uch
o'zgaruvchi funksiyasining aniglanish sohasi Oxyz fazodagi nuqtalarining
biror to ‘plamidan yoki butun fazodan iborat bo’ladi.

5-misol. Funksiyalaming aniglanish sohasini toping:
1) u=-j3x-2y +z-6; 2) n=In(3z2- 2xr- 6y1- 6).

<> 1) Funksiya 3x-2y +z-6>0 yoki 3x-2y +zZ6 shartda haqgigiy
giymatlar gabul qiladi. Demak, funksiyaning aniglanish sohasi ' Oxyz
koordinatalar fazosining 3x- 2y +z - 6 =0 tekislikda va bu tekislikdan
yugorida yotgan nuqtalar to ‘piamidan iborat bo‘ladi.

2)  Funksiya (x,y,2) uchlikning 622-2x2~3y2-6>0 yoki
—+"--T<-i shartni ganoatlantiruvchi qiymatlarida aniglangan. Shu

3 2
sababli bu funksiyaning aniglanish sohasi X—2+/\I?----z-2:-1 ikki pallali

giperboloidning ichki gismidan iborat bo‘ladi. O

To‘rt o‘zgaruvchining, besh o‘zgaruvchining va umuman
n o°‘zgaruvchining funksiyasi yuqoridagi kabi ta’riflanadi va belgilanadi.
n o‘zgaruvchining vy =f(x,,x2...,xn) funksiyasi ko‘pincha R" fazodagi
P(xt;x2;...;xJ nugtaning funksiyasi sifatida garaladi va y*- f(P) deb yoziladi.
n o'zgaruvchi funksiyasining aniglanish sohasi (x,,x2 haqiqiy sonlar
sistemasining D to'plamidan iborat bo'ladi. Bunda to'rt va undan ortiq
0'zgaruvchiga bog'liq funksiyalaming aniglanish sohasini ko'rgazmali
(chizmalarda) namoyish qilib bo'Imaydi.

1.1.2. RXx0,ya) nuqgtaning 8-atrofi deb n](x- x j +{y- yOf <5 (yoki
p{P,P0)<5) tengsizlikni ganoatlantiruvchi barcha P(x,y) tekislik nugtalari
to'plamiga aytiladi. Bu to'plam markazi Panuqtada bo'lgan va radiusi S ga
teng ochiq (chegarasiz) doirada yotuvchi barcha p nugtalardan tashkil
topadi.

S Agar Vs>0 son uchun PO(x0,v0) nugtaning shunday 8 - atrof
topilsaki, bu atrofning istalgan P(x,y) nuqtasi ( PBnugta bundan istisno



boiishi mumkin) uchun
\f(P)-Al<e
tengsizlik bajarilsa, A songa z=f(x,y) funksiyaning PO(x0,y0) nuqtadagi
yoki P*">Padagi limiti deyiladi va
limf(x,y) =A, lim f(x,y) =A yoki limf(P) =A
Y24
kabi belgilanadi.

Ta’rifga ko‘ra, ,,_i)%f(P) =A limit mavjud bo‘lsa, bu limit P(x;y)
nugtaning PO(x0,ya) nugtaga intilish yo‘liga bog‘liq bo‘Imaydi, ya’ni agar
limf(P) =A bo‘lsa, u holda P(x;y) nuqta PO(x0,y0) nuqtaga ixtiyoriy
yo'nalish va istalgan trayektoriya bo‘ylab yaginlashganda ham bu limit A ga
teng bo‘ladi.

Bir necha o‘zgaruvchi funksiyasining limiti uchun quyidagi teoremalar
o‘rinli bo‘ladi.

1-teorema. H%(I(P) +g(P)) =limf(P) + }_i,mg(P).

2-teorema. lim(f(P) my(P)) =lim/(P) simg(P).

1-natija. Funksiya P —Pfida.yagonalimitga ega bo‘ladi.

2-natija. lim/(C) =C, C-o ‘zgarmas funksiya.

3-natija. lim(k-f(P)) =k-hmf(P), keR.

4-natija. lim (/(P)*) =(lim/(P))*, =p\1/(P), k=123...

fIP) lim
3-teorema. lim — /): -------- lim£(P)*0.

g(P) 1™ g(P)

4-teorema. Agar PO nugtaning biror atrofidagi barcha P nuqgtaJar uchun
f(P)-Z<p(P)-Zg(P) tengsizlik bajarilsa va lim f(P) :I'_ja%g(P) =A bo‘lsa,
u holda lim <p(P)=A bo‘ladi.

td]

5-teorema. Agar P, nuqtaning biror atrofidagi barcha P nuqtalar uchun
f(P)<g(P) tengsizlik bajarilsa va f(P), g{P)funksiyalar P P ,, da
limitga ega bo‘lsa, u holda lim f{P) <lim g(P) bo‘ladi.



6-teorema. limg(P) =0, limf(P) =C &0 bo‘lsin. U holda:
r-r,
agar p(P,Pa)<5 (<S> 0) tengsizlikni ganoatlantiruvchi barcha

P nuqgtalar uchun A>0bo‘lsa, lim 1=+cc boiadi;
g9(P) g(P)
1) agar p(P,Pj<S (S >0) tengsizlikni ganoatlantiruvchi barcha

ftp . fip\ .
P nugtalar uchun — —<0 bo‘lsa, lim =-«> boMadi.

Agar z=f{x,y) funksiyaning jcva y o‘zgaruvchiiaridan biriga tayin
giymat berilsa, bir o‘zgaruvchining z=f{x,a) yoki z=f(b,y) funksiyasi
kelib chigadi, bu yerda a,6-0°‘zgarmaslar. Bunda x-*x0da (y~>y0da)
z =f(x,d){z =f(b,yj) funksiyaning limiti mavjud bo‘lsa, bu limit agiymatga
(b giymatga) bog‘lig bo'ladi, ya’ni

higgf(x,a) =<p@ (Umf{b.y) =y/(b)).

3x2+y _ 3jc2+l . 3x2+y _3x1+2

Masalan,  Miozx-y ~ 2x-T' (WNg ax Ty KT

6-misol. Limitlami toping:

. A3yl . X7+yl |
1) fim 20 U m g +y2+9-3
3, Ito JM U zlI- 4), lim ,«"NA4;
li/Rml  X+y (WM) X
e ) . xly
5) (»(%%0)2(3- Y)(x+y - 4) 6)(-l|![>'>'.»).x +3y

® Berilgan limitlarni limitlar haqgidagi teoremalami go'llab, topamiz.
1) (xim_axz 1 va 1<I}ph_ry:-2.
U holda
im L iy B wl_'vn\? r(x+3yrzz I-|m x+3mlm)y2_ HOS"-ZV -n
(«,M23)xr_2v  lim (x*-2y) Lj!lgll__j)xl-z I>.pWri)V It-2(-2) 5

2) A=rcos<3, y =rsin<p (r>0) deymiz. xr+yr=rr ifoda r ning tayin
giymatida (x,y) nuqta markazi koordinatalar boshida bo‘lgan r radiusli
aylanada yotishini bildiradi. Bunda <pburchak 0 dan In gacha giymatlami
gabul gilganda (x,y) nuqgta butun aylanani qoplaydi. s ning



0 dan 2n gacha o‘zgarishida r ga ixtiyoriy musbat son berib aylananing
istalgan nuqtasiga tushish mumkin. Shu sababli /-->0 shart (x,y) ->(0,0)
shartga teng kuchli bo‘ladi.

Demak,
lim r X +2l=—--=17"-A=N=— =[im" +9 +~ =)]m(Jr2+9 +3) =6.
WM|YV 2+7 +9-3 Jra9- 3 *1 2 =N

3) (0;0) nugtaga >=fc to‘g‘ri chiziq bo‘ylab yaginlashamiz.
U holda

fim 42 Jeerd-2 L be2 _
' X+y @ (i+KX  — @+ K)xblkx2+4 +2)
Sy p— bx o0 oo,
AL+ AXVIC2F4 +2)  41+7%)
4) n-»0,y-»3 da j*->0. Bundan lim--—--- =1 tenglikni go‘llab,
topamiz:
lim = to ajesin(xy) g= "

(«¥ M a- <iy)-*(0.3) EGH

1
5) x—4, y->0 da *+.y-4->-0. Iim——gf——:ltenglikni qo‘llab, topamiz:

a-*

N - A i* A4 g n % o

lim , lim - Iim
(*.TW.0)2(3-y)(x +y-4) X-<»x(x+y-4) 2(3-y) 23-y) 3
6) (0;0) nugtaga y =kx to‘g‘ri chizig bo‘ylab yaqginlashamiz:
1 -h N
Mg M rgeaa- 143k
Bu limitning qiymati to‘g‘ri chizigning burchak koeffitsiyentiga
bog‘lig: k=Ida (ya’ni nugta y=jc to‘g‘ri chiziq bo‘ylab harakatlanganda)

limit 2 ga teng; k=2 da (ya’ni nuqta y=2x to‘g‘ri chiziq bo‘ylab
harakatlanganda) limit 2 ga teng va hokazo. Shunday qgilib, P(x\y) nuqta

koordinatalar boshiga turli yo'nalishlar bo‘ylab yaginlashganda funksiya
turli limitlarga ega bo‘ladi.

Demak, ()I/im)«))@—ﬁ% Iimitmavjud bo‘lmaydi. (0]

10



1.1.3. z=f{P) funksiya PO(x0,y0) nugtaning biror atrofda aniglangan
bo'lsin.

B Agar f(P') funksiya PO nuqgtada chekli limitga ega bo‘lib, bu limit
funksiyaning shu nuqtadagi qiymatiga teng, y’ani limf(P) =f{P,,) bo‘lsa,
u holda / (P) funksiya Pa(x0;y0) nuqtada uzluksiz deyiladi.

Nuqtada uzluksiz funksiyalar uchun quyidagi teoremalar o ‘rinli bo‘ladi.

1-teorema. f(P) va g(P) funksiyalar FOnuqgtada uzluksiz bo‘lsa,

u holda f(P)xg(P),f(P)-g(P) va ) (9(PO)* o) funksiyalar ham PO
g

nugtada uzluksiz bo‘ladi.
2-teorema. f(P) funksiya PXx0y0) nugtaning biror atrofda aniglangan
va B, nugtada uzluksiz bo‘sin, bunda f(P) giymat QO nugtaning biror

atrofiga tushsin va f(P0)=Q0 bo‘lsin. Agar g(Q) funksiya QO(0;v0)
nugtaning biror atrofda aniglangan va bu nuqtada uzluksiz bo‘lsa, u holda
g{f(P)) murakkab funksiya PO(xG;y0) nuqtada uzluksiz boiadi.

3-teorema. Agar f(P) funksiya Pa nuqtada uzluksiz va
f(P0)> 0 (f(P0)<0) bo‘lsa, u holda B, nugtaning biror atrofida
f(P)>0{f(P)<0) bo‘ladi.

4-teorema. Agar f(P) funksiyaf® nuqtada uzluksiz bo‘lsa, u holda
limf(P) =/(limP) bo‘ladi.

5-teorema. Agar f(P) funksiya FO(x,,;yOmqtada. uzluksiz bo‘lsa,
u holda f(P) funksiya PO nuqtaning biror atrofida chegaralangan bo‘ladi.

LU Agar f(P) funksiya PQnugtada aniglanmagan yoki limf(P)*f(P0)
bo‘lsa Panuqtaga f(P) funksiyaning uzulish nuqtasi deyiladi.

7-misol. Funksiyalaming uzilish nugtalarini toping:

1)z:2-)-(~ :L)P - 2)z =lo(x2+2Y).

+4
@ 1):z= X +y— funksiya F0(0,0)nuqtada aniqlanmagan.

Demak, 0(0,0) nugta funksiyaning uzilish nuqgtasi.
2) z =In(jr +2y 1) funksiya 0 (0,0) nugtada aniglanmagan va bu nuqta
funksiyaning uzulish nugtasi bo‘ladi. O

1



® 1 Tekislikdagi D to‘plamning ixtiyoriy ikki nugtasini shu to‘plam
nugtalaridan tashkil topgan uzluksiz chizig bilan tutashtirish mumkin bo‘lsa,
D to‘plamga bog'lamli to plam deyiladi.

2.  Tekislikdagi D to‘plamning M nuqgtasi uchun shu to'plam
nugtalaridan tashkil topgan S - atrof mavjud bo‘lsa, M nugtaga D to'plam-
ning ichki nuqtasi deyiladi.

3. Agar P nugtaning ixtiyoriy S - atrofida berilgan to‘plamga tegishli
bo‘lgan va tegishli bo‘Imagan nuqtalar mavjud bo‘lsa, P nuqta berilgan
to‘plamning chegaraviy nugtasi deb ataladi. To‘plamning barcha chegaraviy
nugtalari to‘plamiga uning chegarasi deyiladi.

4. Fagat ichki nugtalardan tashkil topgan D to‘plamga ochiqg to plam
deyiladi.

5. Bog'lamli ochiq D to‘plamga ochiqg soha yoki soha deyiladi

6. Soha va uning chegarasidan tashkil topgan to‘plamga yopiq soha
deyiladi.

7. Agar berilgan sohani to‘la qoplaydigan, ya’ni sohaning barcha
nuqgtalarini 0‘z ichiga oladigan doirani tanlash mumkin bo‘lsa, u holda bu
sohaga chegaralangan soha, aks holda chegaralanmagan soha deyiladi.

f(P) funksiya ochig yoki yopiq sohaning har bir nugtasida uzluksiz
bo‘lsa, u shusohada uzluksiz deb ataladi.

Sohada uzluksiz funksiyalar uchun qoyidagi teoremalar o‘rinli bo‘ladi.

6-teorema (Bolsano-Koshi teoremasi). Agar f(P) funksiya bog'lamli
D to‘plamda uzluksiz bo‘lib, uning ikkita turli nuqgtalarida har xil ishorali
giymatlar qgabul qilsa, u holda D to‘plamda shunday P nuqta topiladiki,

f(P) =0 bo‘ladi.
7-teorema (Beershtrass teoremasi). Agar / (P) funksiya yopiq D sohada
uzluksiz bo‘lsa, u holda f(P) funksiya bu sohada chegaralangan bo‘ladi.

Bunda uzluksiz funksiya yopiq sohada o'zining eng kichik va eng katta
giymatlariga erishadi.

8-misol. Funksiyalarni uzluksizlikka tekshiring:

1) 2= mmmmeee 2) 7 —mmmmmmmnnnas .

® 1) Funksiya 5x- 2y+4=0 tenglamani ganoatlantiradigan
nugtalardan tashqari barcha nuqtalarda aniglangan va uzluksiz. Bu tenglama
funksiya aniglanish sohasining chegarasidan iborat bo‘lgan to‘g‘ri chizigni
ifodalaydi. Bu to‘g‘ri chizigning har bir nuqtasi funksiyaning uzilish nuqtasi
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boMadi. Shunday qilib, berilgan funksiya uzilish nuqtalari butun bir to‘g ‘ri
chizigni tashkil giladi.

2) Funksiya maxraji nolga teng bo'lgan , ya’ni j2+y1-z2=0 tenglikr
ganoatlantiruvchi nuqtalarda aniglanmagan. Demak, x2+y2*z2 konus sirti
berilgan funksiyaning uzilish nugtalari bo‘ladi. O

Mustahkamlash uchun mashqlar

1.1.1. Perimetri * ga teng bo‘lgan teng yonli trapetsiyaga radiusi yga
teng bo‘lgan aylana ichki chizilgan. Trapetsiyaning yuzasini x va yorqali
ifodalang.

1.1.2. R radiusli sharga asosi to‘g‘ri to‘rtburchakdan iborat bo‘lgan
piramida ichki chizilgan. Piramidaning balandligi to‘g‘ri to‘rtburchakning
diagonallari kesishish nuqgtasidan o‘tadi va sharning markazi bu balandlikda
yotadi. Piramidaning hajmini to‘g‘ri to'rtburchakning x va y oMchamlari

orqali ifodalang.

1.1.3. Perimetri a gateng bo‘lganto ‘rtburchakning yuzasini uning
uchta x,y va z tomonlari orqgali ifodalang.

1.1.4. Konusga ichki chizilgan shaming radiusini konusning uchta x,y
va z o‘lchami orgali ifodalang, bu yerda n- radius, y-balandlik,
z -yasovchi.

1.1.5. f(x,y) =-~~— funksiyaning A(21), B\ \ C
Xy \x YY)

Y X
nuqtalardagi xususiy giymatlarini toping.
1.1.6. f(x,y) =—— funksiyaning A(-1;2, B, — 1| ¢ -
(x,y) Xy unksiyaning A(-12) kit CY

nuqtalardagi xususiy giymatlarini toping.

1.1.7. —1=" bo‘lsa, f(x, i toping.
v b ) X 0 Isa (X y) ni toping
1.1.8. f\ — ——— bo‘lsa, f(x, ni toping.



1.1.9. Funksiyalaming aniglanish sohasini toping:

|3 z —arcsmy----l 2) z= /jl-"{z+ iY_z;
X V 9 16
X~6 4) 7
Xr+yl—9’ ,q2+2r[+y2 4y - 4
5) z=In(x2- y2—25); 6) z=Y%inU2+>2);
7) . VA*izL .-
In(l-*2-1/) " 8)Z:T N
Nz=D +-J-(2« +yv ; 10) z =In(jr2+y29) +-J16-x2- y 2;
11) u= Jy +"jz\ =iZzzZ1Z77Z7-
) U=y[x +Jy +] MAE S
. 1
13) Mearcsin 14
) ) In(I -x2-1-22’
16) u=arcsin* Iy+z-a

1.1.10. Limitlami toping:

. 9xy I-yJ\-X%
1)'(r-w-'°>2~v4-3xy' 2)('-IIIW>»2L Xy
N .
3) (KW§Z+‘)1/ ; 4) Jim (|c+ 2v)5|nf——Jc [5_+_y}
Hm arctg”).
5)
7) lim ~(3%4-7 " 4) 8) lim In(f +y~I
<WA) Bjc+y f - 16 (xyM2,-2) x2 ¥y
J_
9) Ilim fl+iF ; 10) lim (1+x2+y2 *Yy
1) lim : emy -1
) Kvb(i.-1) X +y 12) IImQZy(X +y) ’
3sin2jc-sinv!_ | 14) X~-Y

13) (Wiaryo + sinn2_ 3sin25-3 MybIZ, X _2y -(2 +y)2

14



1.1.11. Funksiyalarning uzilish nuqtalarini toping:

2) 1=--— o
X +y X +y

3)z =e " ; 4)z =
mx+y- 3+dx-y-5

1.1.12. Funksiyalami uzluksizlikka tekshiring:

M 1 o\*_ 2X+Y2

) =y 2) '~2')Z'3'§/"T>

3) U= e e ; 4) m= —-—----- -
X+2y+1z-6 x'+y'+z -1

1.2. BIR NECHA 0 “ZGARUVCHINING
FUNKSIYASINIDIFFERENSIALLASH

Funksiyaning xususiy hosilalari. Funksiyaning differensiali.
Sirtga o‘tkazilgan urinma tekislik va normal. Murakkab funksiyani
differensiallash. Oshkormas funksiyani differensiallash.
Yugqori tartibli hosila va differensiallar

1.2.1. z— (x,y) funksiya DczR2 to‘plamda aniglangan va uzluksiz
boiib, PO(x0;yJ, PA+ AxiyJ, Pr{xOy"+Ay) va P,(x0+Ax;y0+Ay) nuqtalar
D to‘plamga tegishli bo‘Isin, bu yerda Ax, Ay- argumentlaming orttirmalari.

B) L,z =f{PXY- f(P) ~f(xa+Ax,y0~f(x0y0) va
Ayz =f(P2)~f(P) =f(x0y0+Ay)- f(x0y0) ayirmalarga z=f (x,y)funksiyaning
F(xa;y0) nugtadagi xva y o zgaruvchilar boyicha xususiy orttirmalari
deyiladi.

& Az=f(P,)-f(P) =fix, +Ax,y0+Ay)- f(xaya) ayirmaga z=f(x,y)
funksiyaning P(x,y) nuqtadagi to‘lig orttirmasi deyiladi.

1-misol. z=xy+x2-y 2 funksiyaning MO(l;-)nuqtadagi xususiy va
to‘lig orttirmalarini Ax=01 va Oy=-0,2 lar uchun toping.

@ AZ=(X+A)y+(Xx+Ax)2- y2- xy- x1+y2=
=(@L+0,1)+(-1) + 1+ Of)2-1 «(-1) - 12=10,01;
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Ayz =X(y +AY) +x2- (Y + Ay)2- xy- x1+y2=
=1(-1-02)- (-1- 0,2)2-1 ¥-1) +(-1)2=-0,64;
Az =(Xx+AX) Xy + Ay) + (X + AX)2- (Y + Ay)2- Xy - XT+y2=
=(1+01)e(-1-0,2)+ (1+04)2- (-1- 0,2)2- 1x-1) - 12+ (-1)2=-0,55. O

Si Agar Ax nishatining Ax->0 dagi limiti mavjud bo‘lsa, bu limitga
z=f(x,y) funksiyaning PO(x0;y0) nuqtadagi * o'zgaruvchi bo yicha xususiy
hosilasi deyiladi va f'(x0,ya) (yoki Q(B()]K yoki j— | ,yoki Zx(x,,,yA) bilan

belgilanadi:
\fx,{/\fj\yoly\%'&( HQ)fAb.FAX»ﬁ})(- )KyO)

z=f(x,y) funksiyaning FO(x0;ya) nuqtadagi y o'zgaruvchi boyicha

xususiy hosilasi
1y\x0’Y0) ~ Iim¥\y lim (W 0% Ai-\; 0-7/(WJ

kabi topiladi.

n(n>2) o‘zgaruvchi funksiyasining xususiy hosilalari ham z=f(x,y)
funksiyaning xususiy hosilalari kabi ta‘riflanadi va belgilanadi.

<s© Bir necha o°‘zgaruvchi funksiyasining biror o‘zgaruvchi bo‘yicha
xususiy hosilasi bu o‘zgaruvchi funksiyasining, qolgan o°‘zgaruvchilar
o‘zgarmas deb hisoblangandagi hosilasi kabi topiladi. Shu sababli bir
o‘zgaruvchi funksiyasining hosilalari uchun mavjud barcha differensiallash
formulalari va qoidalari bir necha o'zgaruvchi funksiyasining xususiy
hosilalari uchun ham o‘rinli bo‘ladi. Bunda biror argument bo‘yicha xususiy
hosilaning qoida va formulalarini qo‘llashda golgan argumentlaming o ‘zgar-
mas deb hisoblanishini yodda tutish lozim.

2-misol. Funksiyalaming birinchi tartibli xususiy hosilalarini toping:

[f) z:l+y—2----2-; 2) z:h\th—\
y X Xy v
3) u=xyz +x2- | +z; 4) N=XYTT.

<> )y ni o0‘zgarmas deb, ™ xususiy hosilani topamiz:

dz 1,v J 1) 2(\ 1 2y2
B=yB«’ T Gl - g yX
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X ni 0‘zgarmas hisoblab. g—; xususiy hosilani topamiz:

(3" v 2(1 X 2y 2
aﬁ”r{y)uo DIy =748 v
» —=JL 1 (mv_ 2 1_ 2
du fg cos?M JVI g V2
v v v

dz_ 1 1 f*“v_ 2 ( u1l 2u
N tg< cos?2 WY sif M b VE g
v v v v

3) y va z lami o‘zgarmas deb, % xususiy hosilani topamiz:
du

=yz+2X.
dx
Shu kabi topamiz:
du 2 du
— =xz-3y, —=xy+l
dy =xz-3y = =Xy

4) — =ysbiz-x," — =xy*\nx(ysinz)[ =sinz-x=n2Inx,
dx dy

= jey"2Injcnsinz)', =_y cos z - O

S i — k— I xususiy hosilaning PJxQy,,) nuqtadagi giymati a sirt biian
dyj
=y0(x —xn) tekislik kesishish chizig‘iga Mii(x:;yaz,,) nuqtada o‘tkazilgan

urinmaning Ox (Oy)o‘q bilan tashkil gilgan burchagining tangensiga teng.
Bujumla fXx0,y0) (/4*0>/1)) xususiy hosilaning geometrik ma™nosini bildi-
radi.

1.2.1. z=f{p) funksiya P(x,y) nugtaning biror atrofda aniglangan
bo‘lsin.

8L Agar z=1(x,y) funksiyaning P(x,y) nugtadagi to‘lig orttirmasini

Az =AAX + BAy + cxAx + /3Ry

ko‘rinishda ifodalash mumkin bo‘lsa z=f(x,y) funksiya P(x,y) nugtada
differensiallanuvchi deyiladi, bu yerda A,B - Ax,Ay ga bog‘lig bo‘Imagan
sonlar, Ax->0, Ay-+0 da a ->0, /3->0. 's>
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1-teorema. Agar z=f(x,y) funksiya P(x;y) nuqtada diffrensiallanuvchi

bo‘lsa, u holda u shu nugtada uzluksiz bo‘ladi.

2-teorema (funksiya differensiallanuvchi bo fishining zaruriy sharti).
Agar z-f(x,y) funksiya P(xy) nuqtada differensiallanuvchi bo‘lsa, u holda
u shu nugtada A=f[{x,y) va 5=fr(x,y) xususiy hosilalarga ega boiadi.

3-teorema (funksiya differensiallanuvchi bo lishiningyetarli sharti).
Agar z=1f(x,y) funksiya P(x;y) nugtaning biror atrofida uzluksiz xususiy
hosilalarga ega bo‘lsa, u holda u shu nuqgtada differensiallanuvchi bo‘ladi.

z =f(x,y) funksiya P(x;y) nuqtada diferrensiallanuvchi bo‘lsin.

£8 Az to’lig orttirmaning [x, Ay larga nisbatan chizigli bo‘lgan bosh
gismi AAx+BAy ga z=f(x,y) funksiyaning P(Xx;y) nuqtadagi to'lig
differensiali deyiladi va u dz bilan belgilanadi:

dz =fl(x,y)dx + fy(x,y)dy

yoki
dz- d z +dyz,

bu yerda dxz =f'x(x,y)dx, dyz =f §(x,y)dy - z =f(x,y) funksiyaning P(x;y)
nugtadagi xususiy differensiallari.
3-misol. Funksiyalaming xususiy va toiiq differensiallarini toping:
1) z =3y; 2)u =y7T.
<€> 1) Funksiyaning xususiy hosilalami topamiz:

—=3'In3-i —=3'In3-|™
AX y dy 1

U holda
1 * * 1 * f .
dtz =—3,\n3dx, dz =-"-3yb\3dy, dz=—3"In3 sl 2-dyil
y Yy Yy
2) Funksiyaning xususiy hosilalarini topamiz:
du
=y'"'Iny~, = '=~y?, Noz=YT
dx y yz ay z yzy dz \ Z
Demak,

| x r 2
d%=—y”\nydx, du~—ry‘ldy, dtu=— -y'~\nydz,
z yz z

du=y‘J\nydx + Xdy~~Inwfel &
V* yz- z J

18



<S> Ko‘pchilik  masalalarni  yechishda  z =f{x,y) funksiyaning
PJxa;y0) nuqgtadagi to‘liq orttirmasi funksiyaning shu nuqtadagi to‘liq
differensialiga tagriban tenglashtiriladi, ya’ni Ay*dy deb olinadi:

fix,y)* f(x0yo) + rx xo,yOAX + Fy{x0y0Qay . (2.1)

Bu tenglikka ko‘ra gandaydir A kattalikning taqribiy giymatini
hisoblash quyidagi tartibda amalga oshiriladi:

1°. A ni biror f{x,y) funksiyaning P(x;y) nuqtadagi giymatiga
tenglashtiriladi, ya’ni A =f(x,y) deb olinadi;

2°. PO(xa;y0) nugta P(x;y) nuqgtaga yaqin va f(xnyj ni hisoblash qulay
qilib tanlanadi;

3°. / (X, )hisoblanadi;

47- f[{x,y), f'(x,y) lartopilib, fX{x0y0), f'r{xay0) lar hisoblanadi;

5. % V¥, %, Y0, f(x0,y0), fx(x0y0), f'r(xay0) giymatlar (2.1) tenglikka
go'yiladi.

4-misol. argtgiloe-l ni taqribiy hisoblang.

«> [ A=arctjy -1, f(x,y)=arctgi*- 3 deymiz.

U holda f(x,y)=A, x=198 y =103
2°. xa=2, ya=1, ya’ni P0(2;l) deb olamiz;

3“./(2,1) =arct?j-- U=| =0,785;

1 1
r.f(xy)=
1+ *-1 1+
Y
//(2,1)=- =05, /02,1)=-1,;
“ 18 .. -
5% 1j»0,785+0,5-(1,98- 2)-1-(1,03-1) =0,745. O

IH 1.2.3. Sirtga MO(x0;y0;zQ nugtada o‘tkazilgan urinma tekislik deb
sirtning bu nuqtasi orqgali o‘tgan barcha egri chiziglarga o‘tkazilgan
urinmalar joylashgan tekislikka aytiladi.
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M,,(x(;y0;z0) nuqgtada o‘tkazilgan urinma tekislikka perpendikulyar
bo'lgan to‘g‘ri chiziq sirtga shu nugtada o‘tkazilgan normal deb ataladi.
z =f{x,y) funksiya bilan berilgan sirtning M 0(x0;y0;z0) nuqtasiga
o‘tkazilgan urinma tekislik va normal mos ravishda

z ~zo=fI{x0y<>)(x-x,,) +fy(x0,ya)(y - ya), (2.2)

X~X0 _ Y~Yo ,z~z20 (2.3)
IXxod) /,'(-Wo) -1
tenglamalar bilan aniglanadi.
Agar sirt F(x,y,z) =0 tenglama bilan oshkormas ko ‘rinishda berilsa, bu
sirtning MO(x0;y0;za) nugtasiga o ‘tkazilgan urinma tekislik va normal

K (xsy>zaXx-*0) +"(*0’Y52,,)(Y - Yo) + 0Xz-z,,) =0 (2.4)

y-yo0 z-20 2.5)
FXxoy<'Z0) Fy(Xo>Zo) K (xo>Y0,20)

tenglamalar bilan topiladi.

5-misol. x1+3y2-2z2=4 giperboloidga M(Q(-3;-1;2) nuqtada o ‘tkazilgan
urinma tekislik va normal tenglamalarini tuzing.

<S> F(x,y,z) =x2+3y2-22z2-4 =0 belgilash kiritamiz.
U holda

FXMO0) =2x0=2(-3) =-6, F;(M0) =6y0=-6, F'(M0)=-4za=-8.
Bu giymatlarni (2.4) va (2.5) tenglamalarga qo‘yib, topamiz:
1) urinma tekislik tenglamasi
- 6(x+3)- 6(y+1)- 8(z- 2)=0

yoki
3x+3y+4z +4=0,

2) normal tenglamasi
x+3 y+1 z-2

z=/ (x,y) funksiyaning Pr(xO;yn) nugtadagi dz to‘liq differensiali
z=1f(x,y) sirtga uning MQ(x0;y0;z0) nugtasida o‘tkazilgan urinma tekislik
urinish nuqtasi applikatasining orttirmasiga teng. Bu jumla to 1iq
differensialning geometrikmahosini ifodalaydi.

20



1.2.4. Biror D sohada ikki o‘zgaruvchining z-f{x,y) funksiyas

berilgan bo‘lib, bunda x=x(t), y =y(t), ya’ni x va y o°‘zgaruvchilar
gandaydir t o‘zgaruvchining funksiyalari bo‘lsin.
4-teorema. Agar z =f(x,y) funksiya P(x,y)eD nugtada
differensiallanuvchi bo‘lib, x=x(t), y =y(t)~ bog‘ligmas o°‘zgaruvchining
differensiallanuvchi funksiyalari bo‘lsa, u holda z=f(x(t),y(t)) murakkab
funksiyaning P{x,y) nugtadagi xususiy hosilasi
dz _dzdx dzdy 1
dt dxdt dydt
formula bilan aniglanadi.
Xususan, z =f(x,y),y =y(x) bo‘lsa
dz _dz + dzdy 27
dx dx dydx

bo‘ladi.
(2.7) formula * bo‘yicha to 1iq differensialformulasi deb ataladi.

6-misol. z :arctng, x =sht, y =cht funksiya berilgan. (;—i ni toping,

® Funksiyalaming hosilalarini topamiz:

dz_ 1 1Yy 721 X
dx X + d X +
i+|E y y y 1+ X y
\Y.
%:cht, ﬂ:sht.
dt dt
U holda (2.6) formulaga ko‘ra
dz dzdx, dzd ¥ , X ycht - xsht
e + s , Bht -t fee ht mi—-----— .
dt dxdt dyd)t/ X +y x‘+y*r.5 . X +y

X va >ni t orqali ifodalab, topamiz:
dz chtecht- shtmht 1
dt sh*t +ch2a chit

7-misol. z=In(jc2+y), y :3e%-x r funksiya berilgan. % ni topmg.

®> (2.7) formuladan topamiz:



Y=X*)ni o'miga qo‘yamiz:

> 1 S-nA-S

Biror D sohada ikki o‘zgaruvchining z =f(x,y) funksivasi berilgan
bo‘lib, bunda x~x(u,v), y =y(u,v), ya’ni x va y o‘zgaruvchilar ikkita n va v
o°‘zgaruvchilaming fiinksiyalari bo‘Isin.

5-teorema. Agar z =f(x,y), x=x(uyv), y=y(u,v) funksiyalar o‘z
arguraentlarining  differensiallanuvchi  funksiyalari bo‘lsa, u holda
z=f(x(u,v),y(u,v)) murakkab funksiyaning P(x,y) nugtadagi xususiy
hosilalari

dz dzdx dzdy dz_dzdx dzay O«
du dxdu dydu’ dv dxdv dydv
formulalar bilan topiladi.
(z) murakkab funksiyaning har bir bog'ligmas o'zgaruvchi («va v)
bo‘yicha xususiy hosilasi bu (z)funksiyaning oralig o‘zgaruvchilar (xva y)
bo‘yicha xususiy hosilalari bilan mos bog‘ligmas o'zgaruvchi (ava V)
bo‘yicha xususiy hosilalar ko ‘paytmasining yig‘indisiga teng bo ‘ladi.

<S) Murakkab funksiyaning to‘liq differensiali invariantlik xossasiga
ega:z =/ (x,y) murakkab  funksiyaning to‘liq differensiali argumenti
bog'ligmas o'zgaruvchi boMganida ham, bog‘ligmas o‘zgaruvchining
funksiyasi bo‘lganida ham bir xil ko'rinishda boiadi.

8-misol. z:arcsini, *=wsinv, y =utgv funksiya berilgan.
Yy

dz dz e
—, —, dz lamitopmg.
du dv pmg
® Funksiyalaming xususiy hosilalarini topamiz:
dz | dz X
dx Jyl-x2’dy yjyn x
o =sinv, ﬂ:tgv, %:«cosv, dy
du du dv dv cos2v
U holda
E = g_z__QZ( -.qz_.(.jY: 1 —-sinv-----—- _X :t_gy( Vveosv - I'I_)
du dxdu dydu Jy2-*2 yjy1-x1 yjyl-x2
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yoki
dz  tgv(utgvcosv -wsinv) _ 7
du utgv”(utgv)l-(rrsinv)2
Shu kabi
8z dzdx dzdy
4 =

1 X " ufycos*v-x)

mcosv —

CynJy2-x2 cos v cos V¥yAy -x

yoki
dz _ u(utgvcos3v- usinv) n
dv  cos2veutgv~j(utgv)2- (usinv)2
Bundan
dz=— du+—dv=0-du +(-Y)-dv=-dv. O
du dv
9-misol. u=In(x2+y2- z2), x=sinf, y=f +cos/, z=t bo‘lsa, — ni
toping.
@ Funksiyalaming xususiy hosilalarini topamiz:
du 2X du 2y du _ 2z
~k=x2+y2-z1" dy~x1l+yl-z2’ ~dz~~xr+y2-z2’
% -cost, d—y:I-smf, E: L
dt dt dt
U holda
@ = 9_!_9'2‘4, _(_j_l{_dL g_LJ_g_Z:______Z_____ AXxcost +y (1_ sin*) - z')_
dt dxdt dydt dzdt x +y -z

X, yva zni t orqali ifodalab, topamiz:
du_z,sin rcosr+(t +cos;)(I- sinr)- 1_ 2(cosr - rsinr)

dt sip’/ +(f+cos/) —t’ | + 2fcosf

81 1.2.5. Agaf x ning Xto‘plamidagi har bir giymatiga F(x,y)=0
tenglamani n bilan birgalikda ganoatlantiruvchi yagona y giymat mos
go‘yilsa, X to‘plamda F(x,y) =0 tenglama bilan y =f(x) oshkormas
funksiya aniglangan deyiladi.

Masalan, 3*—2jc2—=0 tenglama butun sonlar o'qida x ga nisbatan
y funksiyani oshkormas aniglaydi, chunki n va y ning bu tenglamani
ganoatlantiradigan giymatlar juftliklari mavjud ((0;0), (2;2) va hokazo).
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6-teorema (oshkormas funksiyaning mavjudlik teoremasi). Agar F(x,y)
funksiya F'Jx.y), F’(x,y) xususiy hosilalari bilan birgalikda PO(x0;y,,)
nugtaning biror atrofida aniglangan va uzluksiz bo‘lib, F(x0y0) =0,
F(x0,yj*0 bo‘lsa, u holda F(x,y)=0 tenglama bu atrofda x0 nugtani o‘z
ichiga olgan gandaydir oraligda uzluksiz va differensiallanuvchi yagona
y =f(x) (bunda y0o=f(x0) bo‘ladi) oshkormas funksiyani aniglaydi.

F(x,y) =0 tenglama y =f(x) oshkormas funksiyani aniglasa, y =f(x)
funksiyaning hosilasi

t _ K(xy) 29,
dx  F’(x.y) 'm}
formula bilan topiladi.

F(x,y,z) =0 tenglama =z=f(x,y) oshkormas funksiyani aniqlasa,
z =f(x,y) funksiyaning x va y o‘zgaruvchilar bo‘yicha xususiy hosilalari *

dz _ Ft(x,y,2) dz _ F¥(x,y,2)
dx  FXx,y,z)” dy F(x,y,2)
tengliklar bilan aniglanadi.

2101

10-misol. xsiny-yelx-10 =0 tenglama bilan oshkormas ko‘rinishda
berilgan y =f(x) funksiyaning hosilasini toping.
<S> Tenglamaning chap tomonini f’(x,y)orgali belgilaymiz va uning
xususiy hosilalarini topamiz:
K(x,y)=siny - 2ye%  Fy{x,y) =xcosy- eI*
Demak,
dy _ Px{x,y) _2yelx- siny
dx  Py(x,y) xcosy-eu'

11-misol. sin(x+z)- —=0 tenglama bilan oshkormas ko‘rinishda
Yy
berilgan z=/(x,y) funksiyaning birinchi tartibli xususiy hosilalarini toping.
® Xz

Misolning shartiga ko‘ra F(x,y,z) =sin(x +z)----- .
Yy

Bundan

Fr(x,y,z) = cos(x +2) - yeos(x+2) - z
Yy

Rt(&’y] Zfl: Xz Fz(x,y,z) =cos(x +2) X _.X2ycos(x *2)
Yy Yy Yy
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U holda
dz _ F[{xy,z) _ycosix+z)~z
dx  PxX,y,2) X- YcosGet2)’
dz  F{xy,2) Xz
dy K(X'¥2) y(x-ycos(x +2))

12.6. ~ =f’(x,y)va 0 =/Oar,") hosilalarga z =f(x,y) funksiyaning

P{x\y) nuqtadagi birinchi tartibli xususiy hosilalari deyiladi.
Bu hosilalar * va y o‘zgaruvchilaming xususiy hosilalariga ega bo‘lsa,
ularga ikkinchi tartibli xususiy hosilalar deyiladi va quyidagicha belgilanadi:

d _dz

dxi&él bl Ax{ay) dydx * MNA
8(dz\ dz ft \ d(dz} dz
g,vde dxdy

Uchinchi, to‘rtinchi va umuman «-tartibli xususiy hosilalar shu kabi
aniglanadi.

® f(x>y) va fl(x>) hosilalarga ikkinchi tartibli aralash xususiy
hosilalar deyiladi. Agar z=f(x.y) funksiyaning ikkinchi tartibli aralash
xususiy hosilalari P(x;y) nuqtaning biror atrofida mavjud va shu nugtada
uzluksiz bo‘lsa, shu nugtadaf Jx,y) =f*(x,y) bo‘ladi.

Bunday tasdiq istalgan yuqori tartibli xususiy hosilalar uchun ham
o‘rinli bo‘ladi. Masalan, uzluksiz uchinchi tartibli xususiy hosilalar uchun

fZ,ix>p>2) =f2,y(x,y,2) =f "1(x,y,z).

12-misol. z:arctg; funksiyaning barcha birinchi va ikkinchi tartibli

xususiy hosilalarini toping.
<S> Birinchi tartibli xususiy hosilalami topamiz:

dz 1 1y dz_ 1 f * X
dx
\Yj \Y;
Ikkinchi tartibli xususiy hosilalami topamiz:
dz df vy j_ 2xy

dx2 dx'yxl+y2j (x' +yDl'
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dz =f'x(x,y)dx +fl(x,y)dy differensialga z=7(x,y) funksiyaning P(x;y)
nuqgtadagi birinchi tartibli tofiq differensiali deyiladi. Agar z=f(x,y)
funksiya P(x;y) nuqtada ikkinchi tartibli uzluksiz xususiy hosilalarga ega
bo‘lsa, ikkinchi tartibli to Tiq differensial d2 =d(dz) kabi aniglanadi:

dZ=/J (x,y)dx2+ 2fl(x,y)dydx +fy,dy\ (2.11)

bu yerda dx2=(dxy, dy2=(dy)L
(2.11) formula simvolik ko'rinishda

kabi yoziladi.
Uchinchi tartibli to 1iq differensial shu kabi ta’riflanadi va aniglanadi:

diz =f 7(x,y)dx'+2[" y(x,y)dx2y +3 f*%(x,y)dxdyl+f"(x,y)dy3 (2.12)
yoki

n-tartibli to‘liq differensial uchun

formula o‘rinli bo‘ladi. Bunda z =f(x,y) funksiyaning x vay
o'zgaruvchilari bo‘g‘ligmas bo‘lishi lozim.
13-misol. z=xsmy - ycosx funksiyaning birinchi va ikkinchi tartibli

to‘lig differensiallarini toping.
<S> Birinchi tartibli xususiy hosilalarni topamiz:

E:smy +ysinx g =XCO0SY-COSX
dx Ty

Bundan
dz =(siny +y sinx)dx +(xcosy - cosx)dy.



Ikkinchi tartibli xususiy hosilalami topamiz:

dz _ d o dz _ 8 .. _
(—j;(—i—&(sm V+ysm¥*) =y cosx, E)Za_;;_d_y(smy +y Cosx) =cosy +smx,
d'z=d _ .
dyﬁ_ Ey(xcosy- €0SX) =-xsiny.
Demak,

d2Z =ycosxd% + 2(cos_y+ sinx)dxdy - jrsinydl. O

Mustahkamlash uchun mashqglar
1.2.1. z=x2-xy +y2funksiyaning M0(2;l)nuqgtadagi xususiy va to‘lig
orttirmalarini Ax=0,1 va Ay=0,2 lar uchun toping.

1.2.2. z =xy2+yx2 funksiyaning J1/0(2;1)nuqtadagi xususiy va to‘liq
orttirmalarini Ax=-0,2 va Ay=01 lar uchun toping.

1.2.3. Funksiyalaming birinchi tartibli xususiy hosilalarini toping:

1) z=x*-4x%3+y4; 2) Z:Xy+_x;
3)z =yIx +1=; 4) z=-"-;
\ly *-y
5) z =arcsin Y ; 53 z:arctgl;
hecr+y2 X
1) z=xe 8) z=(B+xy)x;
9) z - Insin(jf - 2y); 10) z =\n(x2+e~y)\
11) z =e*\ny; 11)z =yv;
13) u=x4+yz2+ 3Xz-Xxy; 14) u=ex +y3-5z4
15) u=(cosxy™; 16) u=z*

1.2.4. Funksiyalaming xususiy va to‘liq differensiallarini toping:
1) z=x:; 2)z =sinx +In(jc3+ /).
1.2.5. Funksiyalaming to‘liq differensialini toping:

1) u=—"—i; 2)u =y°.
) U=y Ju =y
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1.2.6. Funksiyalaming berilgan nuqtalardagi tagribiy giymatini
hisoblang:

1) z=d x 2+6y, M0(0,97;0,98); 2) z=ey\n(x +2y), M, (0,98,0,03).
1.2.7. Tagribiy hisoblang:
1) n/1.032+ 1.985; 2y 103
V0.98V1.053

128.z :arg/g§ x-e2-\, y=e2+1 funksiya berilgan. (;—i ni toping.

1.2.9. z=x2+xy +y1, x =smt, y =e funksiya berilgan. % ni toping.

1.2.10. n=In(x2+y2+z), x =ts'mt, >=fcosf, z -t 1 funksiya berilgan.

u wtopin
dt p g‘
1.2.11. u=x¥ 2, x=e, y =41 +t, z =t funksiya berilgan. m ni toping.
1.2.12. z:arcsinT y =JI +x2 funksiya berilgan. ™ ni toping.
1.2.13. z=In(x2+y2), y =xtgx funksiya berilgan. = ni toping.
X
1.2.14. z=xy'+yx'. x=usmv, y =ucosv funksiya berilgan.
gz va g L toping
du dv '
1.2.15. z=— x =e*—2e", y =2¢€" +¢' funksiya berilgan.
y
dz va dz nl.topmg.
du dv ®
1.2.16. z =\n(u2+v2+w2), u=x +y, v=x-y, w=2-Jxy funksiya berilgan.
L4 va L3 ni topm
dx dy pmg.
1.2.17. z=arctg"\-/\’l‘-, u=x, v=cosy, w=xsinj> funksiya berilgan.
4 va g m topm
dx dy pmg.

28



1.2.18. Oshkormas ko‘rinishda berilgan y(x) funksiylarning birinchi
tartibli hosilasini toping: c
1) xy-Iny-a =0; 2) x+y-e* =0;
3) 2cos(jt- 2y) - 2y +x=0; 4) X - eyr=0.

1.2.19. Oshkormas ko'rinishda berilgan y(x) funksiylaming ikkinchi
tartibli hosilasini toping:

e
1) xy-sin(xy) =0; 2) x+y " 0.

1.2.20. Oshkormas ko‘rinishda berilgan z(x,y) funksiylaming birinchi
tartibli xususiy hosilalarini toping:
1) x1+y1l+z1- 6xyz=0; 2) 5*y +2xz1- yZ =0;

3) cos(ietz) +—=0; 4) j/In(x +z) —e4*=0.

1.2.21. Berilgan sirtga berilgan MQ(x0;y0-20) nugtada o ‘tkazilgan
urinma tekislik va normal tenglamalarini tuzing:

1) z=x2-2y\ M, (212); 2) z=3x1- xy +x +y, MQ(1;3;4);
3) z :arctgf(ré_-;,, AO(L;1;0); 4) z =In(x1+y?, MQ(1;0:0);
5) x2+y2+122-14 =0, MO(-1;3;-2); 6) x3+/ +z' +xyz=6, M0(l;2;-1).

1.2.22. Funksiyalaming ikkinchi tartibli xususiy hosilalami toping:

1)z=-—— 2) z=arctg—
X +y A y
1.2.23. 2=y~ funksiya y ~ ~ x-"- :Otenglamani ganotintirishini
WX dy dxdy
ko ‘rsating.
— , fiz Q , L
1.2.24. z =ey funksiya y--—- + mmmmemes =0 tenglamani ganotintirishini
dxdy dx dy
ko ‘rsating.
1.2.25. z=In(x2+yl) funksiyaning d—f(";—/r hosilasini toping.
am
1.2.26. u=em funksiyaning = -------- hosilasini toping.
y g dxdydz ping

1.2.27. z=ylInx funksiyaning d2Z va d3Z differensiallarini toping.
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1.3. BIR NECHA 0 ‘ZGARUVCHINING FUNKSIYASINI
EKSTREMUMGA TEKSHIRISH

Ikki o'zgaruvchi funksiyasining ekstremumlari. Ikki o‘zgaruvchi
funksiyasining yopiq sohadagi eng katta va eng kichik giymatlarii.
Shartli ekstremum

1.3.1.z =f(x,y) funksiya biror D sohada aniglangan va Pn(x,,"yn)e D
bo‘lsin.

88 Agar PO{x(;y0) nugtaning shunday 5 - atrofi topilsaki, bu atrofning
barcha Pz(xblyjnugtadan fargli  P(x;j)nuqtalarida f(x,y)<f(xaya)
if(.x,y)>f(x0y0) tengsizlik bajarilsa, PFOx0;y0) nuqtaga f(x,y)
funksiyaning maksimum (minimum) nuqtasi deyiladi.

Funksiyaning maksimum va minimum nuqtalariga ekstremum nugqtalar
deyiladi. Funksiyaning ekstremum nuqtadagi qiymati funksiyaning
ekstremumi deb ataladi.

1-teorema (ekstremum mavjud bo 'lishining zaruriy sharti). Agar
z=f(x,y) funksiya Pn(xa;y,,) nugtada ekstremumga ega bo‘lsa, u holda bu

nugtada Eva & hosilalar nolga teng bo‘ladi yoki ulardan hech

dx dy
boMmaganda bittasi mavjud boimaydi.
Xususiy hosilalar nolga teng boiadigan nuqtalarga statsionar nuqtalar
deyiladi.
Xususiy nolga teng bo‘ladigan yoki ulardan hech bo‘Imaganda bittasi
mavjud bo‘lmagan nugtalarga kritik nugtalar deyiladi.
2-teorema (ekstremum mavjud bo ‘lishining yetarli sharti). z-f(.x,y)

funksiyaning  Pi(x[jy0) statsionar nuqtaning biror atrofida birinchi va
ikkinchi tartibli uzluksiz xususiy hosilalari mavjud va bunda f ’(xc,yj=A,
/*00>Y0) =B, f't(x0,y0 =C bo‘lsin. U holda

a) agar A=AC- B2>0 boisa, z=f(x,y) funksiya PB,(x0;y0) nugtada
ekstremumga ega boiib, bunda A<O0 (yoki C<0) bo‘lganda PO(x0;.y0)
nugta maksimum nuqta, A>Ofyoki c¢> 0) bo‘lganda Pi(xa;y,.) nuqta

minimum nuqta bo‘ladi;
b) agar A=AC- B2<0 bo‘lsa, PO(x0;y0) nuqtada ekstremum mavjud

bo‘Imaydi;
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c) egar O=49C-B2-0 bo‘lsa, FO(x0;y0) nuqtada ekstremum mavju
bo'lishi ham, mavjud boimasligi ham mumkin ( bu holda go‘shimcha
tekahirishlar o‘tkaziladi).

®> Ekstremum mavjud bo‘lishining zaruriy va vyetarli shartlariga
asoslangan z—f(x,y) funksiyani ekstremumga tekshirish tartibv.

1" —, — xususiy hosilalar topiladi;
8x  dy

2°. Statsionar nuqtalar aniglanadi;
@z &7 susiy hosilalar topiladi;
dx‘ dy‘ dxdy

£ A= c=y ,B=
& dy dxdy
nuqtalardagi giymatlari hisoblanadi;
5°. Har bir statsionar nuqtada J,=AC-B1ning giymati hisoblanadi va 1-
teorema asosida xulosa chigariladi.

xususiy hosilalaming statsionar

1-misol. Funksiyalami ekstremumga tekshiring.
1)z~-—y N 2) z=x2+2y2- Ix+4y- 3,
3)z =x1-y 1 4) z=3x¥ -x3-y 4
® Funksiyalami ekstremumga belgilangan tartibda tekshiramiz.
1) 1° Funksiyaning birinchi tartibli xususiy hosilalarini topamiz:
dz_2x-2 dz_y2—x2+2x
dx y ' dy y2
2°. Statsionar nuqgtalarni aniglaymiz:
f2(x-1) =0, \x =1,
y -Xx1+2x=0=>\y 2=-1.
Sistema yechimga ega emas. Demak, funksiya ekstremum nuqtaga ega emas.

2)1°. — =2jc-2, =4y +4,
dx

dy
f2(x- ) =0,
" [4y+1)=0
sistemani yechib, statsionar nugtani topamiz: /°(1;- 2.
3. Ikkinchi tartibli xususiy hosilalarni topamiz:

NE-4 82 -0
dx2 * dxdy * dy2
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4°. Barcha nuqtalarda, jumladan P(l;- Dnuqtada A=2, B=Q C=4
5" A=AC-B2=2-4=8>0, bunda /1>0. Demak, P(l;-1) nuqgta
minimum nuqta va z =r(1;-1) =12+ 20 (-1)2- 21+ 4+(-1) - 3=-6.

0X dy
2°. Demak, P(0;0)~ statsionar nugta.

»NA =2 N =0 N =2
dxl * dxdy * gyr
4°. Bundan A-2, B=0, C=-2
5 0=AC - B1=-4 <0. Demak, P(0,0) nugtada ekstremum mavjud emas.

4) I —=6xy- 3*\ — =3*2- 4y\
0X dy

f3x(2y-x) =0,
- (3x2—4y3=0
sistemani yechib, statsionar nugtalami topamiz. Ular ikkita: P,(6;3), Pr(0;0).

3% NE =6N-6* N - =6X, — y\
I(Tl'yZ 2!

ax3 dxdy
4”. Har bir statsionar nuqtada ikkinchi tartibli xususiy hosilalami
hisoblaymiz:

1) /6;3) nugtada At=~18 BI=36, C,=-108;

2) Pr(0;0) nugtada A2=0, B2=0, C2=0.

5°. Har bir statsionar nuqtada ,=AC-B diskriminantni hisoblaymiz va
1-teorema asosida xulosa chigaramiz:

1) A =AICI- Bl - 648>0, bunda A <0 Demak , P,(6;3) nuqgta
maksimum nuqta va =3¢363- 63- 34=27,;

2) A3=AX2-B]=Q.

Qo‘shimcha tekshirish bajaramiz: z funksiya P2(0;0) nuqtada nolga
teng; x=0, y * 0 damanfiy (z=-y*<0); *<0, y =0 da musbat (z=-*3>0).

Demak, Pr(0;0)nugtada ekstremum mavjud emas. O

<s® 1.3.2 Chegaralangan yopig D sohada differensiallanuvchi
z=f (x,y) funksiyaning eng katta va eng kichik giymatlari quyidagi tartibda

topiladi:
. Sohaning ichida yotgan barcha kritik nuqtalar topiladi va
funksiyaning bu nuqtalardagi giymatlari hisoblanadi;
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2‘. Funksiyaning soha chegarasidagi eng katta va eng kichik giymatlari
hisoblanadi (ayrim hollarda D sohaning chegarasi alohida tenglamalar bilan
berilgan gismlarga ajratilshi mumkin);

3". Funksiyaning barcha hisoblangan giymatlari solishtiriladi va ulaming
eng katta va eng kichigi ajratiladi.

2-misol. z=sinjc+siny-sm(jc+y)  funksiyaning x=0, y=0 wva
x+y-29 =0 to"g‘ri chiziglar bilanchegaralangan D sohadagi (3-shakl) eng
katta va eng kichik giymatlarini toping.

® T. Funksiyaning D sohada yotgan kritik nugtalarini topamiz:

dz
—_— = X - + _—0,
X COSs COS(X y)

d_y = cosy —€o0sOt +y) =0.

2n

Bundan * %,\:

Demak, /;, fey], *(/>»)=3];/3
2° Funksiyaning soha chegarasidagi eng

katta va eng kichik giymatlarini topamiz:
D sohaning chegarasida, ya’ni

*=0,y=0 va X+y-20-=0 to‘gri

chiziglarda yotuvchi barcha P(x;y) nugtalarda berilgan funksiya nolga teng.
3°. Funksiyaning hisoblangan giymatlarini solishtiramiz.

Demak,
N\

egkia=ro) =~ ° va Z,#=2(P) =0. O

3-misol. z=x2-y 2 funksiyaning x2+y2<4 doiradagi eng katta va eng
kichik giymatlarini toping.
® T. Funksiyaning xususiy hosilalarini nolga tenglaymiz:

N :2*:0,
a*
__=-2y=0.
dy y

Bundan x =0,y =0. Demak, /0;0), z(0) =0.
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2°. Funksiyaning x1+y1=4 aylanadagi eng katta va eng kichik
giymatlarini hisoblaymiz. Buning uchun aylana tenglamasidan topilgan
y1l=4 -jecni funksiyaning berilgan tenglamasiga qo‘yamiz: z =2x2-4.
Natijada bir o‘zgaruvchining funksiyasi hosil bo'ladi.

z=2xr—4 funksiyaning [22] kesmadagi eng katta va eng Kkichik
giymatlarini hisoblaymiz:

1) 7 =4x=0 dan x0=0.U holda z0=2z{0)=-4,bunda yd=-2va y,a=2;

2) z,=2(-2)=2-4-4=4, bunda y,=0 va z2=2(2)=2-4-4 =4, bunda
y2=0;

3) Demak, x2+y2=4 aylananing Po(0;-2) va ~(0~) nuqtalarida z=-4,
P2(-2;0) va P,(2;,0)nuqgtalarida z =4.

3". Funksiyaning hisoblangan giymatlarini solishtiramiz.

Demak,

N o=-(-2,0)=2(2,00=4, Zz,, =z(0-2)=2(0,2)=-4. O

4-misol. z=x2+2xy-3y2+y funksiyaning *=0, y=0 va Xx+y-blO
to‘g‘ri chiziglar bilan chegaralangan D sohadagi eng katta va eng Kichik
giymatlarini toping.

® D soha OAB uchburchakdan iborat (4-shakl).

1°. Funksiyaning kritik nugtalarida xususiy hosilalar nolga teng bo'ladi:

g)zr(ZZ(x+y):O,
— =2x-6y +1=0
ay

Bundan x:--8,y:53. Bu nugta D sohada

yotmaydi. Demak, D sohada berilgan
funksiyaning ekstremum nuqtalari yo“q.
2°.Funksiyani soha chegarasida

ekstremumga tekshiramiz. Soha chegarasi
turli tenglamalar bilan aniglanuvchi uchta o
gismdan tashkil topgani sababli funksiyani har
bir gismda ekstremumga alohida tekshiramiz.

1) OA to‘g‘ri chizigda y =0 va z=x2(0<x51). z=x2funksiya x>0 d

o‘suvchi bo‘lgani uchun, uning [0;] kesmadagi eng katta giymati z(1,0) =1
va eng kichik giymati z(0,0) =0bo ‘ladi.
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2) AB to‘g'ri chiziqgda y =1-x (0<x<1) va r=-4n2+Ix-2.
7 1 N7 11T
U holda z'=-4r +7=0. Bundan x=-. Demak, y=- va zb .=—. AB
8 8 8j 16
to‘g ‘ri chizigning chetki nuqtalarida: z(0,0)=0, z(0,l) =- 2.
3) BO to‘g‘ri chizigda x=0 va 2=-3j>J+j» U holda Zy=-6p>+1=0.

Bundan y--6 va ZJOB_):E' BO to‘g‘ri chizigning chetki nuqgtalarida:

z(0,)=-2, z(0,0)=0.
3°. Funksiyaning hisoblangan giymatlarini tagqoslaymiz.

Demak,
va Z— =r(0')=-2"°
1.3.3. Funksiyaning argumentlari hech bir go‘shimcha shartlar bile
bogianmagan holda topilgan ekstremumlariga shartsiz ekstremumlar
deyiladi.

Funksiyaning argumentlari hech bir qo‘shimcha shartlar bilan
bog'langan holda topilgan ekstremumlariga shartli ekstremumlar deyiladi.

/p(x,y)-0 tenglama berilgan boiib, Pa(x,,\ya)nug\3. bu tenglamani
ganoatlantirsin hamda z=f(x,y) funksiya P, (xay0) nuqtaning biror
S - atrofida aniglangan va bu nuqtada uzluksiz bo‘Isin.

3 Agar 5 - atrofning <p(x,y) =0 tenglamani qanoatlantiruvchi barcha
P(x;y) nugtalarida f(x,y) <f(x,,,ya) (f(x,y) >f(x0,y0)) tengsizlik bajarilsa,
PO(x0;ya) nuqtaga f(x,y) funksiyaning shartli maksimum (shartli minimum)
nugtasi deyiladi.

Bunda tp{x,y) =Q tenglama hog lanish tenglamasi deb ataladi,
ekstremumga bog‘lanish  tenglamasi bilan bog‘langanlik  shartida
erishiladigan ekstremum deyiladi.

<E> Ikki o‘zgaruvchining funksiyasi uchun shartli ekstremumni topish
masalasi quyidagi usullardan biri bilan yechiladi:

1. Agar <p(xy) =0 bog‘lanish tenglamasini y yoki xga nisbatan yechish
mumkin bo‘lsa, bu tenglamadan y =y(x) yoki x=x(y) topiladi vau z=f(x,y)
funksiyaga qo‘yiladi. Hosil bo‘lgan bir o°‘zgaruvchining funksiyasi
ekstremumga tekshiriladi;

2. Agar (p{x,y) =0 bog‘lanish tenglamasini y yoki xga nisbatan
yechish mumkin bo‘Imasa, Lagranj ko ‘paytuvchilari usuli go‘llaniladi.

35



Ikki o‘zgaruvchining funksiyasini Lagranj ko‘paytuvchilari usulu bilan
ekstremumga tekshirish quyidagi tartibda amalga oshiriladi:
1°. Lagranjfunksiyasi deb ataluvchi
F(x,y) =fix,y) +X<plxy)
funksiya tuziladi va uning x, y va X bo‘yicha xususiy hosilalari topiladi, bu
yerda X- lagranj ko‘paytuvchisi deb ataluvchi son;
2°. Shartli ekstremumning zaruruy sharti

>, W) =0,
- Fy(X,y) =01
<p(x,y) =0

sistema bilan beriladi. Bu sistemadan bitta yoki bir nechta (x0,y0,A) sonlar
uchligi topiladi, bu yerda PO(xQ\y0) shartli ekstremum bo‘lishi mumkin
bo‘lgan nuqta;

3°. Shartli ekstremumning yetarli sharti

0 <P'JTXo,Y0) FAX$Y0)
A=- (pfx0yad F*{x0y0l) K (Xo»0n)
K (x0,yah)

diterminant orgali ifodalanadi.

Bunda har bir (x0Jo.”) sonlar uchligi uchun Aning ishorasi
tekshiriladi:

a) agar <0 bo‘lsa PFXx0;y0) nuqta z-f(x,y) funksiyaning shartli
maksimum nugqtasi boiadi;

b)agarA>0 bo‘lsa RXx0;y0) nuqta z =/0 ,y) funksiyaning shartli
minimum nuqtasi bo‘ladi.

5-misol. r=4-x2+2x-y2+4y funksiyaning x va y o‘zgaruvchilar
y - x=0 tenglama bilan bog‘langan!ik shartidagi ekstremumini toping.

® Masalani har ikkala usul bilan yechamiz.

1-usul. Funksiya tenglamasida to‘la kvadratlar ajratamiz:

2=9-(x-1Y-(y~2y.

Bu funksiya uchi Ma(1;2,9) nugtada yotgan paraboloidni ifodalaydi.

Bog‘lanish tenglamasi y-x =0 tekislikni ifodalaydi. Bu tenglamadan
y =x kelib chigadi. yni berilgan funksiyaga qo‘yib, topamiz:

Z=4-2x2+6X.
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Bu funksiya parabolani ifodalaydi. Demak, z=4- x2+2x-y2+4y
paraboloid bilan y - x =0 tekislik kesishishidan parabola hosil bo‘ladi.

z =4- 2x2+6x funksiyani ekstremumga tekshiramiz:

r. z' = -4jc+6=0 dan X 22 y =22;

2'. z2' =-4<0. Demak, PC{ZS :;_"(-maksimum nuqta.
J

Shunday qilib, z-4 -x 2+2 x-y2+4y funksiya uchun Pg"-;-J shartli

maksimum nuqta boiadi. Bundan
2 -4_"Y +2.3_ T3y +43=1
w 2U 22
2-usul. T. Lagranj funksiyasini tuzamiz:
F(x,y,z) =4 -x2+ 2x-yr+4y +J1(y-x), buyerda tp{x,y)=y-x.

Bundan
NV=-2x+2-N, Py=~2y+4+]J]], p;=y-x.

2°. Shartli ekstremumning zaruruy shartiga ko‘ra
—2x+2 J1-9,
B 2y +4+ X0,
y-2=0.

Sistemani yechamiz: *:-3'> 3, A=1 Demak, Pdﬂ?’—]l-mumkin bo‘lgan
shartli ekstremum nuqta.
3°. [ diterminantga go‘yi'adigan xususiy hosilalarni topamiz:
<>=l <=1 f;=-2, f; =0 f;=-2.

U holda
0 -1 1
A=—-1 -2 0 =4
1 0-2

/3 3
Barcha nugtalarda, jumladan PJ42 2Tnuqtada O, =-4<0.
Demak, bu nugtada funksiya shartli maksimumga ega:

2= 4+ + +4-] =Y' O
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1.3.4. Bir necha o‘zgaruvchi funksiyasini  ekstl
tekshirishning amaliy tatbiglaridan bin eng kichik kvadratlar usuli
hisoblanadi. Bu usulning mohiyati y =f(x) empirik formula bilan topilgan
/(*,) nazariy giymatlarning tajriba natijasida olingan mos y, giymatlardan
chetlashishi  kvadratlarining yig‘indisini minimallashtirishdan yoki
boshgacha aytganda

S = ﬁv = i-'\}'lf(xl)-y,y
giymatning minimal bo‘lishini ta’minlashdan iborat.
Agar empirik formula sifatida y =ax+b chizigli funksiya olinsa, a va b
koefiitsiyentlar

ﬂ'll=f‘2+*'!>‘ :H(,y,,
a-‘éf(f+b-n =‘I&yl

tenglamalar sistemasidan topiladi.
Agar empirik formula sifatida y =ax1+ bx +c parabolik funksiya olinsa,

a,b va ¢ koeffitsiyentlar
ad vhmy ot =iy,
. a';__f/3+b-fax, +C-EI*|: 3

at&* +6-,vI +c-n ='i§&|y'
sistemadan topiladi.

Agar empirik formula sifatida logarifmik funksiya olinsa, bu funksiya
belgilashlar yordamida chizqli yoki parabolik fimksiyaga keltiriladi.

Agar empirik formula sifatida darajali yoki ko ‘rsatkichli funksiya olinsa,
bu funksiya avval logarifmlanadi va keyin belgilashlar yordamida chizqli
yoki parabolik funksiyaga keltiriladi.

6-misol. x argument va y=f(x) funksiyaning tajriba natijasida olingan
giymatlari jadvalda berilgan:

X 110 1 132 154 176 198 230 242
Yy 40 43,2 52,8 67,2 64 B> 96

jt va y o‘zgaruvchilar orasidagi chizigli bog‘lanishning empirik
funksiyasini eng kichik kvadratlar usuli bilan toping.
® Empirik formulani y-ax*-b ko‘rinishda izlaymiz. Bu funksiyaning
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a va b parametrlarini

a-fp.2+*elp, TRV

amb>, +h'" =

tenglamalar sistemasidan topamiz.

Qulaylik uchun hisoblami jadvalda bajaramiz:

i e Y,
1 110 40
2 132 43,2
3 154 52,8
4 176 67,2
5 198 64
6 220 78,4
7 242 96

| 1232 441,6

U holda yuqoridagi sistema

12100
17424
23716
30976
39204
48400
58564
230384

f230384a +1232* = 83212,8,
| 1232a+ Ib- 4416

ko‘rinishga keladi.

Uni Kramer formulalari bilan yechamiz:

230384 1232 - 94864,

1232

832128 1232
- ’ - 384384, _
A= e 7 K

a= A94|§/|64 =0,405, *=-

Demak, izlanayotgan funksiya

™
94864

1232

AN

y=0,405*-8,229. O

XY,
4400
5702,4
8131,2
11827,2
12672
17248
23232
83212,8

230384 832128
441,6

=-8,229.

Mustahkamlash uchun mashqlar

1.3.1. Funksiyalami ekstremumga tekshiring.

1) z=x1+y2- 3x+2y;
3) z- x4+yl- 4Axy;

39

2) z =x"+y3- 3Xy;
4) z=x4+y4- 212+ 4xy- 2.\

-780595,2.



E z:2x3+1 2+ 618 0) z= _|__E_’9+@-
) Fr AR ) 2=yl

8) z=x3+y3- 6x+2y-Jy;

7) z=y-JX - y 2- X + 6y;
9) z=xyAl-x-y); 10) z=xy(x +y - 2);
1) r=<r'02-21/); 12) z=e2(x +y 2).

1.3.2. Funksiyalaming berilgan chiziglar bilan chegaralangan D soha-

dagi eng katta va eng kichik giymatlarini toping.
1) z=x2+2xy +4x-y2, D: x=0, y=0, x+y +2=0;
1) z- x2- xy+yl-4y-x, D\ x=0,y~0, 3x+2y-12=0;
3) z=x3+y3-3xy, D: x=0, x=2, y=—, y=2
4) 7 =x3 +x%2- 4x%, D: x=0, y=0, x +y =6

5) z=xy(x+y +1), D: y:;, X =I, x =2, y_-~2
6) z=x+2y-3, D:x2+y2=4

1.3.3. z=1{x,y)funksiyalaming <p(x,y) =0 tenglama bilan bog‘langanlik
shartidagi ekstremumlarini toping.

1)z =x+3y, x2+y1-10 =0; 2) z=x+y, 2y2+2;t2- x¥2=0;
3) z-xy, x2+y2-2=0; 4) z-xy, jf+y-1=0;
5) z=xy2, x+2y-1=0; 6) z=x2, x2+y2-1=0;
1)z =x2+y2 je+y-1=0; 8) z=3x2-2y2 x2+y2-1=0;
9) z=—+— x+y-2=0; 10) z=-i---iT, x-y-2=0;

X Y X Sy
11) z="NJI-x1-y 1, x+y-1=Q 12) z=eYy, x+y-2 =0.

1.3.4. Sig‘imi vga teng bo‘lgan to‘g‘ri burchakli hovuz eng kichik to‘la
sirtga ega bo‘lsa, uning o ‘lchamlarini toping.

1.3.5. R radiusli sharga ichki chizilgan to‘g‘ri burchakli parallelepiped
eng katta hajmga ega bo‘lsa, uning o ‘lchamlarini toping.

1.3.6. x argument va y =f (x) funksiyaning tajriba natijasida olingan

giymatlari jadvalda berilgan:
X -1 0 2 3 4
Dy 0 2 3 35 3 45

[EEN
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X 0,5
2y 062

1,0
1,64 3,7 5,02 6,04 6,78

2,0 2,5 3 35

x va vy o‘zgaruvchilar orasidagi chizigli bog‘lanishning empirik
funksiyasini eng kichik kvadratlar usuli bilan toping.

NAZORAT ISHI

1. Funksiyaning
tasvirlang.

aniglanish sohasini toping va chizmada

2. Funksiyaning PO(x0;y0)nuqtadagi giymatini tagribiy hisoblang

1. z=fex-x2-y2

1. z=In(16-x2-y 2) +yflnx.

1. z=arccos-

X +y

1. z= - x1-y1).

1. z =aicsirt(3x - y).

1. z-"jy--Jx.

J-variant
2. z=ijlx1-3xy, P0(3,94;2,01).

2-variant
2. z =2y +arctg{xy), Fo(0,01;2,95).

3-variant
2. z=In(*3+/), /5(0,09;0,99).

4-variant
2. 27 x2+y2+ 2sin(xy), Pe(0,04;2,97).

5-variant
2. z=2p>+sin— /9(0,05;4,98).
J

6-variant (
2. z=«clg) —1 L Po(2,02;0,97).
(PR

7-variant
I.z =y \ P0{3,03;0,98).

8-variant
2. z=Vjc*+y, /[>,(1,0271,98).



1. -- Yl3x~4Y
X1+yr+2

ir. z =arcsin---- .
y+1

X

1 z-sjSx-x2+y1l

1. z=3+ x2-y1+2xy.
1.
Ix2+y 2+ 2xy
\ X +y1- 2xy
e

1. r="25- 02-y 2+ Jxy.

1. 2=In(xJ+y2-6) +Jlny.

i Z=arc

*
sin-.
Yy

9-variant

2.

10-variant

2.

11-variant

z=\}x"-\ny, /9(2,98;1,04).

7 =2X +sin*— /8(1,98;3,96).
Yy

2. z=3y+tg ~, F90,96;1,98).
Y

12-variant

2. z=2yl+arcsin />(0,02;3,98).
N

13-variant

2.

14-variant

2 =In(\Mx +\[y -1), />(0,97;1,04).

2. z="2x2+2xy- 3y2, P0(2,02;0,96).

15-variant

2. z=ylx, +y\ /5,1,02;1,97).

16-variant

2. 7 =2x2+5 y+cos(jty), Fc(1,99;0,02).

17-variant

2.

18-variant

2.

19-variant

2.
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z =y - arcsin(jcy), />40,02,3,98).

z =\Ix, +y\ P0(3,96;0,02).

z =e" +2cos(gy), #£96(1,98;0,03).



_ tn(>- 1)
nly-*2+4:

. z=V({t2+ y - 1X4-m*

. z=In(xl -2y +A)+4x.

. Z= - F X -y

. Z=arccos-
X

B Inj
S /3-/-pr1

. arcsin(* - y)
B yjxl-y -1

r).

20-variant

2.

21-variant
2.

22-variant
2.

23-variant
2.

24-variant

2.

25-variant
2.

26-vanont
2.

27-variant

2.

28-variant

2.

29-variant

2.

30-variant
2.
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z=In(2x2+21/), P0(0,54;0,48).

*=%' [7(1,08:3,96).

2 = x! +arcsinCxyl), P0(3,97;0,03).

z =\JIx2+6.v, £8(0,97;0,98).

z=45e’ +y\ P,(0,02,2,04).

2=x1+ 2ysin(xy), £0,05;1,96).

2=e>In(x +2>), Po(0,98;0,03).

2=Ve*, v, P(00O,98;2,03).

2=In(3xJ- 2xy), P(Q(1,03;0,98).

z =e"arctg(xy), P,{2,05,0,03).

z-Jx' +xy+y2, Pe(2.06;1,96).



I-MZJSTAQILISH

{ éirtga M70%x0-,y0;zol)l nuqtada’o

tengl™aJanmtnNg. koTsating.

‘tkazilg,?n urinma tekislik va normal

3. Murakkab funksiyaning ko ‘tsatilEan hosilalarini toping.
4. Oshkormas ko'rinishda berilg® >e<*» funks,yarang bmnch,

tartibli xususiy hosilalarini toping-
5. Ftmksiyaning uchinchi titibli diffe rent », topmg
6. Funksiyani ekstremumga tekshinng-

7. «- /(*,y) funksiyaning D y°P!4 sohadaS‘ e"S kata ™ klchlk

ANMNMSiyalaraing M.y )'ote"*lama bilan bog’langanlik

shartidagi ekstremumlarini toping.
9. E Il katta va eng kichik qumatlan» toplshga 0,d amal.y masalalam,

yiOhm* argnment va y=/W funfciy™"S *“j”a natijasida olingan
giymatlari jadvalda berilgan. * wva ¥ o'zgaravehiiar orasidag,

kichik kvadratlar usuli bilan

y =ax2+bx +c empirik funksiyani
i, k funksiyani to g n burchakli dekart

topmg. Tajriba nugtalanm’ va empire

koordinatalar sistemasida tasvirlovctu ch g

I-varian*
1. 2=2x2-3y2+4x-2y-10xy,

2. z=1In(g2+xy +/), z[Y - (z)2+ ' zx °f
Y 5z
3. r=In(x3+by), x =utgv, y=—, "~ O
4 x5+ 7 /3+zé- Sxyz= 2y, 5. z =x3cosy + ¥ sinx.
6. z=x3¥y3-18xy +7.
7. 2=5x2-3jry +/ +4, = = x+?-1=0.
8. z=8-5x-4>>, x2- y2- 9=0.
9. Perimetri 2P ga teng uchburchak eng katta yuzaga ega bo‘lsa,
10. X, o ! |1 2 4 S

-0,5 -2,0 -4,9
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1.
Z=XW yz - z my - y MZ'yY =0.

N

9.

© N o A~ W

2-variant

X2+ [ -z22+2x-2xy-z =Q MO(I;;-2).

u=~, x=e‘, y=In(, z=t2-1, —-?
X y ( dt

. Xy1l+jyzl+ zx1= 2xyz. 5. z=cos(3x + ey).
. Z=In(x+_y)-2x4-2.y4.
LZ=(X- (4 -x-y), £>:x=0,x+2.y-4=0, x-2.y-4 =0.

z=xy, X2+yr—1=0.
Devorining qalinligi J ga va hajmi V ga teng ochiq quti (yashik)

yasash uchun eng kam material sarflangan bo‘lsa, qutining tashqi
o ‘lchamlarini toping.

10. X 0 1 2 3 4 5
Y. 03 1 -24 -2,8 -1,8 -0,3 2,6
3-variant
1. 2x2—3y2+xy +3x- r-y =0, M(Q(1;-1;2).
2. z=xsh(x+y) +ych(x+y% Za- 2ZVv+z' =0
3. z :arctgz(——t—l_ y:*'é'_'_?r__ E
y dx
4, z=x +arctg— . 5. z =**ysh(x-y).
-X
5. Z=xyi——l— 8
x Y
7.2-x1+2xy- yl- 2x+2y, D:x=0,y=0, x-y +2=0.
8.z=-= +-£=, x+2y-3=0.
bX Ay
9. Tagi silindr ko‘rinishiga va tepasi konus shakliga ega chodirni tikish
uchun eng kaw material sarflangan bo‘lsa, chodirning o‘lcharnlari nisbatini
toping.
10 X 0 1 2 3 4 5
Y, 05 -15 -18 -0,8 16 4,5
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4-variant

1. x2+y2+z2-4jc +6z +8=0, MO2;1,—).
2. z=In(x+evy), Zxmv-z\m =0
3.z="+y, x=ul+v\ y=v*-u\ — 6 —
y y du dv

4, Z—:In7+ yzl. 5. z=Incos(xy).

6. z=x-Jy —x2- yx +6x +3.

7.z2=xy(5- 3r-15y), 2):4=0,y =0,4x+y- 8=0.

8. z=-1=+-"L, jct4v-5=0.

Yx \Jy

9. Radiusi R ga teng aylanaga ichki chizilgan uchburchak eng katta

yuzaga ega bo‘lsa, uning tomonlarini toping.

0 1 2 3 4 5
Y -0,3 0,6 13 2,0 1,7 1,2
5-variant

1. y2+422- Ax2+2xy +3xz-6 =0, A/;-2;2).

2,*=_2L N+ 225 25 - — -z=0.
X-y Xy
X . dz dz
5 z:—+y—, X =«sinv, v=vcosu, —, -—- ?
y X du dv
4. x2- y2—z2=cosz. 5 z2=—+—

6. z=In(x%) - x2- 9y3

7.z2=x3-3y2- 3y, D:x=0,x=2,y=0,y=1

8. z=9—-bx+3y, x2-yr—16=0.

9. Uc hlari x2+3y2=\5 ellipsning A(J3;-2), B{-2-j3\\) va C(x;y)
nugtalarida yotgan uchburchakning yuzasi eng katta bo‘lsa, C(x;>)nuqtani
toping.

10. 0 1 2 3 4 5
A 0,4 0,2 1,2 17 2,2 4,0
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ega bo‘lsa, konusning o‘lchamlarini toping.

Lo

6
7.
8

10.

=

8.
9.

6-variant

Z=X2-y2-2xy-x-2y, M-

_ oy
2 - 1)

. X1+yr=e“+2yz.

1
X

. Z-X3+8j3—6xy+1.
Z=X2+2yx-4x +8Sy,

i

.z= arcs'mi, je=sin?, y =cost
y

s+dlyn =0
y

dt

5 z-

Xy
X +y

D:x=2,y=0, 5*- 3y+45=0.

. 2=2y[x-3-ydy, 4x-6y +1=0.
9.

Radiusi R ga teng sharga tashqi chizilgan konus eng kichik hajmga

X
s

0
4,9

1 2
54 5,0
7-variant

x1+yr-3zJ+xy+2z=0, Mo(l;0;l).

Z=xtg(x +y) +y2+xy,

X2+ Xy

z=2411 2. V=XcosX,

1+y

yz =x +y tg—
z

z= - y1- x+6y.

z' - 27 +INe=0.

@
X

3 4
4,6 33
5. z =eiy In(xy).

z=mPj2- 2x-y), Z):x=0,x=1y =0, y=2

7=5- —+
X

Yon sirti

X2- 4y -5=0.

Sga teng konus eng katta hajmga ega bo‘lsa,

o ‘lchamlarini toping.
10.

X
Y

0
-0,5

1
-11

2
-0,3
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20
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8-variant
1. z2=2x2+y2+4xy~5x —10, MO(l;-7;S).

xl-rL-y2-z;*o.

3. z=fx"y +In(x2+y), x=ve\ y =ue~,
du dv
X

4. yx=zm=—. 5. z =exych(x +y).
Yy

8. z=2xy4—-4—1—1.
Xy

7.z =4x2+9y2- 4x- 6y +3, D:x=0,y =0, x +y - 1=0.

9. jc+by- z=0 tekislikning n2+y2=10 silindr bilan kesishish nuqtalari
applikatalarining eng katta va eng kichik giymatlarini toping.

10. X 0 1 2 3 4 5
q 1,0 15 11 0,2 -0,9 -2,9
9-variant

1 x2+y2+22-6x +4z~4xz =0, MO(1;2;-1).
2. 2="x2+Yy2, z'-2'+z-z",-0.

z:?.[@?!m( X:-1V|5+-1V’, y:‘|n(i\/|\/l)4l dz _dz_ ”

j 5 7 du’ dv
. X4 - zyl=xe*.
. Z=3x+j'3-18ar-30y.
. 2=4-2%x2-y2 Z?.= 0, y="jl-x2
.2 =8-5x-3y, x2-y2-16=0.
9. 4j2+36y2=9 ellipsning 4x +9y - 25=0 to‘g‘ri chizigdan eng uzoq va
eng yagin joylashgan nugtalarini toping.
10.

w

© N o b

Xi 0 1 2 3 4
Y. -0,2 -0,4 0,7 0,7 2,6 4,5 E‘
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10-variant

1. x2+y2+z2+6x+4y~S =0, Ma{L—12).

R e, GG
o Ix+y ’ " odudv
4. xIny +yhiz +zlnx =4. 5. z =(x2+y 2)-ext.
6. z =5x+y}-3In(x5).
7. 2=x2+4xy- 2yr-6x-1, D:x=0,y=0, x+y - 3=0.
8. z=34x +4"[y, 3y+4y-28=0.
9. Sirti S ga teng silindr shaklidagi usti ochiq idish eng ko‘p sig‘imga ega
bo‘lsa, uning o‘lchamlarini toping.
X 0 1 2 3 4 5
1 vV 14 18 1,7 0,8 -1,0 -3,0
11-variant

1. y1-2x2-z2-y +4z+13 =0, MO0(2;1;-1).
2. z=t?'(xcos.y- >sm,>>) z"+z'=0.
fezZx u dz dz

J. z=——, x=arct "uv, =, =, —-7
il g y vV odu' dv
4, zx-yez. 5. z =Insin(xv).
P 2 1
. = Xy + — + -
y 2y

7. z=x2 y(4->c-y), D:x=0,y=0, x-t-y-6 =0.

8.z=4-- +-"~ 3x+y-2 =0.
X 2y

9. Perimetri 2p gateng uchburchakni biror tomoni atrofida aylantirishdan
hosil bo‘lgan jism eng katta hajmga ega bo‘lsa, uchburchakning tomonlarini
toping.

10. i 0 1 2 3 4 5 1
y -0,1 -1,3 -1,2 -0,2 14 39 |



12-variant
1. z=x2+yr-4xy +3y-15, MO(3;-1;4).

o= ®__ lzily k=g
cos(y -X ) X y X

3. z=ex\a(x1+yl\ y="-x2+x,
(x1+yl\ vy 5 .

4. cos(xy +z)— —=0. 5. z =x1cosy +y3sinx.
y

6. z=2x3+2y3+x¥ +yX-9x-9y.
7. 2=4xr+y2+4x+2y+6, D:x=0,y =0, jc+y +2=0.

8. .=5+- +-L x2+2y-3 =0
Xy

9. Tekis metaldan (listdan) kesib olingan umumiy yuzasi Sga teng doira
va to‘g ‘ri to‘rtburchakdan silindr yasashda (bunda doiradan silindrning asosi
va to‘g‘ri to‘rtburchakdan silindrning yon sirti yasaladi) eng kam payvand
chokidan foydalanilgan bo‘lsa, silindrning o‘lchamlarini toping.

10.

X, 0 1 2 3 4 | 5
Y, 10 1,6 15 0,4 -1,3 -3,7
13-variant

1. X2+y2+2xz- 22+x - 2z- 2=0, MO(L;,1,D.

2. z=ewy+er, x2-z'-yV +x-z'x-y my=0.

X r- dz dz .,
5. 2==+2y, X=«VvV, y=vcoSM, a a—\;——?
4. x +y273= 5. z=(x-y)sin(x +y).
6. r =40+ 3y-21n(ardy 3.
7.z2=jc3+8yJ- 6xy+1 D:x=0,x~2, y=-1, y=1
8. z=10%, 2jcty-1=0.

x1 v2 z2 - o . . .
9. 47T+-9 +251 ellipsoidga ichki chizilgan to‘g‘ri  burchakli

parallelepiped eng katta hajmga ega bo‘lsa, uning o ‘lchamlarini toping.

*> 0 1 2 3 4 5
v, N 02 -1,2 -15 -1,4 0,3 2,0
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14-variant
1. x2+y2- z2+6xy-z-6 =Q M{I;1;-2).
2. z=xsin(x+y) +"cos(x +y), z"-2z" +zw=0.
é\ dz g

- X ;I {
. z=arcsm= y-bl x +1, _
Yy y dx

4. xe™ +yx +zy-6. 5. z=e**ycos(Xx-y).
6. z= xy+2—+4—T.

Xy
7.z=bxr+byl-2x-2y +2, D:x=0,y =0, x+.y-1=0.
8.2=6-4x-3y, x2+y2-25=0.

9. Diametri d ga teng sharga ichki chizilgan silindr eng Kichik to‘la sirtga
ega bo‘lsa, silindming o‘lchamlarini toping.

10. X 0 1 2 3 4 5
Y, 16 -0,2 oA -0,7 -2,5 -55
15-variant

1. 4x2-z1+4xy-yz +3z-9-0, jWO(-2;;1).
2. z=arctg— zM+Zz",=0.
Yy

3. z=y2gx, jt=eldsinl, >=e cosf, dz o

4. 5z- In(x2+Y) * 2yz. 5. z=sin(e* + 2y).
6. z=6Xy-X% -y X
7. 2=2jc3- xy2+y2, D:x=0,x=I, y~0, y =6.

8.z=-L--L, 3x-~-8 =0

9. Asosi a ga va balandligi 4 ga teng muntazam to'ptburchakli
piramida shaklidagi suv bilan to‘ldirilgan idishga kub (piramida va kub
asoslarining markazlari bu asoslarga perpendikular to‘g‘ri chiziqda yotadi)
tashlangan. Kubning idish ichidagi gismi idishdan eng ko‘p hajmdagi suv
sigib chigargan bo‘lsa, kubning qirrasini toping.

10. x 0 1 2 3 4 5
Y, -15 -2,8 -2,6 -16 04 31
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16-variant

1. z=y2-x2+2xy-3y +5x-4, A/(I;-1;2).
2. z=xev, x2Za-2xy-z¥v +y2mWw=0.
e' +e* ”
z=——,y=xlnx, —-7
r *
+>'25+ j2 =xyz 5. z=eZIn(xy).

r=2x2+3y-81n(a:y).
.2 =x2+y2, D\xljr{y-1)2=4.

7=4£.3. 1 3

9. Radiusi R ga va balandligi A teng konusga ichki chizilgan to*g ‘ri
burchakli parallelopiped eng katta hajmga ega bo‘lsa, parallelopipedning
o‘lchamlarini toping.

mw N s w

10. N 0 . , , . .
Y, 13 19 18 07 -1,0 -3,4
17-variant
1. x1+y2+xz-yz-3xy-2 =0, MO(41-1).

2. 7 =cos(xy) +cosy-, x2m" -yZ' +xmx-ym' =0.

3. U=XZ3+XY 24y, X =t2, y =t\ z=t~\ o )

4. 2yX3+yz3+x2 =3 5. z =cos(x + >)siti(x- y).
_.r. 18
6. Z=Xy +—+—
Xy

7. 2=x%(5- 2x- by), D:x=0, y=0, x+_y+2=0.

8.r=**_4/+412, x+j +3=0.
9. Radiusi A gateng shardan tayyorlangan materialdan eng katta hajmga
ega silindr yasalgan bo‘lsa, siHndrning o‘lchamlarini toping.

10. X 10 1 , 4 3 4 51
Y, T 05 15 |y § -17 o1 T7n
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18-variant

=

2X +2y2+z2+8xz-z +6=0, MOQ(-2LD).

2. zzyl'\si'nl, X m +xy-z'-y-z=0.
X y

3. z=arctg— -, x=e2, y=In(21+1), —-7?
y dt

4. z3Y-nyr-xy2=-jt3 5. z=\nsh(xy).

6. z =2jt3+2y3+3x% +3yX-15x-15y.

7.z=*3+y3-6xy, D:x-0,x=2, y=—4, y=2.

8. z=11+13*+5y, x2—jy2—144=0.

9. 0 ‘q kesimining perimetri 6a gateng silindr eng katta hajmga ega bo'lsa,
uning o ‘Ichamlarini toping.

10.
X 1 2 3 4 5
w 1,2 0,2 -0,3 0,3 2,1 51
19-variant
1. x1—xy—8x+z3-_yz-8=0, MO(2;-3;2).
2. z = arcsin(jry), 71 *V (ZL+2z»)-(*2+/)-~ -1’ =0.
3.z=ey,y=cos = -—- ?
y,y Y
4, p/n2+ 2 +>x3-3z =53 5. z = Inc/r(.xy).
6. z=yn/n- 2yl- x + 1dy.
1. z=(x+y)1-2x+2y, D:x=2, y=0, y-x-2=0.

®©

z=-"=— 5x-y-12 =0
AT VI
9. Radiusi R ga teng yarim sharga ichki chizilgan to‘g‘ri burchakli
parallelopiped eng katta hajmga ega bo‘lsa, parallelopipedning o ‘lchamlarini
toping.
10.
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=

z=x1+yr- 2xy- x+2y- 4,
y2m' +xXymy- x m=0.

2. 2=yIn(x2- y 2,

M=Xyr+xz3, x=t2+1, y =t* z=sint,

8.
9.

.27 +2X2+3y =

1

. z=§jcy+i+—

XYZ.

\

z:4—3)-(~-+§||

M(x;y)

nugtadan

20-variant
AO(—L;13).

=, X-06y+5=0.

— -2

5. z =(x +y)cos(jc- V).

. 2=4jc2- yw+4xy- 8z, D:x=0,y=2, 2rr—y =0.

x=Q y=0, x-y +1=0

to‘g‘ri

chiziglargacha

masofalar kvadratlarining yig‘indisi eng kichik bo‘lsa, bu nuqtani toping.

o0 ‘tayotgan bol‘sa, pomning o'lchamlarini toping.

N

10.

3
4
6.
7
8

1w

X1+Y -2r2+*y-4z-3;tz-4 =0,

0
52

. Z=jcsiny + ycosA:,

1
57

2
53

21-variant

z"+z"+z7 =0.

. Z=eyyjy, x=Inv, y =vsinM,

. n5+y2+z=(x+y)arctgz.

z =9jc3+ 2y 2- la(xy).

L Z=XYy2A2-%-y
. 2=8- 4x +3y,

),

D:x=-3,y =0, x+_y+I1=0.

dv

X2+y1l- 25=0.
9. Perimetri p gateng bo‘lgan tagi to‘g‘ri to‘rtburchak ko‘rinishiga va
tepasi yarim aylana shakliga ega deraza romi orqgali eng ko ‘p yorug‘lik

-0,3

1
-0,9

2
-0,1

54

—-?

3
49

Ma(3;2;1).

4
3,6

5. z=(xy) ®4.

3
0,6

4
2,2

5
18
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1
2.

o N o b

22-variant
Z=X2+y2- 3xy+3x- 2y - 5 Af(Q-1;2;-1).

z =tg(xy) +-, x2-z"-y 2-7” +x-z'x-y-z’ =0.
y

L z=X)r~"-, y =xe\

Y% dx

. z2+5=zIn(x +e y), 5. z =cos(ex +e y).
. Z=2x3+2yr-6xy +6.

. 2=2x2+3yr+l, D:y="4 -x 2

. Z=6xv+5x- 5y, xl1+y2-2=0.
9.

Sirti 5 gateng to‘g‘ri burchakli ochiq hovuz eng katta sig‘imga ega

bo‘lsa, uning o'lchamlarini toping.

10.

1.
2.

3.

4.

6.
7.

8

9.

0 1 2 3 4 5
Y, 12 1,7 12 0,4 -0,7 -2,8
23-variant

6Xy-2x2-xy2-z2+3x=0, MO(L23).
z=In(x+e'y), Zx-z"v-eym=0.

X L« /K dz dz
4 gy =g gz gz n
z n_y’X va’y {N du’ dv
X3+ Y +23=3xy +3xz + 3. s 2=tV

z =3x2+3>-21n(x’Y).
Z=X2- 2xy - y2+4x+1, D:x=-3,y =0, x+y +I=0.
z:3|+--1--i—, —1|il—25-——-§:d1.
X y x'" y* 8
Hajmi Vga teng konus eng kichik to‘la sirtga ega bo‘lsa, uning

o'lchamlarini toping.

10.

x 0 1 2 3 4 5
Y, -0,5 -0,7 0, 04 2,3 42 i
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24-variant
1. X2-y1+z2-yz-4yx-8x =0, MO(I;-2;-1).
2. z=In(xy) +Ini, j;i2.2) __ W +x-"N -yeZ =0

3. z =xarctg(xy), x=e'+l, y =tz _d_Zl-g

4. xsin>'+ (>’+z)sin;t=z3 5 12 :-yln(xy).

»44_

Xy
7.z2=1-x2-1, 2Z):(ic—)2+(y- 1)2=1

6. z=xy

8. z=5+~+ ~, 6x+y-14=0.
X 2y

9. Uchlari *2+4y2=4 ellipsning /1 V3;i], B I:—2 va C(x;y) nuqtalarida
' CoN /

yotgan uchburchakning yuzasi eng katta bo‘lsa, C(*;y)nugtani toping.
10.

xt 0 1 2 3 4 S
Y, 12 16 15 0,6 1,2 -3,2
25-variant

1. 3x2-4xy +12xz-3yz +z2+15=0, AJO(-I;-1;2).
2. z=y\ x-z[+z-y-z"v =0.

.z =tg(xy), x=In(a2+v2), y ="-r,
969) ( )Y U du dv

. Xey+ye’'+ze =x+y +z 5. z=e,m*r\
. z=3x+y4-61njc-641ny.
. z=xy(l2- 4x- 3y), D:x=0, y =0, 4x+3y-8 =0.
. Z2=X2+y2-4, 4x+3y—2=0.
9. Radiusi R ga va balandligi A teng konusga ichki chizilgan silindr eng
katta hajmga ega bo‘lsa, silindrning o‘lchamlarini toping.
10.

0 N o M~ w

X, 0 \ 2 3 4 5
yi -0,6 0,6 05 [ -03 18 -4,7
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26-variant

1. z=x1+yl+2xy—2x-3y —S, MO0(2;3;4).
2. z=(y-x)siny +cosx, (x-y)z* —z' +siny =0.
3. z=th—, x=--gy--, y-u'-3v, —, &
Yy M+ Vv du dv
4. z22+x3="In—. 5. z=sin(x + j/)cos(x - y).
>

6. z=x5+Y +43'+Y x- 6x~06y.

7.2=3xr+3Y -x-y —2, D:x=5y=0 x—y-1=0.

8. z=x+2y, x2+y2-5=0.

9. Radiusi R gava balandligi A teng konusga ichki chizilgan to‘g‘ri

burchakli parallelopiped eng katta hajmga ega. Parallelopiped asosining
yuzasini toping.

10. X 0 1 2 3 4 5
N 0,2 23 2,7 -16 0,2 2,7
27-variant

1. X2-xy +xz+3yz+222+2=0, MOQ(;l;-1).

2. z=In(x2+y1+2x+1, z],+zyy~0
3. z:arccosé, X=Suw, Y=C 0 sf,g—z———7
y dt
4, xz!+zyz-X 3=yxX. 5. z-(x +y)\n(xy).
B z=fxy+ 1416
Xy Xy
7.z=x1- 2xy+2yl-4y, D\x =\,y =\, x+2y- 8=0.

8. z=l-4x-8y, xa-8¥-8 =0

9. Radiusi R gateng shardan tayyorlangan materialdan eng katta hajmga
ega silindr yasalgan bo‘lsa, silindrning balandligini toping.

% 0 1 2 3 4 5
y 03 13 16 06 18 47
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28-variant

1. z=x2~y2+6x +3y-2xy, MO(2;3;4).
2. z=tg=, 7" +X-7" +1-7f=0.
Yy Yy
3. z:yX, y =arctgx, dz .,
dx
4. yz2=x2 +zIn(xy). 5. z =x3siny +y 2cosx.

6.z =x3+3y3-31nx-481ny.
1. z=2xy-3xr- 2y2+5, D:x=-\,y=-\, x+y- 5=0.
8. z=4+5x+12y, x2+y2-169=0.

9. Asosi aga va uchidagi burchagi a ga teng uchburchak eng katta yuzaga
ega bo‘lsa, uning qolgan ikki tomonini toping.

10.
xt 0 1 2 3 4 5
M -0,4 0,5 1,2 1,9 16 11
29-variant

1. x2—=2yr- 2z2- xy-yz+3=0, AIO2;L;]).

. X
2. z=xy+Jtsin— xm' +ym\'—xy-z=0.
Yy

L U=xY Z\ x =\n(t+)), y-t2+1 z =t\

. Z=X3+] 3-9xy+6.

b

4, +xyz =x1+y. 5.z=
6

7.z=jd+2ny- y2- 4x, D:x=0,y=0, x+y +2=0.

8.z=3+—+—21r x-y-2 =0
X 2y

9. Radiusi R ga teng sharga ichki chizilgan konus eng katta hajmga ega
bol‘sa, konusning oichamlarini toping.
10.
X. 0 | 2 3 4 5
y [ -io0 0,2 01 0,7 22 .50 .1
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30-variant

1. x3+yb- z2- 2xyz- 5xy-4y +2 =0, M,,(2;1,-3).

2. 2=xIn(x +y) + z" - 2z +7" =0.
/] ?
3.z =arctg(xy), x- In(v2- u2), y-vu2 2 9%z_°
du’ dv
4, xz=e3>+x3+ )8 5. z=e" sm(x+>).
4 Z=*%y% 1 4
Xy
7.2 =x2+y2, D:3]jc[+4]ly]=12.
8. z~-4---1 X+y+1=0.
X-  2y2’

9. Asosining radiusi R ga va balandligi H ga teng konus shaklidagi suv
bilan to‘ldirilgan idishga kub (konus va kub asoslarining markazlari bu
asoslarga perpendikular to‘g‘ri chizigda yotadi) tashlangan. Kubning idish
ichidagi gismi idishdan eng ko‘p hajmdagi suv sigib chigargan bo‘lsa,
kubning qirrasini toping.

10. X 0 1] 2 3 4 5
Y 0,7 05 15 2,0 2,5 4,3

B.NAMUNAVIY VARIANT YECHIM1

1 Sirtga MO(xGy(z0) nugtada o‘tkazilgan urinma tekislik va nor
tenglamalarini tuzing.
1.30. x3+yl - z1- 2xyz- 5xy - 4y +2=0, MO(2;1;-3).
<S> F(x,y,z) =x1+y3- z2-2xyz-5xy-4y +2 =0 belgilash kiritamiz.
U holda
£,(M0)= 3x02- 2y(0- 5y0=3-22- 2-1«(-3)- 5«1=13
Fy(MB) = 3y0r - 2xazQ- 5x0- 4=3-12- 2-2-(-3)-5m 2-4 =1,
FXMO0)=-220--2 xO0ya=-2 M-3)-2-2-1 =2.
Bu giymatlami
K (x0,y0,z,,){x - x0) + Fy(x0,ya,z0)(y- y0) + FXx0,y0,z0)(z-z0)=0,
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*-mx, _ Yy, Z-Z0
N(>o=N,r0) Fy(x0y0,z0) Fz(xay0,za)
tenglamalarga qo‘yib, topamiz:
1) urinma tekislik tenglamasi
13«(x- 2)+1e(y-1)+2«z+3)=0

yoki
Bn+y+2z—21=0;
2) normal tenglamasi
X-2 :ix_-_l_:_z+3 o

13 1 2
2. z-f(x,y) funksiyaning berilgan tenglikni ganoatlantirishini
ko'rsating.
2.30. z=xIn(x+y) +ye~y, -2z;+ =0

® Funksiyaning birinchi tartibli xususiy hosilalarini topamiz:
z'=In(x+y) +x— —+y mYy=In(x+y)+— +
(Hy) + X =ty Y= InGchy) 4o

z'=*m—— +|-e" —  +(I+))sw.
oy ey Ly D

Bundan

1 1 1 L« )_(_:i:_g_
.X+y+x+y X (X+y) +y e<\§=-o+y)){\/+ye

A> =V hosilalarni berilgan tenglamaga go‘yamiz:

< -27Z% + 71, = +ye”* - 2 +(i +y)e~') +
Y §5/ X+y Y V(x+y)2 (i+y) 3

(2 + y)e*' + Nt +«-"(,-2-2>+2+,)=0.
(X +yy (2+y) ,£6(+yyt| «-"(,-2-2>+2+,) =0

Demak, z=xIn(x+Yy) +ye**y funksiya 2b - 2z~ + z*, =0 tenglikni
ganoatlantiradi. O
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3. Murakkab ftmksiyaning ko'rsatilgan hosilalarini toping.

) . dz dz
330. z=arctg(xy), x=Inv -n'), y=w’', — K —-~%
Funksiyalarning xususiy hosilalarini topamiz:
dz 1 - y dz 1 4 X
cfcc_ 2N dx 2v — = 2myv, ~N= m2.
5m v2-m2’ dv  v2—u2’ du ’ av
U holda
dz _dz dx |dzdy = y r M Yy _* (2mw)=
du dxdu dydu I+x2 v v2—ul)l 1+x%2
_______]:______(____2 _____ l_/l_____y + 2mv mX
1+xX2Y2 v v2-h?2
yoki

&  2mv-((v2-M 2)In(v2-U2)-U 2)
du (v2-M2)-(1+ Mv2In2(v2-M2)

Shu kabi

dz dzdx tdzdy_ vy ( 2v ~]1 x (u2)~
dv dxdv dydv 1+x22 \v2-u2) \+xHr
LoCv gy«
1+xy2 [v2-u2
yoki

dz _ u2-(2v2-(v2-M2In(v2-M2) q
5v  (V2-M2)-(l1 + «V In2(v2- M)

4. Oshkormas ko‘rinishda berilgan z=(x;y) funksiyaning birincl

tartibli xususiy hosilalarini toping.

z

4.30. xz=ey+x3+y3

r

® Misolning shartigako‘ra F(x,y,z) =ey+x3+y3- xz.
Bundan
| X r 3yd-ze
F%X,y,Z):3X2- Z, F'(x,y]z):ey&-.i{_FSy :_y Yy
Y)

FI(x,y,z)"e,\Nj-x=e¢ —.
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U holda

dz_ Px(x\y.z) _(3x2- z)y dz_ Ff(x,y,z) _ 1 3y*- zey
dx~ F'(x,y,2)~ xy_J ' dy~ F:(x,y,z)~y'~"J]J~" °

5. Funksiyaning uchinchi tartibli differensialini toping.
5.30. z= e‘"ysm(x +y).

<¢> Funksiyalaming birinchi tartibli xususiy hosilalarini topamiz:

z' =e~y(sinfx+y) +cos(x + y)\  z' =exy(cos,(X +y)~ sin(jc + V)).
Bundan
Z' =exy(SiN(;t+y) +cos(jc+y) + cos(x +y) - SiN(X+ >))=2¢"y cos(jc +y),
=e’_,(-sin(j:+ y)~ cos(X+y) + cos(,t+y) - Sin(X+y)) = -2e*~r SiN(X+y),

7", = e*~y(- cos(jt+y) +Sin(X+y) - SIN(X+y) - cos(jc+y)) =-2e‘vycos(x +y).

Funksiyalaming uchinchi tartibli xususiy hosilalarini topamiz:

z" = 2e*~y(cos(jc+ Y) - sm(* +Y)), 7'M = -2e'y(cos(;t +y) +sin(* +Y)),

z2”x=-2e"*(cos(jr+y)- sin(x+y)\  z" =2exy(cos(X + >+ sin(x +Y))

Uchinchi tartibli xususiy hosilalaming topilgan giymatlarini

d'z=1f "(x,y)dx>+ 3f"y(x,y)dx2dy + 3f" x(x,y)dxdy2+ f “(x,y)dy3

formulaga qo‘yib topamiz:

d~z = (2e'~y(cos(X +y) - sin(X+y))dx* +3(-2el"™(cos(x +y) +sin(jc+y))dxdy +
+3(-2e*~y(cos(x ty) - SIN(X+y))dxdy2+ (2exy(cos(x +y) +SiN(X+y))dy3
yoki
dlz = 2e*~\((cos(x + y) - sinO +vy)) mdx3- 3dxdy2) +
+((cos(x +y) +sm(x+y)) Mdy3- 3dxxly). O

6. Funksiyani ekstremumga tekshiring.

6.30. z=x2y2 +—F+—
Xy
® Funksiyani ekstremumga belgilangan tartibda tekshiramiz.
1°. Funksiyaning birinchi tartibli xususiy hosilalarini topamiz:

dz 2 1 dz r 4
- =2Xy-—, —=2Xy-—.
0X X ay y
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2°. Statsionar nuqtalami aniglaymiz:

12jev -1 =0,

Sistemani yechamiz: p | ;2j.

3 Ikkinchi tartibli xususiy hosilalami topamiz:

4", p|~;2j statsionar nuqgtada ikkinchi tartibli xususiy hosilalami

hisoblaymiz:

N=222+2-23=24>0, B=4-i-2=4, ¢ = +Jr =f-
5°. ;2j statsionar nugtada A=>K7- 32=24 e - 42=20>0.
Demak, pQ-;2j nugta minimum nuqgtava zm=Q j -22+1-2+” =5. O

1. 2=1 (n,7) funksiyaning D yopiq sohadagi eng katta va eng kichik
giymatlarini toping.
7.30. z=x2+y\ D:3\x\+4\y)=I2.
® D soha /1BCE rombdan
iborat (5-shakl).
I". Funksiyaning 2 sohada
yotgan kritik nugtalarini topamiz:

Nz=2X=0,
dx

dz
dy
Bundan n=0,y =0.
Demak, Pc(0;0)=0(0;0), z(PQ)=0.
2”. Funksiyani soha chegarasida

ekstremumga  tekshiramiz. Soha
chegarasi turli tenglamalar bilan aniglanuvchi to‘rtta gismdan tashkil topgani
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sababli funksiyani har bir gismda ekstremumga alohida tekshiramiz.
1) AB to‘g‘ri chizigda -3* +4y =12 yoki y = 7 va

3x +12)r , ~n.
= —4—

U holda

T — f%z(_j_-_]_'g> _?’ = * = __?’?_ = _1_2__-'_-_§Lk :i8

z—2x+2I R 0dan 5E - y = 7 dan v %

Demak,
{ 25 25) 25
AB to‘g‘ri chizigning chetki nuqtalarida: z(A) =z(-4,0) =16, z(B) =r(0,3) =9.
12-3*

2) BC to‘g‘ri chizigda 3*+4y =12 yokiy =" 4

Bundan z=x2+p-24'~j (0<*<4).

Demak, 04 45} - 25 *
BC to‘g‘ri chizigning chetki nugtalarida: z{B) =9, z(C) =z(4,0) = 16.

3) CE£ to‘g‘ri chizigda 3x-4y =12 yoki y :_-_1_7_ _____ )

4
Bundan z=*2+p~4'3~]
U holda
-3 Q%
z2' =2%+2 EL--Z---?-JPAI—S) =0dan * :% Y :___:IZ_Z___:'_)’__ dan V:-__A}_S_l
I 4 7 4 25 4 25
Demak, A58 _484_144
U5 25 25
BC to‘g‘ri chizigning chetki nuqgtalarida: z(C)=16, z(E) =z(0,-3) =9.
4) EA to'g'ri chizigda -3*-4y =12 yoki y =_12";3*

Bundan z=x2+f

1 (-4 <* <0).
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U holda

Z' :zx+%|;.-i.lz(_'] .r§> :gdan * :--.3_6._ y :----!‘.Z_i.%a'n y = ____4_8
I 4 J UJ 25 4 25
Demak, zf--53-6-3,---456-;/;—144.1
V 25 25 25
SC to‘g‘ri chizigning chetki nugtalarida: z{E) =9, z(")=16.
3°. Funksiyaning hisoblangan giymatlarini taggoslaymiz.
Demak,
~w o =N#H40)=16 va Zm a=z(0,0)=0. O
8. z=f(x,y) funksiyalaming <p(xy)=0 tenglama bilan bog‘langanli
shartidagi ekstremumlarini toping.
30, z=— i- 1=0.
8.30. z v 2y12’ X+y+1=0

® Funksiyani Lagranj ko‘paytuvchilari usulu bilan ekstremumga
tekshiramiz.
. Lagranj funksiyasini tuzamiz:

F(X,y,Z):/(ﬂ,y +ﬂ<r>(r|,j>):§1("_ z_y +FKFF+Y+1).

Bundan
/= A+4, r;=~+n, Fl=x+y+1
ar >
2°. Shartli ekstremumning zaruray shartiga ko‘ra
-8 + A3=0,
1+V =0,
X+y+1=0.

Sistemani yechamiz: *=-2, v=1, A=- 1 Demak, PJ-2\I) mumkin bo‘lgan

shartli ekstremum nugta.
3°. A diterminantga qo‘yiladigan xususiy hosilalami topamiz:
AI:il <:ii f1:/\| f1:0| f1: - -
X n

Bundan
/»)=i, ga) =1 = BA)=o f;o0f>)=-1=-3.
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U holda

=- =--<0.
A 2

Demak, PO(-2;l)nugtada funksiya shartli maksimumga ega:
4 1 =1
Z¢ (—2)2 2-12 2

9. Eng katta va eng kichik giymatlamia topishga oid amaliy masalalan
yeching.

9.30. Asosining radiusi R ga va balandligi H ga teng konu
shaklidagi idish suyuglik bilan to‘ldirilgan.  Idishga tashlangan shaming
idish ichidagi gismi idishdan eng ko‘p migdorda suyuglik sigib chigargan
bo‘lsa, shaming radiusini toping.

<S> Shaming idishdan tashgaridagi qismi, ya’ni shar sektorining
balandligi CE=x bo‘lsin (6-shakl). U holda bu sigmentining hajmi

V,i =y(3xrr - x*)ga teng bo‘ladi.

Shaming idish ichidagi gismining hajmini topamiz:

Y=TN- W=V - - *3)= | (4r3- 3«2+%3)

Shaming idishdan sigib chigaradigan suyuglik migdori V hajmga bog‘liqg
bo‘ladi. Shaming idish ichidagi gismi idishdan
eng ko‘p miqdorda suyuglik sigib chigaririshi
uchun 4r - 3rx2+x3 ifoda maksimumga
erishishi kerak. Bunda shar bilan idishning
o‘lchamlari uzviy bog‘lanishga ega boiadi.

Shu bog‘lanishni aniglaymiz.
6-shakldan topamiz:

Suer=-BC-AC =-RH, —AB-KD =-r,
2 2 2 2
=jBC-DC =+R(ED - x):’lR{r- X).
Shu bilan birga

A
6-shakl

-RH =-Ir +-R (r-x).
2 2 2
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Bundan (1+R)r-Rx-RH=0.

Shunday qilib, shaming idish ichidagi gismi idishdan eng ko‘p migdorda
suyuglik sigib chigaririshini topish uchun z(r,x) =4rz-3rx2+ xs funksiyaning
<p(rx)=(1+R)r-Rx- RH=0 bogianish tenglamasi bilan bog‘langanlik
shartidagi maksimumini topish kerak bo'ladi. Bu masalani Lagranj
ko‘paytuvchilar usuli bilan yechamiz.

I". Lagranj funksiyasini tuzamiz:

F(r,x,z) =4r3- brxl+x'- + A((/+R)r - Rx- RH).

Bundan
F =MNr2-3x1+A(l+R), P'=3xr-6rx-a41, F!=(I+R)r-Rx-RH:

T. Shartli ekstremumning zaruruy shartiga ko‘ra
3(4r2-x 2+ M+ AR=0, 6r(2r- x)+ Al=0,
3(x2- 2rx) -AR =0, 3x(2r - x) + AR=0,
(1+R)r-Rx-RH =0 (1+R)r-Rx-RH =0.
Sistemani yechib, mi topamiz:
rhlr2+h
dr2+H2- R) «(/i2+H2+2R)"

Demak, radiusning bu giymatida idishga tashlangan shar idishdan eng
ko‘p migdorda suyuqlik sigib chigaradi. °

10. x argument va y=f(x) funksiyaning tajriba natijasida olings
giymatlari jadvalda berilgan. x va y o‘zgaruvchilar orasidagi y =axr+bx+c

empirik funksiyani eng kichik kvadratlar usuli bilan toping. Tajriba
nuqtalarini va empirik funksiyani to‘g‘ri chiziqgli dekart koordinatalar
sistemasida tasvirlovchi chizmani chizig.

10.30. X 0 1 2 3 4 5
M 0,7 0,5 15 2,0 2,5 4,3

<S> Empirik formulani y =ax2+ bx + ¢ ko‘rinishda izlaymiz.
Bu funksiyaning a,bva c parametrlarini
a .{.FT>’* +£ -lr£:|>,3+c .Ib.> 2= E.> Y,
a I?;'xi +blin:| +c"ﬁ/|xi='f&x,y>‘\

a'llx?+beZ xi+c-n—Ly1
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tenglamalar sistemasidan topamiz.
Qulaylik uchun hisoblarni jadvalda bajaramiz:

i Xj x] ! Y, XYi X<
1 0 0 0 0 0,7 0 0
2 1 1 1 1 0,5 0,5 0,5
3 2 4 8 16 15 3,0 6,0
4 3 9 27 81 2,0 6,0 18,0
5 4 16 64 256 25 10,0 40,0
6 5 25 125 625 43 215 107,5
15 55 225 979 115 41 172

U holda sistema
97911+2256 + 55¢c =172,
225a+ B55ft+15¢c =41,
55a+ 15*+ 6¢c=115
ko‘rinishga keladi.
Uni Kramer formulalari
bilan yechamiz:
979 225 55
A= 225 55 15 =3920,
5 15 6
979 172 55
A= 225 41 15 =-56,
55 115 6
979 225 172
A= 225 55 41 =2520,
5 15 15

2520 _

a= _5_6_0_: 0’ \ = 56 = 0’01’ =
3920

14, b=- .
3920 3920 0.4

Demak, izlanayotgan funksiya
y =0,1405x2-0,0 Ix + 0,64.

Tajriba nugtalarini va empirik funksiyani to‘g‘ri burchakli dekart
koordinatalar sistemasida tasvirlovchi chizmani chizamiz (7-shakl). O
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11 bob
BIR NECHA O ZGARUVCHI
FUNKSIYALARINING INTEGRAL HISOBI

2.1. IKKI KARRALI INTEGRAL

Ikki karrali integral. Ikki karrali integralni dekart
koordinatalarida hisoblash. Ikki karrali integralda o‘zgaruvchini
almashtirish. Ikki karrali integrating tatbiglari

2.1.1. Oxy tekislikning yopig D sohasida z =f(x, y) funksiya aniglang

va uzluksiz bo‘lsin.
D sohani ixtiyoriy ravishda umumiy ichki nugtalarga ega bo‘lmaganva

yuzalari AS, ga teng bo'lgan n ta D,(i=1,n) elementar sohalarga bo‘lamiz.
Har bir D, sohada ixtiyoriy P(x,;y,) nugtani tanlaymiz, z=f(x,y)
funksiyaning bu nuqgtadagi giymati f(x,,y,)m hisoblab, uni AS, ga
ko‘paytiramiz va barcha bunday ko‘paytmalaming yig‘indisini tuzamiz:

(U)

Buyig‘indiga f(x,y) funksiyaning D sohadagi integralyig'indisi deyiladi.
D, soha chegaraviy nuqtalari orasidagi masofalarning eng kattasiga shu

yuzaning diametri deyiladi va d, bilan belgilanadi, bunda n-» mda d, -» 0.
B Agar (1.1) integral yig‘indining maxdt->0 dagi chekli limiti D sohani
bo'laklarga boiish usuliga va bu bo‘laklarda P(x,;yt) nugtani tanlash usuliga
bog‘lig bo‘lniagan holda mavjud bo‘lsa, bu limitga f(x,y) fimksiyadan D
soha bo'yicha olingan ikki karrali integral deyiladi va \jf(x,y)dS bilan

D

belgilanadi:
jif(x,y)ds= lim X]f(x,,y,)AS,, (1.2)
yoki
jiff(x,y)dxdy: lim tf(x,,y,)Ax,-Ay,. (1.3)
1-teorema (funksiya integrallanU\;cLi bo‘lishining zaruriy sharti). Agar

r =f(x,y) funksiya chegaralangan yopiq D sohada uzluksiz bo‘lsa, u
holda u D sohada integrallanuvchi bo*ladi.
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Ikki karrali integral quyidagi xossalarga ega.

1°. jikf(x,y)dS = kfH(x,y)dS, keR.

2% [1(f(x.y)*g(x.y))dS :JDJ'f(ny%dSijjg(X,y)d‘«‘i-

3. Agar D soha umumiy ichki nugtaga ega bo‘Imagan chekli sondagi

D, D2sohalardan tashkil topgan bo‘lsa, u holda
\\F{X,y)dSM\F(x,y)dS +\\f(x,y)dS + ... + $f(x,y)dS.
r A Dj il

4°. Agar d sohada f(x,y)>0 (f(x,y)<0) bo‘lsa, u holda
fff(x,y)dS 2 0~ fjf(x,y)dS<0j.
5°. Agar D sohada f(x,y)>g(x,y) (f(x,y)<g(x,y)) bo‘lsa, uholda
JIf(x,y)dS>1jg(x,y)dS f\\f(x,y)dS<I\g(x,y)ds).
6° Agar [I; sohada f(Dx,y)funk;iDya uquksiszo'Isa, uJ holda shunday

F(xC;y0) e D nugta topiladiki
\{f(x,y)dS =f(x0,y™)S.

Bunda 7 (x0,y0) :§ ({/(x,y)dS giymatga f(x.y) funksiyaning D sohadagi
D

0 rta giymati deyiladi.
7°. Agar D sohada f(x,y) funksiya uzluksiz bo‘lsa, u holda

mS <\\f(x,y)dS <MS
D

bo‘ladi, bu yerda mva M funksiyaning D Y=<
sohadagi eng kichik va eng katta giymatlari.
2.1.2.y - %) va Yy = 2(x)
funksiyalaming grafiklari hamda x=a va
x-b to‘g‘ri chiziglar bilan chegaralangan
egri chizigli trapetsiyadan iborat D soha
berilgan bo‘lsin.

IS Agar D sohaning ichki nugtasidan
o‘tuvchi Oy (Qt)o‘qqga parallel har ganday o
to‘g‘ri chizig L ch i ikkit tad
o‘g‘ri chizig L chegarani ikkita nugatada L-sheki.

kesib o'tsa va sohaning kirish (CNE) va
chigish (AMB)chegaralarining har biri alohida tenglama bilan berilgan bo‘lsa

Z)sohaga Oy (Ox)o‘q yo‘nalishi bo‘yicha muntazam soha deyiladi (1-shakl).
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Oy (Ox)o‘q yo'nalishi bo'yicha muntazam soha quyidagicha belgilanadi:
D={(x;y)eR2:aEx<b, t(x) <y <g2(x)}
(D={A\y) e R2:LYAY) £Ex< WY\ c< y <d}).
D={(*><)eR2:a<*<b, (X)<y<<g20)} sohada uzlviksiz
f(x,y) funksiyaning Jj/ (x,y)dxdy ikki karrali integrali

jil/(x,y)dxdy =jdx \f(x,y)dy v (1.4)

a *<r)

formula bilan topiladi.

(1.4) formulada \/(x,y)dy ichki integral deb ataladi. Ichki

integralda x o'zgarmas hisoblanadi va integrallash y o'zgaruvchi bo'yicha
bajariladi. Ichki integralni hisoblash natijasida umuman olganda x ning
funksiyasi hosil bo'ladi. Bu funksiya tashqgi integral uchun integral osti
funksiyasi bo'ladi. Tashqi integral x o‘zgaruvchi bo'yicha a dan b gacha
hisoblanadi.

Agar D nomuntazam soha bo‘lsa, u bir nechta muntazam sohalarga
ajratiladi va bu sohalaming har birida ikki karrali integrallar hisoblanadi va
keyin ular go'shiladi.

D={(x;y)eR2: (>>)<x <y/1(x), c<y<d\ integrallash sohasi uchun
Af{x,y)dxdy =]1dy \f(x,y)dx (1.5)
D ¢ w (y)
boiadi.
Ikki karrali integralda integrallash tartibini o ‘zgartirish mumkin:
b ft(x) d vo(y)
Jdx \f{x,y)dy=\dy jf(x,y)dx.
)

a «(>= c Vicy)
+-misol. Ikki karrali integrallarni hisoblang:
12 "l 2*2+sinx

0i\X-ry) o i 2

3) [i(3x2- 2xy + y)dxdy; 4) ] jxdxdy.
oy *

<S> 1) Integrallash chegaralari o'zgarmas bo'lgani sababli ichki
integralni istalgan o'zgaruvchi bo'yicha hisoblash mumkin. Integralni
guyidagicha yozib olamiz:

fdxj L dy,
0 I\Xb
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xni o‘zgarmas deb, ichki integralni y bo‘yicha hisoblaymiz:

1 .
- dx=- dx.
I0x+y X Jov*+2 X +1 X
Endi tashqi integralni jc bo‘yicha hisoblaymiz:
. X+l _; i
~~Adx=(INJx +11- Ink+23 £=1In =InZ Inl=h4-
I|x+1 £ K= (inx k+23 X+2 3 2 3

2) Ichki integrating chegarasi xga bog'liq bo'lgani sababli awal ichk
integralni y bo‘yicha va keyin tashqi integralni * bo‘yicha hisoblaymiz:

y i dle—?@ +sinx)2dx = I—?(4 +4smx +sm2x)dx =
14 40 40

—.m4* -j-4cos* +LPocoslicy
4 4 40 2
=2n - (cos2n - cosO) +—x L sin2x =on+ e :iﬂ_
8 2- 4 4

3) Ichki integralni x bo‘yicha, tashgi integralni y bo‘yicha hisoblaymiz:
\dyj(3x2- 2xy +y)dx =j(x} - yx2+yx)ldy=J((8-4y +2y) ~(y}-y 3+y2))dy =

=1(8- 2y -y Oy=\8y -y =32-16-—=-—2. 0

4) Ichki integralni * bo‘yicha, tashqi integralni y bo'yicha hisoblaymiz:
2-misol.  jj(x-y)dxdy integralni hisoblang, bu yerda D:uchlari

A(LD), 5(3;1), C(3;3) nugtalardajoylashgan uchburchak (2-shakl).

<S> Z)soha chapdan o‘ngdan x=Iva x =3 to‘g‘ri chiziglar bilan, quyidan
AB (y =l)to*g‘ri chiziq bilan va yuqgoridan AC (y =*)to‘g‘ri chiziq bilan
chegaralangan. Shu sababli integralni quyidagicha hisoblaymiz:



3-misol. JIx2axdy integralni hisoblang, bu yerda D:y=x2+x-2 va
D

y =x + 2 chiziglar bilan chegaralangan soha.
® D sohani tuzamiz. Buning uchun berilgan tenglamalami birgalikda
yechib, chiziglaming kesishish nuqtalarini topamiz:
X2+Xx-2 =x+2 dan x==2.
Demak, berilgan chiziglar A(-2;,0) va B(2;4) nuqtalarda kesishadi. Parabola va.
y =x+2 to‘g‘ri chizigni A nugtadan B nuqtagacha chizamiz (3-shakl).

D soha Oy o‘qgi bo‘yicha muntazam. Shu sababli

\\vaixdy= ]xldx j dy=]1x% dx =

X2+x-2 X3*-x~2

:]2x2(4-x2)dx:]|(4x2-x*)dx:33 = 3;2 3"523

128
15

4-misol. jj—dxdy integralni hisoblang, bu yerda D:y =-x,y =x2 vay=I
oy

chiziglar bilan chegaralangan soha (4-shakl).
<S> D soha Ox o0‘gga nisbatan muntazam. Shu sababli

\\~dxdy =\ ~dy\x2ix=\ ---~ ¥ 1\ay - v}y =
ay oy -y oy J 30 \%

B\Yy  3» V3v™ 6 0

73



5-misol. \\xdxdy integralni hisoblang, bu yerda D: sikloidaning bir
D

arkasi.
® Sikloidaning parametrik tenglamasini

olamiz:

fx =a(t- sin?),

W=a(l-cos/), €>0
Sikloidaning bir arkasi uchun t parametr
Odan 2a gacha o‘zgarganda x o'zgaruvchi
Odan 2m gacha o‘zgaradi. y funksiyani
y=f(x) ko‘rinishda boisin deb, berilgan -1
integralning o‘zgaruvchilarini ajratib yozib 4-shakl
olamiz:

f{x)

2«
I-\\xdxdy=J xdx fdy.
D 0 0

dx=a(l- cost)dt, dy=asintdt differensiallarni hisobga olib, tashqi
integralda t o‘zgaruvchiga o‘tamiz:

aQ-aost,

2% ) p
I =\a(t-s\nt)a{}-cosi)dt J dy=a [{t-smt~-cost)ldt=

2x
= a3} (/- 2tcost+1cos21- sin/+sin21- sintcos2t)dt =
-a\ -— 2/sin*-2c0s? +—f /+—sin2/ |- —t1 coszfz
2 2\ 2 ) 2

+a‘\cost-i2c0522+éc0331 37fra. O

fir
6-misol. ]Odyf_JTf(x,y)dx +I\dy N{X'y)dx integralda integrallash tartibini
iy
0‘zgartiring.
® Integrallash sohasi quyidagi tengsizliklar sistemalari bilan
aniglanuvchi D, va D1 sohalardan tashkil topadi:

<X<1,
[(A- 2y <x <-JI- ~2 [O<x<-A4-Y.

Integrallash sohasi jco‘zgaruvchi 0 dan 1gacha o‘zgarganda quyidan
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!' X2 va yugoridan y - fl - x2 chiziglar bilan chegaralangan egri chiziqli

y =
trapetsiyadan iborat bo‘ladi (5-shakl).
0<X"N1,
Demak, D: 1. x U holda
-<'m<V|-X2
2 MV 1 i I
/(xy)<&+j/ (*,>")"™ =1* \f(xy)dy. O
2.1.3. z - fix,y) funksiya chegaralangan yopiqg D sohada uzluksiz v

x=x(u,v), y =y(u.v) bo‘lsin. Bu bogianishlardan u-u(x,u) va v=v(x,y)
0 ‘zgaruvchilarni yagona usui bilan topish mumkin bo‘lsin. Bunda
D sohaning Oxy koordinatalar tekisligidagi
har bir P(x;y) nuqtasiga D sohaning 0,uv
koordinatalar tekisligida biror P(u;v) nuqgta
mos keladi.
<$> Agar Xx=x(u,v) va y=y(uyv)
funksiyalar D sohada uzluksiz birinchi
tartibli xususiy hosilalarga ega bo‘lib, shu

sohada
dx dx
/= | I «0 (1.6)
du dv
bo‘lsa, u holda ikki karrali integral uchun
iif{x,y)dxdy = jjf(x(u,v),y{u,v))\I\dudv 1.7

o'zgaruvchilami almashtirish formulasi o‘rinli bo‘ladi.
Xususan, qutb koordinatalari o‘zgaruvchini almashtirish formulasi
Jf/ (X,y)dxdy = fir cos(p,rsin(pydrdcp (1-8)

boiadi.

Qutb koordinatalar sistemasida integrallash chegaralari qutbning
joylashishiga bog‘liq holda aniglanadi:

1) agar O qutb =a va 9=p nurlar orasidajoylashgan D sohadan
tashgarida yotsa va ¢=- const tenglamali chiziglar soha chegarasiui ikki
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nugtada kesib o‘tsa

0 *iQ
N\fH{rcQ%(p,rsmg>)rdrd<p = \d(p j f{rcos(p,rsin(p)rdr; (1*9)
D a r,0)
2) agar qutb D integrallash sohasida yotsa va <=const tenglama

chiziglar soha chegarasini bitta nuqtada kesib o‘tsa
jj f(rcos,tp,rsin<p) rdrd<p- [dtp \f{rcoS(p,rsm<p) rdr\ (l.lO)

3) agar qutb D sohaning chegarasiga tegishli bo‘lib, D soha

\%
$=p nurlar orasida yotsa

Ufircos Asin<p)rdrd(p=\d(p j/ (r cos<ar sing=>)rdr. (1.11)
7-misol. jjydxdy integralni hisoblang, buyerda D :y2=x, y1=2x, xy=1
va xy =4 chiziglar bilan chegaralangan soha.

y2=ux, xy =v deb olamiz. Bundan x-u 3/3 y=udv3
Yakobianni hisoblaymiz:

:I'X gx —ém"\‘/l\ 2—14 V3

/= QU v . = ,yani [/F.1

TN
du dv 3 3

U holda
Hy"dxdy = [Juve— dudv = *{[vdud
I:{)y xyEquuuvsgvuv

buyerda D ={(u;v)eR2:\<u<2, I<v<4}.
Demak,

8-misol. +y‘dxdy integralni
hisoblang, bu yerda D :x2+yl1=x va
x1+y2=2* aylanalar bilan chegaralangan soha.
<S> Integralni qutb koordinatalarida
hisoblaymiz. x2+y2=x, x2+yr~2x aylanalar
gutb koordinatalarida r =cos<g r-2cos(p fishad
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formulalar bilan ifodalanadi, bu yerda (6-shakl).
U holda

2.1.4. Ikki karrali integralning geometrik tatbiglari

Yassi figuraning yuzasini hisoblash. Oxy tekislik yopiq D sohasining,
ya’'ni yassi figuraning yuzasi
S = ||dxdy (1.12)

integral bilan hisoblanadi.

Egri chizigli sirt yuzasini hisoblash. Oxy tekislikning D sohasida
berilgan z = f(x,y) funksiya shu sohada xususiy hosilalari bilan uzluksiz
bo'lsin. Bunday funksiya bilan aniglangan sirt sillig sirt deyiladi. Bunda
D soha bu sirtning Oxy tekislikdagi proyeksiya bo‘ladi.

U holda z =f(x,y), (x,y) e D funksiya bilan aniglangan sirtning yuzasi

(1.13)

formula bilan topiladi.

Demak,

7



X =rcos(p, x = r\TLp
0 <,<p<k, 0<r <4sin<p
4cosip

=/5\d(p °\rdr = 4s\ = $n[5\cos Igxig>= 4-Y5/(1 + cos2 f)dtp=

=-/5$dxdy
D

4n/5(p + /sin2gp

Jwm hajmini hisoblash. Yuqoridan z=f(x,y) sirt bilan, quyidan Oc>
tekislikning yopiq D sohasi bilan, yon tomonlaridan yasovchilari Oz o‘qga
parallel bo'lgan silindrik sirt bilan chegaralangan jism silindrikjism deyiladi.
Bu silindrikjismning hajmi

V = fff(x,y)dxdy (1.14)
D

integralga teng bo‘ladi (ikki karrali integrating geometrik Ta nosi).

10-misol.  Ushbu X2+ Y2+ 2L <1 ellipsoidning hajmini toping.

® 2 &0 daellipsoid hajmini V. deylik.
U holda

F=2Kk=2cl 1-E_-Rhxdy,
a2 b2

buyerda D - 2+%/?:i ellips bilan chegaralangan soha.
a

x = arcoscp, y =br$m(p umumlashgan qutb koordinatalariga o‘tamiz.
Bunda D soha D ={(r;):0<r <1, 0<”< Inj to‘g‘ri to‘rtburchakka akslanadi.

Bundan
& dx _
1= ckp ac-05|p arsm<p:abr.
EY. bsincp brsing
d(p
Demak,

V =2cJdr 14\ -r rabrdip = 2abcj r*\ -rr(\" dr -

- 4abeTErV 1-r 26/ = V- 12 = 4Tubcr 2 = dxabe-  “abe, O
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Ikki karrali integralning mexanik tatbiglari

Oxy tekislikda sirtiy zichligi y(x,y) gateng bo‘lgan birjinsli D plastinka
berilgan bo'lsin. Bu plastinkaning ba’zi mexanik parametrlari ikki karrali
integralning mexanik ma’nosiga ko‘ra quyidagi formulalar bilan aniglanadi:

1) plastinkaning massasi (ikki karrali integralning mexanik ma’nosi)

m = tfy(x,y)dxdy, (1-15)
2) plastinkaning koordinata o‘glariga nisbatan statik momentlari
Mx=Jlyy(x,y)dxdy, My =JIxy(X,y)dxdy\ (1-16)
3) plastinka og'irlikmarkazining koordinatalari
fixy(x,y)dxdy fiyy(x,y)dxdy
X = ypoy)ddy T Y =X Ngryurdy ©-17)

4) plastinkaning koordinatalar boshiga va kooordinata o‘glariga nisbatan
inertsiya momentlari
10=\\(x2 +y2)ri.x,y)dxdy, Ix=fjyzy(x,y)dxdy, 1y”™\\x y(x,y)dxdy. (1.18)

11-misol. Zichligi y=x+y ga teng D plastinka og‘irlik markazining
koordinatalarini toping, bu yerda D:x =0, x=2, y=0, y=2 chiziglar bilan

chegaralangan kvadrat.
® Avwval plastinkaning massasini topamiz:

m=\\r(x,y)dxdy =\dx\{x + y)dy =Uxy + — dx=
D 0 0 o~ /

= Jo(zjc+ 2)dx = (x1+ 2%)j* =8.

Plastinka og‘irlik markazining koordinatalarini aniglaymiz:



Mashqlar

2.1.1. Integrallami baholang:
1) [\(x2+3y2+2)ds, bu yerda D: x2+yl=4 aylana bilan chegaralangan
D

doira;
2) j[i)(x2+xy+2y2)ds, bu yerda D: x=Qy=0 va x+y =1 chiziglar bilan

chegaralangan uchburchak;
3) jf(x +xy-x2-y 2ds, buyerda D:x=0,x=1ly=0 va y=2 chiziglar bilan
D

chegaralangan to‘g‘ri to‘rtburchak;
4) IR +y)xds, bu yerda D:x =0, x =2,y =Qva v=2 chiziglar bilan
D

chegaralangan kvadrat.

2.1.2. Integrallarda integrallash tartibini o‘zgartiring:

\ Y 3 1 3« 5 457
D[<fy\f(.x,y)dx+}dy\f(x,y)dx\ 2)]dx } f(x,y)dy +]1dx \f(x,y)dy;
)P (f(x,y)dx; 4)\dx ff(x,y)dy.

* £l 0

2.1.3. Ikki karrali integrallami hisoblang:
1) NV i* +y)dxdy\ 2) |Ixyldxdy,
3) Ji—dxdy; 4) | T ——dxdy.

)Wx Y ')ili Y(x+3) Y

2.1.4. Berilgan chiziglar bilan chegaralangan D sohada ikki karrali
integrallami hisoblang:

1) jj(x2+y2dxdy, D: *=0, x=1, y=0, y=x2,

2) \\(x+2y)dxdy, D; y-x1, y=5x-6;
3) flljeﬁa“ysinydxdy, D: x=0, x=n,y =0, y:?;

4) jB(Sin(x +y)dxdy, D; x-Q, x=n,y-0, y:2—\

5) llinx + cos2y)dxdy, D: x=Qy =0, 4x+4y=n
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6) JJNjdxdy, D: xy=1 y=x, x=2;
Yy
7 <~ zdxdy, D: >»=0, y=2, x=y, X=y S ;
) ox y y Yy, X=y
8) fje'ydxdy, D: x=0, x=2, y=1, y=e'\
9) fjydxdy, D: x=acos3? y =asin*t 10</< —j;

10) jfx2ydxdy, D: x”acost, y =bsint "0<t<~j;
11) §(x +yY (x-y)rly, D: x+y =1 X+y=3 x-y =-1 x-;y =1;
12) fjxydxdy, D: xy=1 xy=3, y =2x, y =4x’,
13) Lvm2+y2dxdy, D: x2+y2=9\
14) g-J9+4x +Ayldxdy, D: x2+y2=4;
15)I!-%qﬁ/7-,D y =~ 7.,y =0;
DX -ry ~T2
16) jj-Ix2+y2- \6dxdy, D: x2+y2=16, jc2+/=25;

17) |lo/4- n2- y2dxdy, D: x2+y2=2x;
18) M=y, D: xP4y =12 xPayPes
9

19) fjxydxdy, D: ™~ +~/-=1, x=0, y=0;

20) fjxdxdy, D: x2+y2=2y, x2+y2=4y, y=x%, x=0.

2.1.5. Berilgan chiziglar bilan chegaralangan soha yuzasini hisoblang:

)y =x,y =2-x1, 2) y=-X, y2=—x;
a a
) y= n2=4y; 4) xy=6, x+y=5;
X +4

5) Xx1+y2=4x, xz+y2=8X, y=X, Yy =0; 6) (x1+y21=4(x2-y?2).
| |

7) xy=1 xy=4, x=y, x=9y; 8) x7+y3=4.
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2.1.6. a sirt yuzasini hisoblang:
1) a: z=x2+y?2 paraboloidning 2=0va z=2 tekisliklar orasidagi gismi;
2) cr: 2y =x2+ 22 paraboloidning x2+ z1=4 silindr orasidagi gismi;
3) cr: z=jx 2+¥2 konusning z=2 tekislik bilan kesilgan gismi;
4)<t: x+>+, =3 tekislikning y2=3xsilindr va x =3tekislik bilan kesilgan
gismi.
2.1.7. Berilgan sirtlar bilan chegaralanganj ism hajmini hisoblang:
1) x+y+z=a, x=0, >=0, z=0;
2) Z=0, X2+ yr=\, x2+y2=4;
X +y
3) z=4- y2 z=y2+2, x=-1, x=2;
4) z=x2+y2 2=0, y=x2, y=1I;
5)z =X2+Yy2 Z=2X2+2Yy2 Yy =X2, Yy =X
6) y=1+x2+z2 y =5;

7)z=4-y2 2=0, Y=""
8) x+z-4, z=0, >=VX, y=2-YX

9) z=xy, xy=1 xy=2, y =X, y=3%
10) x2+/=9, x2+z2=9.

2.1.8. Sirtiy zichligi y gateng bo‘lgan va berilgan chiziglar bilan
chegaralangan yassi plastinkaning massasini toping:

Hr=y, y=x-1 x=(y-12 2) y=x2, y=0, y=2x, x+y=6.

2.1.9. y2=ax, y =x chiziglar bilan chegaralangan bir jinsli yassi
plastinka og‘irlik markazining koordinatalarini toping.

2.1.10. Katetlari OA-a va OB-b ga teng bo‘lgan to‘g‘ri burchakli
uchburchakdan iborat yassi plastinkaning sirtiy zichligi OB masofaga
proporsional bo‘lsa, plastinka og‘irlik markazining koordinatalarini toping.

2.1.11. y =4 -x2, y =0 chiziglar bilan chegaralangan bir jinsli yassi
plastinkaning Oy 0'gga nisbatan inersiya momentini toping,

2.1.12. Uchlari A(0;4), B{2;,0), C(2;2) nugtalardajoylashgan
uchburchakdan iborat bir jinsli yassi plastinkaning Oy o‘qga nisbatan
inersiya momentini toping.
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2.2. UCH KARRALI INTEGRAL

Uch karrali integral. Uch karrali integralni hisoblash.
Uch karrali integralning tatbiqlari

2.2.1. Oxyz fazoning yopiq V sohasida ( hajmi Vga teng jismida)
t=f(x,y,z) funksiya aniglangan va uzluksiz bo‘lsm.

V sohani ixtiyoriy ravishda umumiy ichki nugtalarga ega bo‘lmagan va
hajmlari AV, ga teng bo‘lgan n ta M (i =\,n) elementar sohalarga bo‘lamiz.

Har bir M sohada ixtiyoriy nugtani tanlaymiz, f(x,y,z)
funksiyaning bu nuqgtadagi giymati f(xIl,yl,zl)ni hisoblab, uni Avt ga
ko’paytiramiz va barcha bunday ko‘paytmalarning yig*indisini tuzamiz:
4 = £ / ( * : , (2.1)

Bu yig‘indiga f(x,y,z) funksiyaning V sohadagi integralyig'indisi deyiladi.

K soha chegaraviy nuqtalari orasidagi masofalaming eng kattasiga shu
sohaning diametri deyiladi va dt bilan belgilanadi, bunda n-»<«da dt-» 0.

W Agar (2.1) integral yig‘indining maxdt-> 0 dagi chekli limiti Vsohani
boMaklarga bo‘lish usuliga va bu bo‘laklarda P(xi;y,;zi) nugtani tanlash
usuliga bog‘lig bo‘lmagan holda mavjud bo‘lsa, bu limitga f{xny,z")
funksiyadan V soha boyicha olingan uch karrali integral deyiladi va
\\\.f(x,y,z)dV bilan belgilanadi:

N\\f{x,y,z)dV =JimJZ f(x l,yl,z)AVI (2.2)
yoki
\\\f{x,y,z)dxdydz= Iiﬁm fif{xiyl,zl)AxIAylAzI. (2.3)
y maxrf,-Mo

1-teorema (funksiya integrallanuvchi bo ‘lishining zaruriy sharti). Agar
t=f(x,y,z) funksiya chegaralangan yopig V sohada uzluksiz bo‘lsa, u holda

u shu sohada integrallanuvchi bo‘ladi.
Uch karrali integral ikki karrali integralning barcha xossalariga ega.

2.2.2. Uch karrali integralni dekart koordinatalarida hisoblash

Vintegrallash sohasi quyidan z = zt(x,y) sirt bilan, yugoridan z = z,(x,j>)
sirt bilan chegaralangan jismdan iborat va Oz o‘q yo‘nalishi bo‘yicha
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muntazam boisin, bu yerda z=zxx,y), z=z3(x,y)~ V jismning Oxy
tekislikdagi proyeksiyasi D da uzluksiz funksiyalar.

Agar D soha x=a, x=b(a<bh) , y=ip{x) va y=9{x) (xx)<92(x))
chiziglar bilan ( bunda (x\ (@(x)-[a,b] kesmada uzluksiz funksiyalar)
chegaralangan egri chiziqli trapetsiya boisa

<Pi(x) r(x,y
jjjf(X y,z)dxdydz —de J(dy (jf{X y,z)dz (2.4)
a b(x) z(Cx.y)

bo‘ladi.

1-misol. Uch karrali integrailami hisoblang:
1) jdxjdyjx3¥*zdz; 2) jdxjdyjxyzdz.

<& 1) Integrallash chegaralari o‘zgarmas boigani sababli bu integral
uchta aniq integralning ko‘paytmasidan iborat boiadi:

1-0 8-1 9-4 _35

jodx'{d%/jxlylzdz:}xaix-jymyq' zdz=: 43 9 24

2) Ichki integralni .rva y o‘zgarmas deb z bo‘yicha hisoblaymiz:

*
}dxj dyjxyzdz =j dxjxy— dy = -l-Jldx{)xyajy.
o o o o o 2 20
Shunday qilib, uch karrali integral ikki karrali integralga keltirildi.
Uni hisoblaymiz:

. r
HLy d’x _fxs L Lo
8 6 48

2-misol. jjjzdxdydz integralni hisoblang, bu yerda V:x =0, y =0, z=0,

x +y +z =1 sirtlar bilan chegaralangan soha.
® Berilgan sirtlar bo‘yicha integrallash sohasini chizamiz (8-shakl).
V soha uchun: 0<a<1 Q<y<\-x, 0<z<\-x-y.
Bundan



8-shakl. 9-shakl.

3-misol. fjj(x+2y)dxdydz integralni hisoblang, bu yerda

Viy=x2 y+z=4, z=0 sirtlarbilan
chegaralangan soha.

® Berilgan sirtlar bo‘yicha integrallash
sohasini chizamiz (9-shakl).

V soha uchun:
- 2<N<2, x2<y<4, 0<z<4-y.

Bundan
1-x 1-x—y 1 1-x"2

1
{Jjzdxdydz-\dx | dy Jzdz=jdx j — dy
v o o 1 0 o 2

=-[dx}\-x- dy =
2[Q }O{ yydy
it =W =T 5d -*) dxe
20 3 O o
1 0-*y
5 4 on' 10-shakl.

4-miso].J€/}(2x +y)dxdydz integralni hisoblang, bunda

V:iy =x, >=0, x-1, z=1, z=1+x2+y1sirtlar bilan chegaralangan soha.
® Berilgan sirtlar bo‘yicha integrallash sohasini chizamiz (10-shakl).
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V soha uchun: 0<x<\, 0<y<x, I<z<I| +x2+y\ Bundan

JN(2x +y)dxdydz=j dxjdy J( 2x +y)dz =

=jdxj (2x + H2dy = j dxj (2x +y)(xr +y2)dy =

Uch karrali integralda o ‘zgaruvchini almashtirish

\Y sohada x=x(u,v,w),y =y(u,v,w),z =z(u,v,w) 0‘miga qo‘yish bajarilg:
bo‘lsin. U holda Oxyz koordinatalar tekisligidagi V soha Otwwvw koordinatalar
tekisligida biror yopiq V sohaga akslanadi.

S Agar x=x(u,v,w),y =y(u,v,w),z =zuvM>) funksiyalar VvV sohad
uzluksiz birinchi tartibli xususiy hosilalarga ega bo‘lib, shu sohada

dx dx dx
du dv dw

(2.5)
du dv dw
dz dz dz

du dv dw
bo‘lsa, u holda uch karrali integral uchun
jijf(x,y,z)dxdydz= Vv, w),y{u,v,w),z{u,v,w))\I\dudvdw  (2.6)

o'zgaruvchilami almashtirish formulasi o‘rinli bo‘ladi.

Uch karrali integralni silindrik koordinatalarida hisoblash

r<pz sonlar uchligiga Oxyz fazo M(x;y;z) nuqtasining silindrik
koordinatalari deyiladi, bu yerda r- M nuqgtaning Oxytekislikka proeksiyasi
radius vektorining uzunligi, g>- bu radius vektorning Ox oq bilan tashkil
gilgan burchagi, z- M nuqgtaning applikatasi.
Silindrik koordinatalar dekart koordinatalari bilan
X~rcos<p, y-rsm<p, z=12

bog'lanishga ega, bu yerda 0<(p<2™ o<r <+o0, -00 <z <+,
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Uch karrali integral silindrik koordinatalarida
JIF(x,y, z)dxdydz = JJJ/ (r cos (p,r sin (p, z)rd<pdrdz (2.7)

o‘zgaruvchilami almashtirish formulasi orqali
hisoblanadi.

5-misol. JJIV/~2+y ldxdydz integralni

hisoblang, bunda
Fiice+/ =4, z=1, z=2+j2+/
sirtlar bilan chegaralangan soha.
® Berilgan sirtlar bo‘yicha Vv sohani
chizamiz (11-shakl).
Integralni silindrik koordinatalarda
hisoblaymiz:

r 2+r2

JJJV’\1+y1dxdydz ffjr rdtpdrdz= \d(p\dr fijz—

L~ I»-1, 136h 136 272
~ fd<pJ Z, = J<*P—E 15" 11-shakl.

Uch karrali integralni sferik koordinatalarida hisoblash

r<p,0 sonlar uchligiga Oxyz fazo M(x;y;z) nuqgtasining sferik
koordinatalari deyiladi, bu yerda r- M nuqgta radius vektorining uzunligi,
g>- OM radius vektoming Qx”Mekislikka proeksiyasining Ox oq bilan tashkil
gilgan burchagi, OM radius vektoming Oz o‘gdan og‘ish burchagi.

Sferik koordinatalar dekart koordinatalari bilan

X =r cos<sini9, y =rsm<psine, z=rcos6,

bog'lanishga ega, bu yerda 0<<p<2n, 0<r<-H», 0<B<9.

Uch karrali integral sferik koordinatalarida

JJ3/ (x,y,z)dxdydz = JJ1/ (rcos9>Sin#, rsm<psing, rcos<9) r2sinéd<pdrdQ  (2-8)

o‘zgaruvchilami almashtirish formulasi bilan hisoblanadi.

6-misol. JWV'x2+y 1+ zldxdydz integralni hisoblang, bu yerda

\%

V:x1+y2+2z2=4, y=0 (y> 0) sirtlar bilan chegaralangan soha.

® V integrallash sohasi Oxz tekislikning o‘ng tomonda joylashgan
yarim shardan iborat, Shu sababli integralni sferik koordinatalarda
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hisoblaymiz, bunda 0<r <2, 0<<p<, 0<9<TT:

J|-ix1+ y 2+ z1dxdydz =jjjr wr 1sinddrdtpdd = jd<pjd&jr3sinOdr =
\% v ] o o

A4 X 4: X X X X
=jdg>jsin#¥— d/?=jd<pjdsinede =-4jcosO\’ d<p= &jd<p = §("* o
0 0 4 o 0 0 ¢} 0

2.2.3. Vjismning hajmi
V=, dxdydz (2.9)

integral bilan topiladi (uch karrali integralning geometrik ma’nosi).

7-misol. (x2+y2+z2)2=ax sirt bilan chegaralangan jism hajmini
hisoblang.

<S> Sirttenglamasi x2+y2+z2ifodani o‘z ichiga olgani sababli
tenglamani sferik koordinatalarda yozib olamiz:

r = a\jsinOcos<p.

y va z o‘zgaruvchilar sirt tenglamasiga kvadratlari bilan gatnashadi.
Shu sababli jism Oxz va Oxy tekisliklarga nisbatan simmetrik bo‘ladi. x>0
bo‘lgani uchun jism hajmining chorak gismini hisoblash yetarli. Birinchi
oktantda 0<B< Y 0<w<? bo‘ladi. Bundan

X x - g

a\lsin6cas<p

2 2 33 J
V=AMNdQ\d(p J r2s'médr =-----jsSin26d9\cos<kp=

2&-%1- cosZO)sin<%\jde:—3 \(/B- sn1218| == 0

Zichligi y(x,y,z) gateng bo‘lgan 7jismning ba’zi mexanik parametrlari
uch karrali integral yordamida quyidagi formulalar bilan hisoblanadi:
1)jismning massasi (uch karrali integralning mexanik ma’nosi):
m = [f/(x,y,z)dxdydz;
D
2) jismning Oyz, Oxz va Oxy tekisliklarga nisbatan statik momentlari:
M= =ffIx/(x,y,z)dxdydz, Ma =jjjyy(x,y,z)dxdydz, Mw=\\\zy(x,y,z)dxdydz;

A \ v
3)jism og ‘irlik markazining koordinatalari:

fijxy(x,y,z)dxdydz fffyy(x,y,z)dxdydz jfizy(x,y,z)dxdydz

’

\\\y(x,y,z)dxdydz * Y  fffy(x,y,z)dxdydz ’ ¢ fjjy(x,y,z)dxdydz
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4) jismning koordinatalar boshiga™ Ox, Oy,0z o‘glarga va Oyz, Oxz, Oxy
tekisliklarga nisbatan inersiya momentlari
/7, =1{Gc2+y2+z2)y(x,y,z)dxdydz, Ix=J11JO2+z1)y(x,y,z)dxdydz,

/, =J(x2+ z2)y(x,y,z)dxdydz, 12=JJJ(*2+ y )y (x,y,z)dxdydr,

N=1AzZ(x,y,z)cbcdydz, 1y =Jffx/(x,y,z)dxdydz, la =jfjy 2 (x,y,z)dxdydz.

8-misol. x1+y2+z2=R2, z>0 yarim shaming har bir nuqgtadagi zichligi
nugtadan shar markazigacha bo‘lgan masofaga proporsional boisa, shar
og'irlik markazining koordinatalarini toping.

® Masala shartiga ko‘ra y=k~Jx2+y2+z2 va simmitriyaga binoan
Xx=yc=0.

Hisoblashlami sferik koordinatalarda bajaramiz:

m = Jefjjyjx1 +y 2+ z2dxdydz = kfy r 1sin6drd<pd9 =

1

=k \dcp\sin 9dd\r Ar = - kq)\* -cos#-D 4

-K\N\\Zrjx2 + y 1+ z 2dxdydz = — 7 JJJ"'4sin B cos OdrdfpdO =
knR v TR v

sin2s 2R
- (d<pPmOcos6M &Irddr = - — <% (
00 o

K An

2R

9-misol. x=G y=0, z=0, x+y +z=3 sirtlar bilan chegaralangan bir
jinsli piramidaning Oy o‘gga nisbatan inersiya momentini hisoblang.
<& Inersiya momentini 1y =jfj(x2+z2)y(x,y,z)dxdydz formula bilan

topamiz:
ly=rjjj(x2+z2)dxdydz =y\dxjdz ](x2+z2dy=yjdx](x2+z2(l-x-z)dz =
=yfdx](x2(I-x)- x2z- (1- Jf)z2- z3)dz=
i X4, (1-*)" \ o
- dxz=yjf-— x1+—+>—~L k=
=n\ NE: > 7

x5 (i-xy
6 4+10 60 30" ©
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Mashgiar _

2.2.1. Uch karrali integrailami hisoblang:

1) Jdxjdyj(2x + 3y~z3)dz; 2) jdxjdyjxye‘d\
) 0 5 Y1( y ) )JO 116” y

3 X - 1 y fowr
3) jdxjdy jzdz; 4) jdyjdx jzdz.

2.2.2. Berilgan sirtlar bilan chegaralangan Vsohada uch Kkarrali
integrailami hisoblang:
1) jjixdxdydz, V:x=0, y—0, y=3 z=0, x+z=2;

2) jjlixyzdxdydz, V:x=0,y-0, z=0, jec+ +z=1;

3) Vix=0, x=1, y=0, y=p, z=-1, 2=¢e4,

4) v \4y - 2xy - 27 Fx=03>=0 72=0>Zx+y +z=45
5) jii(x7+y 2dxdydz, V:z=2, z=
6) j{}'z/\x2+y2dxdydz, Viy=0, y=42x- x1, z=0, z=3;

7 , N j+/=4>>, y+z=4, z=0;
) K TAK > J

$|]__K*2+-yz)dxcfydz, V:x2+y2=x, z=0, z2=2jc;

ty SIH*1+y 2)dxdydz, V: x2+y2+22=4,2>0;
\%

10) jjjxyzaxdydz, V: x2+y2+2z2=1,x>0, >>0, z>0.
\%

2.2.3. Berilgan sirtlar bilan chegaralanganjism hajmini hisoblang:
1) x=1, ¥=x, y=2X, z=x1+y2 z=x2+2y2
2) x=0, y=0, x+2y+z=6;
3) z=xr+yl z=8-x2-y2
4) (jo2 +y2+22)2=xyz.
2.2.4. z2=jc2+y1konus va z=1tekislik bilan chegaralangan jismning har

bir nugtasidagi zichligi uning applikatasiga proporsional bo‘lsa, jismning
massasini toping.
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2.2.5. 1z=4- xr- ylparaboloid va z=0 tekislik bilan chegaralangan bir
jinslijism og‘irlik markazining koordinatalarini toping.

2.2.6. R radiusli birjinsli yarim shar og‘irlik markazining
koordinatalarini toping.

2.2.7. Radiusi Rga va og‘irligi />gateng bo‘lgan birjismli shaming
markaziga va diametriga nisbatan inersiya momentlarini toping.

2.2.8. zJ=2ax, z=0, x2+y2=ax sirtlar bilan chegaralangan bir jinsli
jismning Oz o‘qga nisbatan inersiya momentini toping.

2.3. EGRI CHIZIQLI INTEGRALLAR

Birinchi tur egri chiziqli integral. Birinchi tur egri chiziqgli
integralni hisoblash. Ikkinchi tur egri chizigli integral.
Ikkinchi tur egri chizigli integralni hisoblash.

Egri chiziqgli integrallarning tatbiglari

88 2.3.1. R3 fazoda koordinatalari biror teR  parametming
x=x(t), y=y(t), z=2z(t) tenglamalari bilan berilgan  M(x;y;z) nuqtalar
to‘plamiga  R3 fazodagi L egri chizig deyiladi. Bunda: agar
X =x(t), y=y(t), z=z(t) funksiyalar te[or,/] da uzluksiz bo'lsa L egri
chiziq [a/?] kesmada uzluksiz deyiladi; agar x=x(t), y=y(t), z~z(t)
funksiyalar t da uzluksiz, birinchi tartibli x'(t), y'(t), z'(t) hosilalarga
ega va xn(t)+y'2{t)+z'2(t)x0 boisa L egri chiziq [a/3]kesmada sillig
deyiladi; agar [a;/?]kesmaning chekli nugtalarida x'{t), y'{t), z'{t) hosilalar
mavjud bo‘lmasa yoki bir vagtda nolga teng bo‘lsa L egri chizig
[a; filkesmada bo ‘lakli-silliq deyiladi; agar x(a) =x(j3), y(a) =y{J3),

z(a) =z{J3) bo‘lsa L ga [cr,p\ kesmadayopiqg kontur deyiladi.

f{x,y,z) funksiya ABc R3silliq yoki boiakli-silliq egri chizigning har
bir nuqtasida aniglangan va uzluksiz bo‘lIsin.

AB egri chizigni ixtiyoriy ravishda n = A01A,,...Ajl,An...,An=5 nuqtalar
bilan a”a, uzunliklari M. gateng bo‘lgan nta (i=1,n) yoylarga bo‘lamiz.
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Harblraw™ yoyda ixtiyoriy M(x,\y,:z,) nugtani tanlaymiz, f(x,y,z)
funksiyaning bu nuqgtadagi giymati f(xt,ynzl)m hisoblab, uni Al, ga
ko‘paytiramiz va barcha bunday ko‘paytmalarning yig‘indisini tuzamiz:

| :iFl,‘f(x,,y,>z,)AI,. 3.1

A Agar (3.1) integral yig‘indining maxA/, -» Odagi chekli limiti AB egri
chizigni bo‘laklarga bo‘lish usuliga va bu bo‘laklarda M (x,;y,;z,)nuqtani
tanlash usuliga bog‘lig bo‘lmagan holda mavjud boisa, bu limitga f(x,y,z)
funksiyaning birinchi tur egri chizigli integrali ( yokiyoy uzunligi bo Yyicha
integrali) deyiladi va jf(x,y,z)dl bilan belgilanadi:

[f(x,y,z)dl= YimI~f(x,y,z,)Al,. (3.2)

1-teorema (funksiya integrallanuvchi bo 1ishining zaruriy sharti). Agar

f(x,y,z) funksiya AB silliq egri chizig bo‘ylab uzluksiz bo‘lsa, u holda u shu
egri chizigda integrallanuvchi bo‘ladi.

AMAI yoyning Al, uzunligi A, B nugtalardan gaysi biri yoyning boshi va
gaysi biri uning oxiri uchun gabul gilinishiga bog‘liq bo*‘Ilmaydi.

Shu sababli

\f(x,y,z)dl = jf(x,y,z)dl.

AB BA

Birinchi tur egri chizigli integral aniq integralning boshga xossalariga
ega.
2.3.2. AB egri chiziq fazoda parametrik tenglamalar bilan berilgan,
ya’ni
AB ={(x,y,z) e R" x=x(t), y =y(t), z=2z(t), Ze[a;/?]}
va [afi] kesmada silliq (yoki boiakli sillig) bo‘lsa birinchi tur egri chizigli
integral

jf(x,y,z)dl =ff{x(t),y (t),z(t)yx’2(t) +yn(t) + z'\i)dt (3.3)
formula bilan hisoblanadi.
AB ={(x,y) e R1x =x(t), y =y(t), te tekislikdagi yassi egri chiziq
uchun
g(x,y)dl =éf(X(/).y(i))y[X'2(t) +y'2(t)dt . (3.4)
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Yassi egri chizigq tenglamasi qutb koordinatalarida berilgan, ya’ni
AB ={(r;<p): r=r(<p), x<p<q?} va r{cp)hosila AB egri chizigda uzluksiz
bo‘lsa
Xix,y)dI=/f(r cosg=rsin <p\Jr2(<p) + r*2(<p)o<p (3.5)
bo‘ladi. "
Agar yassi egri chiziq [a\b] kesmada hosilasi bilan birgalikda uzluksiz
y =y(x) funksiya bilan berilgan, ya’ni AB= {(x;y)e R1: y =y(x), xs[a;5]}
boisa
\f{x,y)dl =\f(x,y(x%J\ + y"1(x)dx (3.6)

AB a

bo‘ladi.
1-misol. Birinchi tur egri chizigli integrallami hisoblang:

1) \f2ydl, buyerda AB: x=a(t-sint), y =a(l-cos/), 0</<g- sikloida yoyi;
2) AJB(xr+y2)dI, bu yerda AB: r=1- cosep kardioida yoyi;

3) \xal, buyerda AB: y=Inx, I<x< 2 egri chizig bo‘lagi;

4) j(x-y)zdl, buyerda AB: A(1;2-1) va 5(2;,0;1) nugtalarni tutashtiruvchi
to‘gfii chiziq kesmasi;

5) >(x+y)d| , buyerda I: uchlari 0(0;0), A(2;0), B(0;2) nuqtalardan iborat

uchburchak konturi.
® 1) Yassi egri chizigning differensiali formulasi bilan topamiz:
dl=jx'2+y'2=-/a”l-c0s/)2+ a2sinltdt =aJ2(1 - cost)dt.

U holda
f~2ydl =[-J2a(\ - cos/) N2 (1- cost)dt =2afa] (1- cost)dt=

2) Chiziq tenglamasi qutb koordinatalarida berilgan.
Kardioida uchun 0 <(p<2n.
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U holda
x2+y2=r2=(l-cos 2=4sind™,
dl =V(1- cosg2+ sin2cpdep=-J2(1 - cos (p)d<p= 2sm~d<p.
Bimdan

} (x2+y2dl :8jsmt—sin—d<p:8}fl-c052~; sin—d(p=
& 0 2 2 o 2 2

=8fsin—d/p +32{cos2—d fcos— —16J cos4—d fcos—1 =
o 2 0 2 \ 2] 0 2 VvV 2}

= 160059 +32c0s* P Nk
3 2 5 2

=-16-(-2)+ = «-2)- = A-2)= -

3) y=In* uchun ¥ =— va dl <1 +\dx =—4I +xldx. U holda
X V X X

IxWdl=Jjc2 Wl+X2fe=IXVT+Ic2&=—] (I+x2)2<i(l + x2) =

1 A
:2—- | $ic2y2  ---{545-2-]2).

oo/LN

4) / egri chiziq yoyining parametrik tenglamasini ikki nugtadan o'tuvc
to‘g‘ri chizigq tenglamasidan topamiz:
x-1 y-2 z+1
2-1 0-2 1+1
bu yerda 0 </<l.
U holda

j x-y)zdl =}/ +1+2t- 2)2T- DVI+4+4<#=3/(3t- D)(/- Ddt=

=r dan x-t+1, y=-2t+2, z=2t-\,

=3j(6t2-5t + \)dt 3| 2t} - ~~ +/

5) Integralning additivlik xossasiga ko‘ra
Px+y)dl = J(x+y)dl + j(x + yksir+ j(x +y)dl.

1 OA AB BO

Har bir integralni alohida hisoblaymiz.
OA kesmada: y =0, 0<x<2 va dl=dx
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U holda
\(X+Vy)dl =\xdx=7~ =2
X(X y) S X 9

AB kesmada: y=2-x, 0"x<2 vay=-1
Bundan
I (x +y)dl =j 271+ \dx= 22" = 4-J2.

AB 0

OB kesmada: x=0, 0<y£2 va dl=dy. U holda

ix+y)dl= j(x +y)dl=]ydy=— -2.
Demak,
jl(x+y)d|:2+4n/2+2=4(1+n/2). (@]

2.3.3. Oxyz fazoda boshi A nugtada va oxiri B nugtada bo‘lgan A
silliq yoki bo'lakli-sillig yo‘nalgan egri chizig berilgan va bu chizigning har
bir M(x\y\z) nuqtasida

a(M)=P(M)i+Q(M)j +R(M)k
vektor funksiya aniglangan va uzluksiz bo‘lsin.

AB egri chizigni ixtiyoriy ravishda A dan B ga garab yo‘nalishda
A=A0Al..A,_lLA:,. . Ai=B nugtalar bilanuzunliklari Al, gateng bo‘lgan n ta
AiHjAj (i—1,n) yoylarga bo‘lamiz. Har bira~A, yoyda ixtiyoriy M(x.;_y,;z,)
nugtani tanlaymiz, 5(M)vektor  funksiyaning bu nugtadagi qiymati
a(x,,¥,z,)n\ hisoblaymiz va

/=Z((P(x,,y"z,)AX, +2(X,,Y,,Z2 )Ay + R(xl,yl,z1)Azl)) (3.7)

integral yig‘indini tuzamiz, bu yerda Ax, =x, -x M, Ay, =y,
Az, ~z,~z, x- A.Ai  yoyning koordinata o‘glaridagi proeksiyalari.

31 Agar (3.7) integral yig‘indining mexZyY  Odagi chekli limiti AB egri
chizigni bo‘laklarga bo‘lish usuliga va bu bo‘laklarda M (x,;y,;z,)nugtani
tanlash usuliga bog‘lig bo‘lmagan holda mavjud bo’lsa, bu limitga a(M)
vektor funksiyaning ikkinchi tur egri chizigli integrali deyiladi va

JP(X,y,z)dx + Q(X,y,z)dy + R(X,y,z)dz

bilan belgilanadi.
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Demak,
JP(X,y,z)dx + Q(X,y,z)dy + R(X,y, z)dz =

= +B(X,,Y N )Nyl+ N | > (>Zi)AzZi)j, (3.8)

buyerda \P(x,y,z)dx, jQ(x,y,z)dy, \R(x,y,z)dz~mos ravishda P(x,y,z),

Q(x,y,z), R(x,y,z) funksiyaning x, y,z o‘zgaruvchi bo‘yicha egri chizigli
integrali deb ataladi.

a=PIl+Qj+Rk vektor funksiyaning egri chizigli integralini vektor
ko‘rinishda Jad? kabi yoziladi.

L(AB) yopiq kontur bo'yicha olingan egri chizigli integral aylanib
o‘tish yo‘nalishi ko‘rsatilgan holda
IP(x,y,2)dx + Q(X,y,z)dy + R(X,y, z)dz

kabi belgilanadi. Bunda L yopiq kontumi aylanib o‘tish soat strelkasi
yo‘nalishiga teskari bo‘lsa integrallash yo‘nalishi musbat hisoblanadi, aks
holda manfiy hisoblanadi.

2-teorema (funksiya integrallanuvchi bo ‘lishiningzaruriy sharti). Agar
a(M) vektor funksiya AB sillig egri chiziq bo‘ylab uzluksiz bo‘lsa, u holda
u shu egri chizigda integrallanuvchi boiadi.

AB egri chiziq Oxy tekislikda yotsa ikkinchi tur egri chizigli integral

\P(x,y)dx+ Q{x,y)dy

bo‘ladi.

2.3.4. AB egri chiziq fazoda parametrik tenglamalar bilan berilgar
ya'ni

AB={(x,v,2)€ 3x=x(t), y=y(f), z=z(t), te [a; 4]}

va \a\i\ kesmada silliq yoki bo‘lakli silliq bo‘lsin. Bunda t parametr
boshlang‘ich A nuqgtaga mos a =tA giymatdaii oxirgi B nuqtaga mos p -tB
giymatgacha o'zgarsin. U holda ikkinchi tur egri chizigli integral

IP(X,y,z)dx + Q(x,y,z)dy + R(x,y,z)dz =

= 1(p{x(1).y (),2())x" (1) + Q{x{t),y (1), z())y'{t) + R{x(1),y(1).z(1)z"(1)) dt  (3.9)

tenglik bilan topiladi.
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Tekislikdagi AB={(x,y) e R1x =x(t), y =y(t), te [or;/7]} egri chizig uchun
{P(*.y)<&+Q(x,y)dy = g(>(X(0,-y(r)>’(0 +Q{x().y(m)y'(y) dt.  (3.10)

Yassi egri chizig tenglamasi qutb koordinatalarida berilgan, ya’ni
AB={(r<p) \r =r(<p), 9 <cp<(pr) va r'(ip) hosila AB egri chizigda uzluksiz

bo‘lsa
{P(x,y)dx +Q(x,y)dy =
- éf(Q(rcos<p,rsincp)rc 0 s - P(rcos(P,rsin<p)rsin(p) dip (3.11)

boiadi.
Agar yassi egri chiziqg [a\b] kesmada hosilasi bilan birgalikda uzluksiz
y =y(x) funksiyabilan berilgan, ya’ni AB ={(*;y) e R1: y =y(x), xe[a;b]} bo‘lsa

\P(x,y)dx + Q(x,y)dy= \(p(X,y(x))+Q{x,y(x])y (x]) dx (3.12)
bo‘ladi.

2-misol. Ikkinchi tur egri chizigli integrailami hisoblang:
1) \ydx-xdy, buyerda AB: x=2(t-sint), y=2(1-cos;), 0<t< 2n

sikloidaning bir arkasi;
2) f(x-y)dx+(x+y)dy, buyerda AB: r =afcasep limniskataning o‘ng
yaprog'i;
3) fxdx +xyady, bu yerda AB:y =x2+1 parabolaning A(L2) dan B{2;5)
As
nuqgtalar orasidagi bo‘lagi.
4) \(z-y)dx +{x-z)dy +(y - x)dz, bu yerda AB: * =2cost, y =2sint, z=3t,

0</<2n vint chizig‘ining birinchi o‘rami.
® 1) dx=2(1- cosf), dy=2sint ni hisobga olib, topamiz:
{ydx-xdy- I{t('4(l-cos/)2-4(/-sinr)sin/'j£#=zi{(2- 2cosr-fsinrcft =
=42/ - XinV)|a - 4™-/cos/r + {costdtj = 16K+ 8 51 - 4sin/ja™= 24t

2) Chiziq tenglamasi qutb koordinatalarida berilgan. Limniskataning

o‘ngyaprog‘i uchun -
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X =rcos<p, y =rsincp, dx =~ri'm<pd(p, dy = rcos<pdip ni hisobga olib,
topamiz:
i(X-y)dx +(x +y)dy =
K
= }((rcos - rsintp) m(~rsin<g) + (rcos(p+r sing?) m coSp)d<p =

\r2d<p=a2} c052<pd(p=]—a2 j(l +cos2p)d<p= \—aé\<p+ —sin2~’ :1—32()K+ 2).
£ X 2t 2 v 2 J x 4

3) Ixydx+ xyAy = j(x2Ax2+ \) + x{x2+ 1)2-2x)dx =
AB ]

520

=\ + X2+ 2x2(jch+ 2x2+ \))dx =] (2x6+ 5n4+ 3x2)dx :{/7—x1+x5+x r
i i

4) A\B(z—y)dx +{x-z)dy +{y-x)dz =
= %((31— 2sint)- (-2 sin/)+ (2cost-3t)-2 cost+ 2(sint - cost) w)dt =
= %Or(4 - 6(/(sin/+ cost) + (sini - cost)))dt =
:I:1)4dt - 6% (t(sint + cost) + (sint- cost))dt ~

=4k - GJO 62(/(sin/- cos/))=8"Y- 6(/(sin? - cos?))™ =20n. ®

Oxyz fazoda boshi A nuqgtada va oxiri B nuqtada boigan AB
yo‘nalgan sillig yoki bo‘lakli-silliq egri chiziq berilgan boisin, AB egri
chizigga M{x\y\z)nugtada o‘tkazilgan urinmaning koordinata o‘qglari bilan
tashkil gilgan burchaklari a =a(x,y,z), 33=/3(x,y,z),y =y(x,y,z) bo‘lsin.

Bunda birinchi va ikkinchi tur egri chiziqgli integral
Y.z)dx + Q(x,y, z)dy + R(x,y,z)dz =

=\{P{x,y, z)cosa + Q(x,y, z) cos/3 + R(x,y, z) cosy)dl (3.13)
bogianishga ega bo‘ladi.
Xususan, AB tekislikdagi yassi egri chizig uchun

jP(x,y)dx + Q(x,y)dy = f(P(x,y)cosa + Q(x,y)cosfi)dl. (3-14)
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®E> DcR1 soha berilgan bo‘lib, uning chegarasi L bo‘lakli-silliq
chiZiqgdan iborat bo'lsin.

3-teorema Agar P(x,y) va Q(xy) funksiyalar D sohada o‘zlarining
xususiy hosilalari bilan birgalikda uzluksiz bo‘lsa, u holda

jP(x,y)dx + Q(x,y)dy (3.15)

boMadi.
Bu tenglikka Grinformulasi deyiladi. Bu formula ikkinchi tur egri
chiziq bilan ikki karrali integral orasidagi bog‘lanishni beradi

3-misol. Integralni Grin formulasi bilan hisoblang:
f(2+X- y)dx +(3x +y +1)dy, bu yerda AB: x1+y2=ax aylana.
AB
® P(x,y)=2+x-y, Q(xy)=3x+y+1 funksiyalar vaulaming

* =-1, — =3 xususiy hosilalari x2+y2=ax aylana bilan chegaralangan
ly OX
doirada uzluksiz. U holda Grin formulasiga ko‘ra

J(2+x- y)dx+(3x+y+1)dy = J3- (-\))dxdy —4JJdxdy - 45,

buyerda S - doiraning yuzasi.
Aylana tenglamasidan topamiz:

x2+y2- ax=0yoki » ~j +y2= .Bundan S =
Demak,
PR+x-y)dx +(3x+y +\)dy=m2 O

4-teorema. P(x,y)va Q(x,y) funksiyalar bir bog‘lamli £>sohada Grin

teoremasining shartlarini bajarsin. U holda quyidagi to'rtta tasdiq ekvivalent
bo‘ladi:
1. D sohadagi istalgan L yopiq kontur uchun jPdx + Qdy=0 boiadi.

2. Ixtiyoriy A,BeD nugtalami tutashtiruvchi AB yoy uchun jPdx + Qdy
AB

integralning giymati integrallash yoiiga bog‘lig bo‘Imaydi. Bunda eng qulay
integrallash yoii sifatida A va B nugtalami tutashtiruvchi hamda gismlari
Ox va Oy o‘glariga parallel siniqg chiziq olinishi mumkin.

3. D sohada bo'ladi.
dy dx
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4, P(x,y)dx + Q(x,y)dy ifoda to‘liq defferensial bo‘ladi, ya'ni shunc
u(x,y) e D funksiya topiladiki du=Pdx +Qdy tenglik bajariladi. Bunda u(x,y)
funksiya

v(x,y) = ]é)(x,y)dx +jg(x0,y)dy+C yoki u{x,y) = \P(xay)dx+\Q(x,y)dy +C
X Y

ifodalaming biridan topiladi, bu yerda M0O(x0;y0), M (x;y)~ D sohada
yotuvchi nugtalar, C -0 ‘zgarmas son.

4-misol. 1 = \(x+3y)dx + (y + 3x)dy integralni A(0;Q)nuqtadan £(1;1)
nugtagacha hisoblang: 1) y=x to‘g‘ri chizig kesmasi bo'yicha;
2)y =x2parabola yoyi bo‘yicha;  3) y1- x parabola yoyi bo‘yicha.

<+ P(xy)=x+3y, Q(xy)=y+3x uchun — =3 va — =3, ya'ni

dy dx

Demak, berilgan integral integrallash yo‘liga bog‘liq bo‘Imaydi

va integrallashning boshlang‘ich va oxirgi nuqgtalari bilan aniglanadi.
Integralni uchta chizig bo‘yicha hisoblaymiz:
1) to*g'ri chiziq tenglama5| y=x va dy=dx. U holda

l- \(x +3x)dx + (X + 3x)dx - AxIN =4
2) parabola yoyi y =x2va dy = 2xdx. Bundan

I=B(x+3x2)dx+(x2+3x)2xdx=%x+Scx2+2x ,)dx= (—+3x +—2% =4,

3) parabola yoyi * =y2va dx=2ydy. U holda
I =j(y2+3y)2ydy+(y + 3y2dy = \(y +9y2+2y,)cK=(¥- +3yr+ /; ) =4. O
o o Vv 2 )

5-misol. du=(4x2y8- 3y2+8)dx + (3x4/2- 6xy-1)dy to‘liq differensialga
ko‘ra funksiyani toping.
® P-4c¥ ~3y2+8, Q=3x*y2- 6xy- 1 Bundan

— =\2x,yl -6y =
dy Y y dx

Boshlang'ich (x,;y,,) nugta sifatida 0 (0;0) nugtani olamiz .
U holda

n=j8dx+ "j(3x,yl- 6xy-1)dy +C yoki u=8x+xty>-3xy:-y +C. O
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2.3.7. Egri chizigning uzunligi. Tekis yoki fazoviy AB egri chizignin

u/unligi

I=\dlI (3.16)
formula bilan topiladi (birinchi tur egri chizigli integrating geometrik
ma’nosi).

Silindrik sirtning yuzasi. Yo‘naltiruvchisi Oxy tekislikda yotuvchi AB
egri chizigdan, yasovchilari Oz o‘qga parallel boigan to‘g‘ri chiziglardan
iborat va z=f{x,y) funksiya bilan berilgan silindrik sirtning S yuzasi

S=jf(x,y)dl (3.17)
integral bilan topiladi.

Yassi egri chizigningyuzasi. Oxy tekislikda yotuvchi va L yopiq kontur
bilan chegaralangan yassi figuraning yuzasi

S =—""xdy-yd 3.18
5 Xdy-ydx (3.18)

bo‘ladi (ikkinchi tur egri chizigli integralning geometrik ma’nosi).
Egri chizigning massasi. AB material egri chizigning massasi
/= \y{M)dI (3.19)
JB

formula bilan topiladi (birinchi tur egri chizigli integralning mexanik
ma’nosi), bu yerda y(M)-egri chizigning M nuqgtadagi zichligi.

Statik momentlar, og'irlik markazi. AB egri chizigning Ox, Oyo'qglarga
nisbatan statik momentlari va og'irlik markazining koordinatalari

S, = jy/(M)dl, Sy= [xy(M)dl, xc=", x-— (3-20)
M M m m
formulalar bilan topiladi.

Ihersiya momentlari. AB material egri chizigning Ox, Oy o‘glarga va
koordinata boshiga nisbatan inersiya momentlari mos ravishda quyidagilarga
teng:

LL=1/rW dl, ly=[x2(M)dl, A= j(x2+y2v(M)dl. (3.21)

O zgaruvchan kuchning bajargan ishi. F =Pi+Qj+Rk kuchning AB
egri chiziq bo‘ylab bajargan ishi

A= \Fdr (3.22)

AS

kabi aniglanadi (ikkinchi tur egri chizigli integralning mexanik ma’nosi).
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6-misol. n=acos"t, y=asin3l astroida bilan chegaralangan figura
yuzasini hisoblang.
<S> Yuzani S = -2$1xdy- ydx formula bilan hisoblaymiz.

Masala shartidan topamiz:
dy = 3asin2lcostdt, dx- -3acos2isintdt, §<t<2n.
Bundan
1§ l%( . . .
S =-2 ixdy-ydx =.2—0(acos3/-3asm2/cos?-a sin3/-(-3a cos2tsint))dt =

=§3—1j|rsin21cosll(c052/+ sin2t)dt =

?;a_%?ém /cos tdt—-:-g'fa-gj"éln 22td’t--:§-a-2-31k(1 cos4t)dt =
'-3-§-1!t—15m4/ 3m2
61 4

7-misol.  x2+y2=R2(jc>0,y>0) silindrning yuqoridan xy=2Rz sirt
bilan kesilgan gismining yon sirtini toping.

® lzlanayotgan sirt yuzasi r=" funksiyadan aylananing birinchi
chorakdagi gismi bo‘yicha olingan birinchi tur egri chizigli integral bilan
hisoblanadi: S= Ifqu‘//, bu yerda AB: x = Rcost, Fstint, 0</<?

U holda
5= Mdi= iF-‘-C-E’-SBi'ﬂEJ rcost)t +(rsinf)adt =
- 1K I K
R \iinfeostet ~ R2.5102r o
2t 2 2 4
8-misol. Agar vint chizig‘ining zichligi y=— "—-- boisa, uning

X +y +2
birinchi o‘rami massasini toping.
<S> Vint chizig‘ining birinchi o‘rami x=acos/, y=asin/, z=bt,

0 <ip<2jiparametrik tenglamalar bilan aniglanadi.
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U holda
r N _y”~(-asinf)2+(acost) +bl
Lxl +y2+zl 0 a2cosll+ a2sin2l+b22

_ 2n/a2+h?2 ~Ja2+b2y d(bt)
J.2 .22 o~ , I
N
__]]!_a_z_i—_g______larcfg J— !]E_ip__ arctg .grl.tz O
b a a ab a

9-misol. F =x2 kuchning material nuqtani y2=1- x parabola bo‘yiab
A(L0) nugtadan 5(0;1) nugtaga ko‘chirishda bajargan ishini toping.

® Parabola tenglamasidan topamiz: x=[->>2.
U holda

A= \Fdr = \x2dy=\"-yldy =\{i-2y2+yi)dy=~. O
B 0 0

ns

Mashqglar

2.3.1. Birinchi tur egri chizigli integrallami hisoblang:

1) J(c+y)dl, buyerda AB: A(00) va S(4;3) nuqgtalami tutashtiruvchi
to‘g‘ri chiziq kesmasi;
2) J------dl—t, buyerda AS: ['0,0) va £(2;2) nugtalarni tutashtiruvchi

Av8— —Y
to*g‘ri chiziq kesmasi;
3) fyd/, bu yerda AB: y2=2 ~ x parabolaning x2=2j3~y parabola bilan
kesilgan boiagi;
4) j-Ix1+y2dl, buyerda AB: x2+y2=4x aylanayoyi;
5) fxydl, buyerda AB: 3x +4y =12 to‘g‘ri chizigning koordinata o‘qglari

orasidagi kesmasi;
6) jxy(x +y)dl, buyerda AB: x2+y2=R2aylananing yuqori yoyi;
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7) Jyrdl, buyerda AB: x=a(/~sin/), y=a(l ~cos/) sikloidaningbir arkasi;
8) j\jx2+y2dl, buyerda AB: r =a(l +cos<p kardioida yoyi;

9) \{xr +yl+z~dl, buyerda AB: x=cos/, >=sinV/, 2=/ (0</<2x)
vint chizig‘ining birinchi oaami.
"2 B

n 3 J

10) /313-1-3—;;/-1_-_2’ AB: X:_{/ZZ’ y :—3, z =t chizigning 0(0;0;0) va B

nugtalar orasidagi yoyi.
2.3.2. Ikkinchi tur egri chizigli integrailami hisoblang:

1) jyadx~xydy, buyerda AB: A(\;l)va5(3;4)nuqtalami tutashtiruvchi
to‘gfii chizig kesmasi;

2) jy dx-x2dy, buyerda AB: y=x2 parabolaning A(0;0) va B(2;4)
nuq{\aalar orasidagi yoyi;

3) J—dx+xdy, buyerda AB: y=Ilax egri chizigning A(30) va B(e;J)
nuqtaablxar orasidagi yoyi;

4) AJB(je' +2x)dx +e*dy, buyerda AB: y=xe‘ egri chizigning >X0;0) va

B(l;e) nuqtalar orasidagi yoyi;
5) \y2dx +x 2y, buyerda AB: xby ;Z:I ellipsning A(0;b) va B(a;0)
e a

nuqtalar orasidagi yoyi;
6) ?xdy-ydx buyerda a) L: x2+y2=R1laylana yoyi; b) L: y=x2x =y2

parabolalar orasidagi egri chiziq yoyi; ¢) L: x=4cos3/, y =4sin3/ astroida
yoyi; d) L: x=4cos/, y=3sin/ ellips yoyi.
D\xdx +ydy +(x-y +\)dz, buyerda AB: AN\\) va 7J(2;3;4) nuqgtalami

tutashtiruvchi to*g‘ri chiziqg;
8) \2xydx+yldy +z2Az, buyerda AB: jc=cos/ y=sin/, z=2/vint

chizig'ining ,4(1;0;,0) va 5(1;0;4;r) nuqgtalar orasidagi yoyi.
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2.3.3. Integrallami aylanishrving musbat yo‘nalishda Grin formulasi
bilan hisoblang:

1) fge+y fdx- {x2+y2dy buyerda L: uchlari 0(0;0), .4(1.0) va B(G1)
nuqtalardan iborat uchburchak konturi;

2) J(L- x2ydx+x(I+y2dy buyerda L: x2+y2=R2aylanayoyi.'

2.3.4. Differensial tenglamaga ko‘ra boshlang'ich funksiyani toping:

\)du = (x + siny)dx + (xcosy + siny)dy\ 2)du =(y +e* smy)dx + (x+e‘ cosy)dy.
z :%, 0 <t<3 egri chizigning uzunligini toping.

% egri chizigning koordinata o*qlari orasidagi
bo‘lagi uzunligini toping.

2.3.7. Zichligi y=23s[r gateng boMgan r =2(1 + cos ) kardioidaning
massasini toping.

2.3.8. Birjinsli sikloida yarim arkasining massasini toping.

2.3.9. z=-12x—4x2, y1=2x sirtlar va Oxy tekislik orasidajoylashgan
silindrik sirtning yuzasini toping.
2
2.3.10. r=2-n/y, x=-~{y-V f sirtlar va Oxy tekislik orasida

joylashgan silindrik sirtning yuzasini toping.
2.3.11. X—2+);2 =1 ellips bilan chegaralangan yassi shakl yuzasini toping.
a
2.3.12. x=a(2cost - cos2t), y =a(2sint-sin2t) kardioida bilan
chegaralangan yassi shakl yuzasini toping.

2.3.13. F =-yl +x] +zk kuchning material nugtani vint chizig‘ining bir
o‘rami bo‘ylab ko‘chirishda bajargan ishini toping.

2.3.14. F=xyi +2y2) - xXk kuchning material nugtani x2+y2=R2
aylananing birinchi chorakdagi yoyi bo‘ylab ko'chirishda bajargan ishini
toping.
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2.4. SIRT INTEGRALLARI

Birinchi tur sirt integrali. Birinchi tur sirt integralini hisoblash.
Ikkinhi tur sirt integrali. Ikkinchi tur sirt integralini hisoblash.
Sirt integrallarining tatbiglari

2.4.1. Bo'lakli sillig kontur bilan chegaralangan ikki tomonli sillig (yol
bo‘lakli sillig) a ¢ R*sirtda f(x,y,z) funksiya aniglangan va uzluksiz boism.
a sirtni ixtiyoriy ravishda o'tkazilgan
egri chiziglar to'ri bilan yuzaiari
O<r, 0fr2. ) <7, bo'lgan n ta a, bo‘lakka
bo‘lamiz (12-shakl). Har bir a, sirtda
ixtiyoriy nugtani tanlaymiz,
f(x,y,z) funksiyaning bu nuqtadagi giymati
f(xty,ztyni  hisoblab, uni [k ga
ko*paytiramiz va barcha bunday
ko‘paytmalaming yig‘indisini tuzamiz:
(4.1)

LI Agar (4.1) integral vyig‘indining /
mexd, ->0 (dt- [er, yuzaning diametri ) *
dagi chekli limiti a sirtni boiaklarga
bo'lish usuliga va bu boiaklarda
M (xt\y\zt) nugtani tanlash usuliga bogiiq bo‘lmagan holda mavjud bo'‘lsa,
bu limitga f(x,y,z) funksiyaning birinchi tur sirt integrali (yoki sirt yuzasi
boyicha integrali) deyiladi va \\f{x,y,z)do bilan belgilanadi:

Fr(x.y.2)da =jim £/ (x, A, r QL. (4.2)
T =l

H Agar a sirtning har bir nugtasida urinma tekislik mavjud bo‘lsa va u
sirt nugtalari bo‘ylab uzluksiz o‘zgarsa o sirtgasillig sirt deyiladi.

1-teorema (funksiya integrallanuvchi bo lishining zaruriy sharti). Agar
f(x,y,z) funksiya a sillig sirtga uzluksiz bo‘lsa, u holda u shu sirtda
integrallanuvchi bo‘ladi.

Jet, yuza sirtning har ikki tomonida bir xii giymatga ega bo‘lgani uchun
birinchi tur sirt integrali a sirt tomonining tanlanishiga bog'lig boimaydi.

106



Birinchi tur sirt integrali ikki karrali integral ega bo‘lgan barcha
xossalarga ega.
2.4.2. orsirt z=z(x,y) tenglama bilan

berilgan bo’lib, bu sirtning Oxy tekislikdagi
proyeksiyasi crv bir o‘lchamli boisin, ya’ni
0zo‘qga parallel har ganday to*g‘ri chiziq

sirtni  fagat bitta nuqgtada kesib o‘tsin.
z=z(x,y) funksiya o'zining xususiy hosilalari
bilan birgalikda sohada uzluksiz bo‘lsin.
a sirtning [Oery Oer2,...Oer, boiaklariga av
proyeksiyada A5, 45r)...05r bo‘laklar mos
kelsin. a sirtning Af,(*;.y,;zf) (bu yerda
z(=z(x,,X)) nugtasida sirtga o'tkazilgan

normal n = Y); >»)i—1}
vektor bilan aniglansin(16-shakl).
U holda
fif(x,y,z)da =fjf(x,y,z(x,y))"™ +z2'2(x,y) + 2’2(x,y)dxdy (4.3)

tr Oy
birinchi tur sirt integralini hisoblash formulasi o‘rinli bo'ladi.

1-misol. Birinchi tur sirt integrallarmi hisoblang:
1) J(x- 4y +3z)da, buyerda a : 3x+4y +3z- 6 =0 tekislikning birinchi
a

oktantdagi gismi;

2) lin2+y2)da, buyerdaa : z2=x2ry2konus sirtning z=0 va z =1
<

tekisliklar orasidagi gismi; — ___
3) jfxy Ao, buyerdaa: z=7~9-x2-J2 yarim sfera.
a

<&> 1) Sirt tenglamasidan topamiz:

z=2~x--4y, z:=-i, <=-j

a sirtning Oxy tekislikdagi proeksiyasi 3x+4y=6 to‘g‘ri chiziq va
koordinata o‘glari bilan chegaralangan uchburchakdan iborat (13-shakl).

U holda (4.3) formula bilan topamiz: -

[{(x - 4y +3z)da =jj(6-2 x - 8y)\J}+1+§dXdy:~3\-f61x B(G- 2x - 8y)dy =
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N~ - - i =~~1 - * = - ~~
; JOJ ((6- 2x)y - 4y2jod dx 0 .66x 3x<* = (3x2- x3)|@= it
2) Shartga ko‘ra; z="jx2+y2 Bundan Y
Kty X +y

crisoha x2+/ <1 doiradan iborat.
U holda

Jjj(x2+yI\ h + )—(’A+72+’ Xr)i y ldxdy = 42\\(x1+y 2)dxdy =

w2.\\(x2+ y 2)dxdy = 442\d<p\r3dr = 41\dg> = A2

3) Hosilalarni topamiz: z' = Y
m)9- X -y

Bundan
Wy 2 1+ Y xdy=3) XY Axdy
9-x-y 9-x-y X -y

Sferaning Oxy tekislikdagi proeksiyasi x2+y2<9 doiradan iborat.

Qutb koordinatalariga o‘tib, topamiz:

f, x2 Axdy 3.2 2 .\ rr 9-r2=t2
3 = 3] sm" (pcos
) X -y : P (pd(p)Onlg-r rdr = -tdt

. 1+ cos49?
=-7 k I ~cos22P)d<P\9- | )ldt=-ijffl Y<p\T- ISt1+t,)dt =
40 3 4 ov 2

=30 dniep 817~ 673+- 282¢
412 8

2.4.3. a sillig sirt berilgan bo‘lsin. Sirtning ixtiyoriy M nugtasi orqga
(M) vektor o‘tkazamiz. M nugtadan o‘tuvchi va sirtning chegaralari bilan
umumiy nugtaga ega boimagan yopiq kontur olamiz. M nuqgtani n(M)
vektor bilan birga shu kontur bo‘ylab n vektor <« sirtga doim normal
boiadigan qilib uzluksiz ko‘chiramiz. Bunda M nuqta boshlangich holatiga
normalning berilgan yo‘nalishi bilan gaytsa bu sirtga ikki tomonli sirt
deyiladi. Agar M nuqgta boshlangMch holatiga normalning berilgan
yo‘nalishiga garama-garshi yo‘nalishi bilan gaytsa, bunday sirt bir tomonli
sirt deb ataladi.

108



Agar a sirt yopiq bo‘lsa va V ¢ J13jismni chegaralasa, u holda sirtning
musbat yoki tashgi tomoni deb uning normal vektorlar V jismdan tashqariga
yo‘nalgantomoniga, manfiy yoki ichki tomoni deb esa normal vektorlar
V jismga garab yo'nalgan tomoniga aytiladi.

Sirtning ma’lum tomonini tanlashga sirtni oriyentatsiyalash deyiladi.
Agar sirtning tomoni tanlangan bo‘lsa, u holda sirt oriyentirlangan deyiladi.

Ikki  tomonli  sillig  (yoki bo'lakli  sillig) aczR3  sirtda
«={cosa;cosjS;cosr} yo‘nalish bilan xarakterlanuvchi a* tomon tanlanggm
boMib, bu sirtda R(x,y,z) funksiya aniglangan bo‘Isin.

o-sirtni ixtiyoriy ravishda o‘tkazilgan egri chiziglar to‘ri bilan yuzalari
Acr],A<jl,...,Aan bo'lgan n ta a, bo'lakka bo‘lamiz. Bu bo‘laklaming Oxy
tekislikdagi mos proyeksiyalarining yuzalarini  ASI,AS2..ASn bilan
belgilaymiz. Har bir a. sirtda ixtiyoriy Mix~y”~z,) nugtani tanlaymiz,
R(x,y,z) funksiyaning bu nuqgtadagi giymati R(xnynzl) ni hisoblab, uni AS,
ga ko‘paytiramiz va barcha bunday ko'paytmalarning yig'indisini tuzamiz:

£, R(xiytz)AS (4.4)

88 Agar (4.4) integral yig‘indining maxd. -» 0 (d, - Aa, Yyuzaning
diametri) dagi chekli limiti a sirtning bo‘laklarga bo‘linish usuliga va bu
bo'laklarda Mt(xty 2) nugtani tanlash usuliga bog'liq bo‘lmagan holda
mavjud bo‘lsa, bu limitga R(x,y,z) funksiyaning <7 sirt bo'yicha ikkinchi tur
sirt integrali (yoki a sirtda x va y koordinatalar bo'yicha integrali)
deyiladi va R(x,y,z)dxdybilan belgilanadi:

ffR{x,y,z)dxdy= IUIEiXm0 YAR(xny.,zt)AS,.

P(x,y,z)va Q(x,y,z) funksiyalaming a sirt bo‘yicha ikkinchi tur sirt
integrallari \[P{x,y,z)dydz valJfQ(x,y,z)dxdz ham shu kabi ta’riflanadi.

2-teorema (funksiya integrallanuvchi bo ‘lishining zaruriy sharti). Agar
R(x,y,z) funksiya a sillig sirtga uzluksiz bo‘lsa, u holda u shu sirtda

integrallanuvchi bo‘ladi.
Agar cr sirt bo'yicha har uchchala ikkinchi tur sirt integrallari mavjud
bo‘lsa, u holda
fP(x,y,z)dydz + Q{x,y,z)dxdz + R(x,y,z)dxdy (4.5)

yig‘indiga cr sirt bo 'yicha umumiy ikkinchi tur sirt integrali deyiladi.
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Ikkinchi tur sirt integral! ta’rifidan quyidagi tasdiglar bevosita kelib
chigadi:

1. Agar sirt tomoni almashtirilsa ( sirtning oriyentatsiyasi o‘zgartirilsa)
ikkinchi tur sirt integrali ishorasini o‘zgartiradi.

2. Agar a sirt yasovchilari Oz (Oy, Ox) o‘gga parallel bo‘lgan silindrik

sirt bo‘lsa, “R(x,y,z)dxdy = OQfQ(x,y,z)dxdz =0,JJP(x,y,z)dydz —0J|bo‘|adi.
i 0 a

3. Ikkinchi tur sirt integrali birinchi tur sirt integrali bo‘ysunadigan
boshga xossalarga bo‘ysunadi.

R1 fazoda Fjism berilgan bo‘lib, bu jismni o‘rab turgan <« silliq sirtda
R(x,y,z) funksiya aniglangan bo‘lsin. Oxy tekislikka parallel bo‘lgan tekislik
bilan Fni ikkita gismga ajratamiz: vV =V,Uv2. Bunda uni o‘rab turgan a sirt
<, va a: sirtlarga ajraladi.

Ushbu

\\R(x,y,z)dxdy+ \\R(x,y,z)dxdy (4.6)

Integralga R(x,y,z) funksiyaning yopiq sirt bo‘yicha ikkinchi tur sirt integrali
deyiladi 8R(x,y,z)dxdy bilan belgilanadi. Bunda birinchi integral o, sirtning

ustki tomoni, ikkinchi integral <r sirtning pastki tomoni bo‘yicha olinadi.
2.4.4. Oriyentirlangan a sirt z=z{x,y) tenglama bilan berilgan, ya’ni
0 ={(x,y,z)e Nr:z =z(x,y),(x,y) ea |
boisin, buyerda ax- a sirtning Oxy tekislikdagi proyeksiyasi.
Agar z(xy), z')x.y), z¥(x,y) funksiyalar ax» sohada uzluksiz va
R(x,y,z) funksiya a sirtda uzluksiz bo‘lsa
JIR(xy,z)dxcfy = JjR(x,y,z(x,y))dx(fy (4.7)

< Xy

ikkinchi tur sirt integralini hisoblash formulasini hosil gilinadi.

Agar sirtning oriyentatsiyasi o’zgartirilsa, (4.7) tenglikning o‘ng
tomonidagi integral oldiga manfiy ishora go'yiladi. Bunda sirt normalining
yo‘naltiruvchi kosinuslarida ildiz oldida ma’lum bir ishorani tanlash orqgali
sirt oriyentatsiyalanadi. Masalan, ildiz oldida musbat ishora olinsa cos/> ()
bo’ladi. Bunda sirt normali oz 0’q bilan o‘tkir burchak tashkil giladi va
a sirtning yuqgori tomoni tanlanadi.

Quyidagi integrallash formulalari shu kabi hosil gilinadi:

\\Q{x,y,z)dxdz = \\Q(X,y(x,z)yz)dxdz, (4.8)
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II P(x,y,z)dydz = ||p{x(y z\y,z)dydz, (4.9)

bu yerda a sirt mos ravishda y—y{x,z) va x=x(y,z) tenglama bilan
berilgan, 4a, -a sirtning Oxz va Oyz tekisliklardagi proyeksiyalari.

Agar cr sirt uchala koordinatalar tekisligida proeksiyalanuvchi bo'lsa, u
holda a sirt bo‘yicha umumiy ikkinchi tur sirt integral (4.7) - (4.9) tengliklar
yig‘indisidan iborat bo‘ladi. Murakkabroq hollarda a sirt bir nechta tayin
xossalarga ega bo‘lgan sirtlarga bo’linadi va a sirt bo‘yicha umumiy
integral bu sirtlar bo'yicha integrallar yig’indisiga teng bo'ladi.

Birinchi va ikkinchi tur sirt integrallari

HIP(x,y, 2)dydz + Q(x,y, z)dzdx + R(x,y, z)dxdy =

=\\{P(x,y,z)cosct + Q(x,y, z) cos[) + R(x,y, z) cosy)da (4.10)

bog‘lanishga ega, bu yerda cosar, cosp, cosy- a sirt 9 normal vektorining
yo‘naltiruvchi kosinuslari.

3-teorema. Agar V sohada P(xy,z), Q{x,y,z), R(x,y,z) funksiyalar
o‘zlarining birinchi tartibli xususiy hosilalari bilan birgalikda uzluksiz
bo‘lsa, uholda

frf{f& +?y +d_ledXdde_ BPdydz + Qdxdz+Rdxdy (4-11)

bo‘ladi, bu yerda u -V sohani chegaralovchi yopiq silliq sirt.

(4.11) tenglikka Ostrogradskiy-Gaussformulasi deyiladi.

4-teorema. Agar P(xy,z), Q{x\y,z), R(x,y,z) funksiyalar o‘zlarining
birinchi tartibli xususiy hosilalari bilan birgalikda oriyentirlangan a sirtda
uzluksiz bo‘lsa, u holda

jLP (x,y,2)dx + Q{x,y,z)dy + R(x,y,z)dz =

bo‘ladi, bu yerda 1~a sirtning chegarasi Va L egri chiziq bo‘yicha integral
musbat yo‘nalishda olingan.
Bu tenglikka Stoksformulasi deyiladi.

Agar sSQ=9P> dR=dQt dP=dR shart bajarUsa |Fl7|:c+eo|o +/fak=0
dx dy dy dz dz dx

bo‘ladi. Bunda egri chizigli integral integrallash yo'*liga bog lig bo‘Imaydi.



2-misol. lIkkinchi tur sirt integrallarini hisoblang:
1) jjxzdxdy + xydydz + yzdxdz, bu yerda a: x+y+z-1-0, X=0.y=0,z=0

tekisliklar bilan chegaralangan tetraedming
tashqi sirti;
2) jjxyzdxdy integralni hisoblang, bu
yerda a :x2+y2+z1=4 sferaning yuqori sirti;
3) jijxdydz, bu vyerda a: x=y2+z2
paraboloidning x=2 tekislik bilan kesilgan
tashqi sirti.
® 1) Tetraedrning  sirti  to‘rtta
ABC, AOC, ABO, BOC uchburchakdan

tashkil topadi (14-shakl). Shu sababli har
uchala integralni har bir uchburchakda
hisoblaymiz.

ABC uchburchakda (a, sirtda):

e b 1 ¥
/, =Jjxzdxdy +jj xydydz +Jjyzdxdz =)xdxj (1-jc- y)dy+jydyJ(1- y - z)dz +
b yJ%xyy dy ] b(J y)ybyyo( y-2)
+jzdzj(l-x-z)dx =N jx(I-x)2+ N jy(l-yydy +~z(l-z)2dz="
0o o Zo Zq 20 0

AOC uchburchakda (< sirtda): z=0va arlas <2xerd. Bundan
N= %xzdxdy + jjxydydz + jjyzdxdz =0.
a

ABO uchburchakda (cr3sirtda): ¥=0va &, lcr2 a,la 4. Bundan
/3=jjxzdxdy + jjxydydz + jjyzdxdz =0.

cr3

BOC uchburchakda (cr4 sirtda): x=0va <410-2 a Al a,.Bundan
/4= jjxzdxdy + jjxydydz + jjyzdxdz =0.

aA

Demak,
jjxzdxdy + xydydz + yzdxdz=-+ 0+0+0=-.
¢ 8 8
2) Sferaning Oxy tekislikdagi proyeksiyasi xr+y2<4 doiradan

iborat bo'ladi. Sfera yuqori tomoni z=-M~xr-y- tenglama bilan
anigianadi.
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U holda
1Ux2y 2~J4- x2- y 2dxdy - JV2cos2cpmr 2Sin2g>44 —r 2rdrd(p =

ax

2 2
:4%)0032’\sin2(pdcpg)r SVA- r2dr =(t2=4 - r2 belgilash kiritamiz)=

. 2 | . t5 f
:4Ec032 S|n2(pd<p(\)(4— t2)2tZdt:}sm22mf 16-3— 8?+ 7—1J dip=

:1024J[s'm22x;x1’<p: 5 jl(l - 2coslt(p)d&p =
iuD o 1UD o #
_512¢( sind<z>V _ 256ar
105 4 )0 105
3) Berilgan sirtning Oyz tekislikdagi
ay proyeksiyasi y2+z2<2 doiradan

iborat bo‘ladi (15-shakl).
U holda
JIxdydz = ([(y2+ z2)dydz = \\r2drdg>=

\2 X
= J-  dg>= 8d<p-2n. @)

0 0

3-misol. JJz cosydo integralni
a

hisoblang, bu yerda a\ x2+y2+z2=1 sferaning yuqori sirti.
® Integralni (4.10) formula bilan hisoblaymiz:
jjzcosydcr =fjzdxdy =jfJl-x 2-y 2dxdy =

=\dg>\"Ml-rzrdr =--[(\ -r2)- d(p~\\d<p=~ . O
N 2 A

4-misol. $ xdydz + ydzdx + zdxdy integralni hisoblang, bu yerda a : x =0,

y-0, z=0, x=1 >=1 z=I tekisliklar bilan chegaralangan kubning tashqi

tomoni.
® Integralni Ostrogradskiy-Gauss formulasi bilan hislobllayr?iz:

~xdydz + ydzdx + zdxdy = Jg/J(l + 1+ Yjdxdydz = Sjdedydz = SBd x&)d vbdz =3. O
a
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5-misol. txly'dx +dy + zdz integralni hisoblang, bu yerda

L: x1+y1=0, z=0 sirtlar bilan chegaralangan aylana.
® Integralni Stoks formulasi bilan hisoblaymiz:

I =8x2,dx +dy + zdz =JJ(0 - 3x% 2)dxdy + (0- 0)dydz + (0- O)dxdz =- 3\\y ldxdy,

buyerda a: z=+-Jr2- x2- y2 yarim sfera sirti.

U holda
/ =-B\\xry 2xdy = -3 N\xly 2xdy = - 3jJr 5sin2<»cos2<pdro<p=

2x1

:-Sl%sinz 0S2 -F;‘ <d - R6J—sin22 =
5 (pc mdmor r=—R6lz <pdp

P6 12» 1
=— N\ costp)dp= e

2.4.5. Sirtyuzasi. z=2z(x,y) tenglama bilan berilgan sirt yuzasi
5 =j("~cryoki (4.13)

formula bilan topiladi(birinchi tur sirt mtegralining geometrik Ta 'nosi).
Sirt massasi. a sirtning massasi
m = ffr(x,y,z)dcr (4.14)

formula bilan topiladi, bu yerda y -a sirtning sirtiy zichligi( birinchi tur sirt
integralining mexanik Ta 'nosi).

Sirtning statistik momentlari, og‘irlik markazi. AB material egri
chizigning Ox, Oyo‘glarga nisbatan statistik momentlari va og‘irlik

markazinmg koordinatalari
Sv =\\zy(x,y,z)da, ‘S, =\\xy(x,y,z)da. Sa =[[yy(x,y,z)dcr, (4.15)

(4.16)
m m m

formulalar bilan topiladi.

Inersiya momentlari. AB material egri chizigning Ox, Oy o‘glarga va
koordinata boshiga nisbatan inersiya momentlari mos ravishda quyidagilarga
teng:

[<=AY* +zDr(x,y,2)da, ly=\\(x2+z2)y(x,y,z)da,

/-=XKY2+x2)y(x,y,z)da, [0=jf(x2+y2+z2)y(x,y,z)da., (4.17)
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Jismning hajmi. Quyidan tenglamasi z=z(x,y) bo‘lgan cr, silliq sirt
bilan, yugoridan tenglamasi z=2z(x,y) bo‘lgan a, sillig sirt bilan yon

tomondan yasovchilari oz o‘gga parallel bo'lgan a, silindrik

chegaralangan jismning hajmi
V= xdydz +ydxdz + zdxdy

integral bilan hisoblanadi, bu yerda ar=a, +cr2+cr,.
6-misol. z =xtekislikning x +y =1, x =0,
y=0  tekisliklar  bilan  chegaralangan
gismining yuzasini toping (16-shakl).
® z~xdan z' =1 z' =0. Sirt yuzasini
(4.13) formula bilan topamiz:

S =ffdcr = JJ/N + 2'2+ z'2dxdy = ~j2\dx jdy-

=-JU(@1- x)dx IV x- — -~ 5 ¢

7-misol. Bir jinsli z-x2y2 (0<z<lI)
parabolik gobigning massasini va ogMrlik
markazining koordimtalarini toping.

sirt bilan

(4.18)

® Birjinsli qobig uchun (4.14) formula m=jjd<r ko‘rinishni oladi.
0

U holda

m=\\ +z'2+ z'2dxdy = JJjl + 4(x2+ y 2)dxdy,

buyerda \x2+yr<Jldoira.
Bundan

m= j"dq>\~JI+4r2rdr:€(1+ 4r2): =£[§5"5-1).

Simmetriyaga ko‘ra ~ =yc=0.

ze=—Hzdcr = Wt}d(po\rl A\ + ~r2dr = (/2= 1+ 4r2belgilash kiritamiz)=
a

m

m8 | 2(5v5 )
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Mashqlar

2.4.1. Birinchi tur sirt integrallarmi hisoblang:
1)Ji(6jc +4y + 3z)da,bu yerda a: x+2y+3z-6 =0 tekislikning birinchi

oktantdagi gismi;
2)f(xy2zda,bu yerda a:x +y + z - 1=0tekislikning birinchi oktantdagi gismi;
a

3) JjV*2+yildo, buyerda a: z2=42+y1 konus sirtning z=0va z=1
a

tekisliklar orasidagi gismi;
4) 4x2+4y2da, bu yerda a: z=1-x2-y2 paraboloidning z=0

tekislik bilan kesilgan gismi;
5) {%\/4 -x2- y2da, buyerda a: z=%}4- x2- y2 yarim sfera;

6)Ji(x+j +2z)da, bu yerda a :x2+y2+z1="sferaning birinchi oktantdagi
gismi.
2.4.2. Ikkinchi tur sirt integrallarmi hisoblang:
1 I(J]'rxdydz +ydzdx +zdxdy, bu yerda a: x=0, y=0, z=0, x=1I, y=1 z=1

tekisliklar bilan chegaralangan kubning tashqgi tomoni;
2) fjxdydz + ydzdx + zdxdy, bu yerda a: x+y +z- 1tekislikning koordinata
<

tekisliklari bilan chegaralangan gismining tashqgi tomoni;
3)JIxyzdxdy, bu yerda a :x2+y2+z1=9 (z > 0)yarim sferaning tashqgi tomoni;

4) JJ—Z bu yerda a : x2+y2+ z2=a2 sferaning tashqgi tomoni;
(0]

5)JJzdxdy + xdydz, bu yerda<r:x1+yl+z2=1sfera pastki gismining tashqi
a

tomoni;
6) \\alydz, buyerdaa: z :Rﬂ (x2+/), x=0, y=0, z=H paraboloid sirti
gismining tashqi tomoni.
2.4.3. Integrallarmi Ostrogradskiy-Gauss formulasi bilan hisoblang:

1) H{xcosa + ycosfl + zcosy)da, buyerda a : ﬁ + -;’r2+'v - 1 ellipsoid sirti;
» a C
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2) Lixdydz +ydzdx + zdxdy, bu yerda cr: x2+y2=R2, -h<z<h silindr sirti;

o

3)iJix1dydz+yzdzdx+ z2ZIxdy.bu yerda cr:x—1 H_v_2_tz)_1:0 (()<z<b)konus sirti;
a a

4) §x Aydz + fdzdx +z3xdy, bu yerda a: x2+y2+z2=R2 sferaning tashqi
tomoni.
2.4.4. Integrallarini Stoks formulasi bilan hisoblang:
1) 8xdx +dy +zdz, buyerda L: x2+yl=R2 z=0 aylana;
2) ‘E/on*dx+dy-zdz, buyerda L: x2+y*=4, z=0 aylana.
2.4.5. Berilgan tekisliklaming birinchi oktantda yotgan gismining
yuzasini toping:1) 6x +3y +2z=12; 2)10x +5y +4z =20.
2.4.6. 4z=x2+ylparaboloidning y1=z silindr va z=3 tekislik bilan
kesilgan gismining yuzasini toping.
2.4.7. Sirtiy zichligi y:Egateng bo‘lgan z="R2~x2-y 2yarim

sferaning massasini toping.
2.4.8. Sirtiy zichligi y=jx 2+y2 gateng bo‘lgan x2+y2+z2=R1shar
gobig‘ining massasini toping.

2.4.9. z2=x2+y1(0< z<h)konus yon sirtining Oz ogga nisbatan inersiya
momentini toping.

2.5. MAYDONLAR NAZARIYASI ELEMENTLARI

Yo*nalish bo'yicha hosila. Skalyar maydon gradiyenti.
Vektor maydon ogimi. Vektor maydon divergensiyasi.
Vektor maydon sirkulatsiyasi. Vektor maydon uyurmasi

19 2.5.1. Fazoning har bir M nuqtasida n skalyar kattalikning son
giymati aniglangan gismiga (yoki butun fazoga) skalyar maydon deyiladi.

Agar u kattalik t vagtga bog‘lig bo‘Imasa, bu kattalik bilan aniglangan
maydonga statsionar maydon, aks holda nostatsionar maydon deyiladi.
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Stasionar maydonda w» Kattalik fagat M nugtaning fazodagi o‘miga
bog'lig bo‘ladi va n=u(M) kabi belgilanadi. Bunda u=u(M) funksiyaga
mccydonfunksiyasi deyiladi. R* fazoning Oxyz koordinatalar sistemasida
n=u(x,y,z) bo‘ladi.

Skalyar maydonning geometrik tasviri sath sirtlari hisoblanadi.
Fazoning n=u(x,y,z) maydon funksiyasi 0‘zgarmas C giymatga teng
bo‘ladigan barcha nugtalari to‘plamiga skalyar maydonning sath sirti
deyiladi. Sathsirti u(x,y,z) - C tenglama bilan aniglanadi.

IS Tekislikning har bir v nuqgtasida z skalyar kattalik aniglangan
gismiga (yoki butun tekislikka) yassi skalyar maydon deyiladi. Yassi skalyar
maydon funksiyasi z=f(x,y) ko‘rinishida bo'ladi. Yassi skalyar
maydonning geometrik tasviri sath chizig‘i hisoblanadi. Sath chizig'i
f(x,y) =C tenglama bilan aniglanadi.

Skalyar maydonning u=u(x,y,z) differensiyal lanuvchi funksiyasi
berilgan bo‘lsin. M(x;y;z) bu maydonning biror nuqtasi, /7 shu nugtadan
7° =cosa f +cos/S-y +cos-Abirlik  vektor yo‘nalishida chiquvchi  nur
bo‘lsin, bu yerda a,p,y-Inuming Ox, Oy, Oz o‘glar bilan tashkil gilgan
burchaklari.

Au=u(x +[x,y +Ay,z +Az) - u(x,y,z)
ayirmaga bu funksiyaning 1yo ‘nalish bo yicha orttirmasi deyiladi.
i) n=u(x,y,z) funksiyaning M(x;y;z) nuqgtadagi Iyo nalish bo yicha

hosilasi deb
__”%_

limitga aytiladi,bu yerda Al- M. va M nuqtalar orasidagi masofa.
/ yo'nalish bo‘yicha hosila n funksiyaning shu yo‘nalish bo'yicha

0‘zgarishini xarakterlaydi. Bunda nlng ishorasi n funksiyaning o*sishi

yoki kamayishini belgilasa, J~j bu ozgarlshnlng tezligini belgilaydi.

Agar u=u(x,y,z) funksiya M(x;y;z) nugtada differensiyallanuvchi

bo‘lsa, u holda uning bu nugtadagi 1 yo‘nalish bo'yicha hosilasi
gy 4 Digogn &
d Csa +dyc S +dzcosy E%.T)

tenglik bilan aniglanadi, bu yerda cosa, cos/?, cosy-1 vektoming
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yo‘na]tiruvchi kosinuslari.
Agar 1 yo‘nalish koordinatalar o'gining yo‘nalishlaridan biri bilan bir
xil bo'lsa n funksiyaning bu yo‘nalish bo‘yicha hosilasi tegishli xususiy

hosilaga teng bo‘ladi. Masalan, 1=7da i

n funksiyaning 1 yo'nalishga teskari yo*nalish bo‘yicha hosilasi uniag
I yo'nalish bo'yicha hosilasiga teskari ishora bilan teng bo‘ladi.
Yassi z maydonda
@ :izcosa +izs'rna
dl  dx dy
bo'ladi.
M,nugta M nuqtaga biror egri chiziq bo‘ylab intilayotgan boisin. Agar
bunda bu egri chizigga M nugtada o‘tkazilgan urinmaning yo‘nalishi |
yo‘nalish bilan bir xil bo‘lsa, u holda (5.1) formula o‘z kuchini saglaydi.

1-misol.  n=2x*yz+x2+y3+z3 funksiyaning MO0(1-1;2) nugtada
a={2;-;0} vektor yo‘nalishdagi hosilasini toping.
® un=Ixyz +x1+Y +z3funksiyaning xususiy hosilalarini topamiz:

Fx: xyz+2x g—y—ZX +’wr @—2xy+3z .
Bundan
du . .
=0, ., =7, -ri =10
dx dy
a- {2-,0} vektorning yo‘naltiruvchi kosinuslarini topamiz:
COS« =— = —&> c0S/?=— :—\— osy =~ =0.
\a\ V22+( I)2+0 S S\ lal
Xususiy hosilalar va yo'naltiruvchi kosmuslamlng giymatlarini
(5.1) formulaga go‘yamiz:

dii , =-10- -n=+7m(—7=1+10+0=
S ANV Y5 5
2-misol. n—x1-3xy2+yz funksiyaning M,(I;2;-1) nugtada, shunugtadan
M2(3;4;-2) nuqgtaga tomon yo‘nalishdagi hosilasini toping.

<& M,M2 vektorning yo'‘naltiruvchi kosinuslarini topamiz:
MYWR=(3-1)T +(4- 2)j +(=2- ())E =2i +2j - k,
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7., _ANMA2 _ 2i+2j-k  .2?72.24 Ir
w2, +2*+(-)r 3~3-7 3’

cosa :2—, COs/? =— COS/ZZ---. .
3 3 3

w=x3-3xy2+"z funksiya xususiy hosilalarining Mx12~1) nuqtadagi
giymatlarini topamiz:

d du
N AU S N
U holda
du 2
¥

3-misol. n=In(xy +yz +zx) ftmksiyaning A0.11)nugtada x =cost,
y=smt, z=I, 0</<2naylana yo‘nalishdagi hosilasini toping.
® Aylananing vektor tenglamasini tuzamiz;
r(t) =cos*- +sin/w/ +1m.
Aylanaga o'tkazilgan urunmaning birlik vektorini topamiz:

09 Situ T+ cost 3

M0Q(0;1;1)nuqtada Z,=" boiadi. Bundan =-sin~F +cos~-] =-\-I.
Aylanaga Ma(0;l;l) nugtada o*tkazilgan urinmaning yo‘naltiruvchi
kosinuslarini topamiz: cosa=-1, cos/?=0, cosy =0.
Xususiy hosilalaming Af0(0;l;l) nuqgtadagi qiymatlarini topamiz:

du _  y+z - du X+z ., 4\ y +X .
X Xy+yz+zxng o dypng Xytyz+zxgo Xy+yz+zx
U holda

du

g T2(DHH10+1m=-2. O
4-misol. z=arctg(xy) funksiyaning AIQLI)nuqtada y=x2 parabolada
yotuvchi, shu parabola yo‘nalishdagi hosilasini toping (abssissaning o‘sish
yo'nalishida).
<$> Parabola MQ(I;l)nugtada Ox o‘q bilan a burchak tashkil gilsin.
U holda tga=y'(x) =2 bo'ladi.

120



Bundan urunmaning yo*naltiruvchi kosinuslarini topamiz:

= '::L :-’}: i = tga = 2_
=g s " s b
Funksiya xususiy hosilalarining M(Q(31) nuqgtadagi qiymatlarini topamiz:
dz Y 1 du X _ 1
XM) 1% Y =28 Y XV e 2
U holda
du
dl
S 2.5.2.u(x,y,z)skalyar maydonning M(x;y;z) nuqgtadagi gradiyenti deb
du:  dus  dug
gradu = +F‘yJ +-&~k (5.3)
vektorga aytiladi.
Bundan
~ =gradu-7\ (5.4)

u(x,y,z) skalyar maydon gradiyenti bu maydon o‘zgarishning eng
katta tezligini ifodalaydi (skalyar maydon gradiyentining fizik ma'nosi).
Bunda u(x,y,z) funksiyaning M(x\y\z) nuqtadagi eng katta o‘zgarish tezligi

W sHIH U

Ikki o‘zgaruvchming z=z(x,y) differensiyallanuvchi funksiyasi
bilan berilgan yassi skalyar maydonda gradiyent
gradz = i +d_y!I \(/5'6)
formula bilan aniglanadi. Bunda M(x;y) nugtadagi gradiyent sath chizig‘iga
shu nugtada o‘tkazilgan urinmaga perpendikular bo* ladi.

5-misol. u=xly1z-\n{z-\) skalyar maydonning MQ(l;|;2) nuqtadagi eng
katta hosilasini toping.

<$> Skalyar maydonning eng katta hosilasi bu funksiya gradiyentining
moduligateng bo'ladi.
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Topamiz:
A :(2X%Z)\( =4, o] =D* 5 L .= ff
U holda gradu-4i +4]. Bundan
loradu EvR2+42=4/2 O

6-misol. z2=xy sitting M(Q(4;2) nuqtadagi eng katta giyaligini toping.

® Sirtdagi giyalikning eng katta absolut giymati r funksiyaning
M nugtadagi gradiyentining moduliga teng bo’ ladi.

Sirt tenglamasidan topamiz:

z=fiy, z(M0)=2v2, z:(Ma)=-2~\X 4 z;(M 0)='byI§ =LJZ

n
o

j. Bundan
[2 2 mO

U holda 8radu =’\4—i + )

8l 2.5.3. Har bir M nugtasida biror 3 vektor mos qo‘yilgan fazoning
biror gismiga (yoki butun fazoga) vektor maydon deyiladi. Vektor maydon
Oxyz koordinatalar sistemasida a =a(x,y,z) vektor bilan aniglanadi. a vektor
maydonning berilishi uchta skalyar P=P(x,y,z), Q=Q(x,y,z),R =R(X,y,2)
maydonning berilishiga teng kuchli bo‘ladi, ya’'ni

a =a(M) =a(x,y,2) =P(x,y,2)i +Q(x,y,2)j +R(x,y,2)k.

Agar P, Q R o0‘zgarmas kattaliklar boisa vektor maydonga bir jinsli
maydon deyiladi.

81 Har bir nugtasida urinmaning yo‘nalishi shu nugtaga mos a vektor-
ning yo‘nalishi bilan bir xil bo‘lgan chiziq a{M) vektor maydonning vektor
chizig'i deyiladi. Biror yopiq kontur orqgali o‘tuvchi barcha vektor chiziglar
to‘plami vektor naylari deyiladi.

a(M) vektor maydonning vektor chizig'i

&k _ dy _ &
P{X,y,Z) Q(X,y,Z) R(X,y,Z)
differensial tenglamalar bilan aniglanadi.
Agar maydon tekislikda berilgan bo‘lsa, ya'ni uning
proyeksiyalaridan biri nolga teng bo'lib, golgan proyeksiyalari tegishli
koordinataga bog'liq bo'lmasa>>a«7 vektor maydon hosil bo‘ladi. Masalan,
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a(x,y) =P(x,y)1 +Q(x,y)j vektor yassi vektor maydonni ifodalaydi.
Yassi vektor maydon uchun vektor chizig‘ining differensial tenglamalari
fdy =Q(xy)

ldx P(x,yy (5.8)
[z =const

ko‘rinishda bo’ladi.
7-misoi. Maydonning vektor chiziglarini toping:
\)a =xI-yf; 2) a:-XJ +_)}+~zk'

<> 1) Vektor maydon yassi. Uning vektor chiziglari

tenglamadan topiladi. Bundan - v Integrallaymiz:

Inx=-In;y +InC yoki x="C
y_

Demak, vektor chiziglar xy=C giperbolalar oilasidan iborat.

2) Vektor chiziglarining tenglamalar sistemasini tuzamiz:

~ N yoki  xdx=ydy, xdx=zdz.

X y z
Integrallaymiz:
X2'/=C,, x2- zZZQ.
Demak, vektor chiziglar ikkita giperbolik silindrlar oilasining kesishish
chiziglaridan iborat. O

VCR3sohada  a(M) =P(x,y, 2)i +Q(x,y,2)j +R(x,y,2)k vektor maydon
berilgan boism, bunda P(xy,z), Q(x.y,z), R(x,y,z)-V sohada uzluksiz
funksiyalar. v sohada oriyentirlangan a sirtning har bir nugtasida
normalning musbat yo‘nalishi n*=coscri +codj)j +cos” birlik vektor bilan
aniglansin, bunda a, p, y- n° normal vektoming koordinata o‘qglari bilan

tashkil gilgan burchakilari.
LLI a(M) vektor maydonning a sirt orgali o tuvchi 'l ogimi deb
M=Jj P(x,y,2)dydz +Q(x,y,z)dxdz +R(x,y,z)dxdy (5.9)

ikkinchi tur sirt integraliga aytiladi.
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Ogimni birinchi va ikkinchi tur sirt integrallari orasidagi bogianishga
asosan
M= |1/ (*,y,2) cosfi + Q(x,y,z)cos j8 + Rcos(jc,y, ) cosy)da

ko'rinishda yoki vektor shaklda
Tl~jjan""da (5.10)

kabi ifodalash mumkin.

a(M) vektor maydonning ogimi skalyar kattalik hisoblanadi. Agar
a(M) vektor ogayotgan suyuqlik tezliklari maydonini a sirt orgali aniglansa,
nogim shu sirt orgali vaqgt birligi ichida sirtning oriyentirlangan yo‘nalishida
ogib o‘tgan suyuglik migdoriga teng bo‘ladi {vektor maydon ogiminingfizik
Ta 'nosi).

Aga)r a sirt fazoning biror sohasini chegaralovchi yopiq sirt bo‘lsa
M=gander

ogim sirtdan ogib chigayotgan suyuglik bilan sirtga ogib kirayotgan suyuglik
miqdorlari orasidagi fargni beradi.

8-misol. a=2x1- (z- Yk vektor maydonning a: x1+yL=4, z=0, z=1
sirtdan tashgi tomonga o‘tuvchi ogimini toping.

® a vektor maydon ogimi

M=, +M2+r3gateng (17-shakl). Bunda
M, =Jah, da =J)(z-1)da =] ]0- l)da=-Jida =-4rr,

Mr=JYah\da=-JJ(z-1)da =-JJ(1 - \)da=0,

M3=jja/i°da =jfxala, chunki =" *Yl

I'I3=g'éVrfer =b4 cosl @%\rth

[ @)
=4 ];_t_cgsﬁqzem:m =8t
Demak,
M=-49-+0 +8+=41-. O 17-shakl.

25.4.FC/? sohada a(M) =P(x,y,z)l +Q(x,y,z)j +R(x,y,2)k  vektor
maydon berilgan bo‘lsin, bunda P(x,y,z), Q(x,y,z), R(x,y,z)- V sohada
differensiallanuvchi funksiyalar.
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88 a(M) vektor maydon divergemiyasi deb
P, 80, R
dx dy dz
tenglik bilan aniglanadigan skalyar maydonga aytiladi.
Divergensiya va ogim ta’riflaridan Ostrogradskiy-Gauss formulasining
M=8analcj =$diva(M)dV (5.12)

diva(M) = 5.11)

vektor shakli kelib chigadi.

9-misol. a~xzll +yx1] +zylR vektor maydonning *2+y2+z2=R2
sferadan tashqgi tomonga o'tuvchi ogimini toping.
<$> Ogimni Ostrogradskiy-Gauss formulasi bilan topamiz:
M=fffdivadV =jjj(z! +x2+y2)dxdydz =(sferik koordinatalarga o‘tamiz)=

=L sinOdrd<pd&=J r 4drfsinfls/&fdip= J r 4jsin#- <Pe*d6 =

--2!'IjQI’4COS&\|dI':4’\'I’"d’:4)K€ 4Rm

&> Agar a(M) vektor o sirt orgali ogayotgan suyuqlik tezliklari
maydonini ifodalasa, diva(M) berilgan nugtadagi suyuglik sarfining hajm
birligiga nisbatini beradi {divergensiyaningfizik Ta 'nosi).

® Har bir nugtasida divergensiya nolga teng, ya’ni diva(M) =0 boigan
maydonga solenoidli (yoki nayli) maydon deyiladi. Solinoidli maydonda
vektor nayining har bir kesimidan bir xil miqdorda suyuqglik ogib o‘tadi.

2.5.5. VVCR3 sohada yo'nalishi tanlangan biror i chizig va
a(M) =P{x,y,2)i +Q(X,y,z)j +R(X,y,2)k vektor maydon berilgan bo‘lsin,
bunda P(x,y,z), Q(X,y,2), R(X,y,z) - V sohada differensialianuvchi
funksiyalar.
8l Yo‘nalgan L chizig bo‘yicha olingan
JP(x,Y, 2)dx +Q(x,y, 2)dy +R(X,y,z)dz =j adr (5.13)

ikkinchi tur egri chizigli integralga a(M) vektorning L chiziq bo‘yicha
olingan chiziqgli integrali deyiladi.

Agar a(M) vektor kuch maydonini hosil gilsa, a(M) vektorning
L chizig bo‘yicha olingan chizigli integrali tayin yo'nalishda L chiziq
bo'yicha bajarilgan ishgatengbo‘iadi (chizigli integratingfizik Ta 'nosi).

125



8l a(M) vektor maydonning L yopiq kontur bo‘yicha sirkulatsiyasi deb
LL=j=adf =JfP(X,y,2)dx + Q(X, Y, 2)dy + R(X,y,z)dz (5.14)

chizigli integralga aytiladi.

2.5.6.VCRL sohada a(M)=P(xy,2)i +Q(x,y,2)j +R(x,y,2)k  vektor
maydon berilgan bo'lsin, bunda P(x,y,z),Q(x.,y,z),R(x,y,z)-V sohada
differensiallanuvchi funksiyalar.

ffl a(M) vektor maydonning uyurmasi (yoki rotori) deb

_(dR X, (aP _pd 5Q 8P\
rota(M) = _SZJ.] \d_z_&ﬂ/ S‘dx dy (§1g§

vektorga aytiladi.
Uyurma va sirkulatsiya ta’riflaridan foydalanib Stoks formulasini
vektor shaklda quyidagicha yozish mumkin:
Ll :Eadr :}K\hrotdda. (5.16)

10-misol. a=yi - xj+ak(a=const) vektor maydonning x1+y2=1 z=0
aylananing musbat yo'nalishi bo'yicha sirkulatsiyasini ta’rifdan foydalanib
(1) va Stoks formulasi bilan (2) toping.

® 1) L chizigni parametrik ko‘rinishda yozamiz:
X =cost, y =sint, z=0, Q<t<2x.

Bundan dx=-sintdt, dy=costdt, dc=0.U holda
LL=Jydx - xdy +adz :zj(sint(-sin t) - costcost)dt = -jl(xi (p =-2x.

2) Masala shartidan: P=y, Q=-x, R=a.(5.16) formuladan topamiz:

TOs= fe-g) + f--aY H-ax-ay

Aylananing musbat yo‘nalishi n-k normal bilan aniglanadi.
Stoks formulasi (5.17) bilan topamiz:

—||nrotada— 2Jthkda— 2jj dxdy—-2Jd<p‘rdr—

In 21

=-2 fp= 18(p =<P2=-2K. O

&> Tezlik maydonning uyurmasi jism aylanishining oniy burchak
tezligi vektoriga kollinear vektor bo‘ladi (uyurmaningfizikma'nosi).
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S Har bir nugtasida uyurmasi nolga teng, ya'ni rota(M)- 0 bo‘lga
maydon potensial maydon deyiladi.

88 Gradiyenti a(x,y,z) vektor maydonni yuzaga keitiruvchi u(x,y,z)
skalyar funksiyaga shu vektor maydonning potensial funksiyasi (yoki
potensiali) deyiladi.

Agar ver® soha bir bog'lamli bo*lsa, potensial maydondagi chizigli
integral integrallash yo‘liga bog‘liq bo‘Imaydi. Bu holda potensial quyidagi
formula bilan topiladi:

u(x,y,z) =\P(x,y,z)dy +Q(x,y, z)dy +R(X,y,z)dz =

= J ®(x,y,,,20)dx + y}Q(x,y,éO)dy +jR(x,y,z)dz.
*b A

Yo

Masqlar
2.5.1. Funksiyalarning M. nugtada berilgan yo‘nalish bo'yicha
hosilasini toping:
1) z=x%t+xy2, MV, vektor yo‘nalishida, bu yerda Mo(1;2), M,(3;0);
2) z=In(3*2+27/), a={31} vektor yo‘nalishida, bu yerda 2);

3) z=2xy +y], TZ+72=1 ellips yo‘nalishida, bu yerda M,,U2;l);
4) v =xy +yz +xz, MM, vektor yo‘nalishida, bu yerda MQ(1;2;3), JI/,(55;15);

5) n=x2+y2+z\ a =(cos60";cos60";,cos45“} vektor yo'nalishida,
bu yerda J¥(1,11):
6) u=x"\ 5={22;-1} vektor yo'nalishida, bu yerda A0f<?:2;ij;
7) u-zInix2+y2-z), x=2cost, y =2sin/, z=3, 0<t<2itaylana
yo‘nalishida, bu yerda Mo(l;-V3;3).
2.5.2. Funksiyalarning berilgan nuqtadagi eng katta o‘zgarish tezligini

toping:
Y) it- Xz - xyZz +xyzl, A/, (~21,0); 2) k=1Inl+n+ y2+22), MEL;1;1);

3) m=e"""\ 14-2); 4) u=x2aigtg(3y- z), M0(2;1;3).
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2.5.3. Berilgan nugtada n va v skalyar maydonlar sath sirtlari orasidagi
burchakni toping:
Du~x2+y2-z2, v=xz +yz, MO(-2;1;2);
2)u =2x% +22- X, vV—xZ—y1, Afo(l;0;2).

2.5.4. Vektor maydonlaming vektor chiziglarini toping:
1) a-xi +yj +zk; 2) a=2xyi +2yj +3zk; b)a~2rl-bxk.

2.5.5. Vektor maydon ogimini uning ta’rifi orgali toping:
\) a=x! +yj +zk ning x2+y2+z2=R2 sferadan tashqi tomonga o‘tuvchi;
2) a=xzl ning x1+y2+z=1 paraboloiddan tashgi tomonga o‘tuvchi.

2.5.6. Vektor maydon ogimini Ostrogradskiy-Gauss formulasi bilan

toping:

1) a=4x4 +4y3 - 6z*k ning x2+y2=9 silindrning z=0 va z - 2 tekisliklar
orasidagi sirtidan tashqgi tomonga o‘tuvchi;

2) a—xzd +yx3 +zyXkning  x2+y2+z2- R2sferadan tashgi tomonga
o'tuvchi;

3) a=xi +yj+zk ning j2+y2=R1(-H <z<H)silindrik sirtdan tashqi
tomonga o‘tuvchi;

4) a=XT+yj+zk ning z-1- 5x+y2, z=0 (0<z<1) yopiq sirtdan tashqi
tomonga o‘tuvchi;

5) a-zi. ning z~x tekislikning x=0, y =0, x+y = piramida ichidagi
gismidan tashgi tomonga o'tuvchi;

6) a- Sxi +(2x- 4y)7 +(e*- 2)k ning x1+y2+z2=2y sferadan tashqi
tomonga o‘tuvchi.

2.57. Vektor maydon divergensiyasini berilgan nugtada toping:
1) grad-"jx2+y2+z2, M0(2,—%;2);
2) axb, a-xi +yj+zk, b=yi +zj+xk, MOG3;l;-2).

2.58. Vektor maydon sirkulatsiyasini ta’rifi orgali toping va natijar
Stoks formulasi bilan tekshiring:

1) a=(x+2)i +{x-y)j+ xk, ii2+’§‘2=1 ellips bo‘yicha;
2) a=-yi +x] +5k, x2+y2=1, z=0 aylana bo'yichg;
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3) a=xy4 +2j +zXk, x2+/ +r2=4 sferaning r =0 tekislik bilan
kesishish chizig‘i bo'yicha;

4) a-zi +lyzj +yk, x2+9y2=9 -z sirtning koordinata tekisliklari bilan
kesishish chizig'i bo'yicha.

25.9. Vektor maydon uyurmasining berilgan nuqgtadagi kattaligini

toping:

1) a=z2 +x7 +yrx,

2) a=xyzi +(x+y +2z)j +(x2+y2+z2)k, M(;2;-3).

NAZORATISHI

1Berilgan chiziglar bilan chegaralangan D soha uchun
\\f(x,y)dxdy ikki karrali integralning takroriy integrallarmi yozing.

2. u=u(xy,z) funksiyaning M(x0y0-z) nuqtadagi eng Kkatta
0‘zgarish Kkattaligi va yo'nalishini toping.

l-variant

1. y—X, y2—2x+3. 2. u=2xz, M(=30;2).
2-variant

1. y=2X-X2, y—X. 2. n=3x2+y2- z2, JV(002).
3-variant

1. y=X y2=2-X 2. u=3xz3 M{-2;-3;1).
4-variant

1. y1=16- 9x, y2- 23*=48. 2. n=z(x+y), M(l;-1,0).
5-variant

1. y2~3x=4, yl+4jf=11. 2. u-xyz, M(-210).
6-variant

1L v=-I, a=-2, >>0, y=x2, 2. k=(x+j)/, M(0;4-D).

129



T-variant

y=3-XT, y=-2X. 2. =X, M(~2;120).
8-variant

y =~X, y =3, 3x+y =3 2. M=/ (n:2+r), Af(l;4;-3),
9-variant

Y=1y-0, *=2y, x-$=2y. 2. u=x3z2, M(-1;3;0).
10-variant

Y=x\ x-y +2=0. 2. u=y2Ax+z2), M(0;3).
11-variant

y=0, =3 *=>x-—6=) 2. u=xylz2, M(-2;1;1).
12-variant

y =X2-4X, y =X 2. N=x3 —z, Ni(2;-1;1).
13-variant

y- /4- x2, p=1 *>0, y=0. 2. u=g+yr2, A/(2.20).
14-variant

Xr=2y, 5x-2y =6. 2. u=(yz-x)z2, J/(310).
15-variant

y=x2-2, y =X 2. n=(Y +z)jif, M(1;-4,0).
16-variant

y2=2x, x2=2y, *<l. 2. U= (X+2)y2, M(2;2;2).
i 7-variant

n=p/8y\ y>0, y=x 2. U=xy/Z2, M(2;1;-1).
18-variant

X1=2-y, x+y=0. 2. u=x(y +2), M(2:0;-2).
19-variant

Xy-9, x+y=10, 1<y<3. 2. N=xry +y2, M(0;-2;).



—_

20-variant

Wy =1 S-HZ X=y +1 2. u=xy-yz, M(2,-%)).
21-variant

LY =X, Y =X43, y=2x, y =2x—3. .2, u=x2Z-y2, MZ11-2).
22-variant

LY =9-X2, y> 2xr. 2.U=y(X2+22), ni(-2;1;1).
23-variant

LY =N2-X2, y =X2 2. U=y2Z-x2 M(0;1;1).
24-variant

. X+2y =6, y=x, y>0. 2. u=x2+y2+z2, M(l;-1;2).
25-variant

CYSX242X, Y-X +2. 2. Uu=x +xz2- 2, M(1L-9).
26-variant

. X=/5-y1, >jc—1=0. 2. N=Xy2+>3P+ A/(1;2;3).
27-variant

.y =3x y +4=x2 x>0. 2. m=x3z2+ jct N+ 2z, M(2;0;-1).
28-variant

.y =3-X% y=1+x x=0, x=I 2. MeExyz+xy 222, M(-3;-2;0).
29-variant

.Y =Xr-4x, 2x-y =5 2. M=xyz2+xzy2, A/(0;1;-1).
30-variant

.2y =X,y 2=x+3,y>0. 2.u =x3+2/ +3z, M(2;-I))).
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MUSTAQIL UYISHI

1 Ikki karrali integralni hisoblang.

2. Berilgan chiziglar bilan chegaralangan D tekis shakl yuzasini toping.

3. Uch karrali integrailami hisoblang.

4. Berilgan sirtlar bilan chegaralangan jismning hajmini uch karrali
integral bilan toping.

5. Birinchi tur egri chizigli integralni hisoblang.

6. Ikkinchi tur egri chizigli integrailami hisoblang.

7. Birinchi tur sirt integralini hisoblang, bu yerda cr- D tekislikning
koordinata tekisliklari bilan ajratilgan gismi.

8.u=u(x,y,z) funksiyaning M, nuqgtadagi M.M2 vektor yo‘nalishidagi
hosilasini toping.

9. a vektor maydon ogimini D tekislik va koordinata tekisliklaridan
hosil bo'lgan piramidaning tashqi sirti bo'yicha ikki usul bilan hisoblang:
1) ogim ta’rifidan foydalanib; 2) Ostrogradskiy-Gauss formulasi orgali.

10. a vektor maydon sirkulatsiyasini Ax+By+Cz=D tekislikning
koordinata tekisliklari bilan kesishishidan hosil bo‘lgan uchburchakning
n={A;B;Q vektorga nisbatan musbat yo‘'nalishda aylanib konturi
bo‘yicha ikki usul bilan hisoblang: 1) sirkulatsiya ta’rifidan foydalanib;

2) Stoks formulasi orgali.

1-variant
. Jjy(I+ x2)dxdy, D:y =x2, y-3x. 2. X=27-y1, x=-6y.

O R

. fifxyzdxdydz, V: -2<x<lI, 0<y<2, 0<z<3.

IS

. je=0, y>0, z>0, 2x+y =2, z=y2
\ydl, L :y2=2x parabolaning x2-2y parabola kesgan yoyi.

o

6. |(xy- Vax+x2dy, L: A(L0) va B(0;2) nugtalami tutashtiruvchi
AB to‘g'ri chiziq kesmasi.

7. J]zda, D: x+y+z=I.

8. u=In(l+x2+y2+2z2), M,(111), M2(5;-4,8).

9. a=(3x+y)i +(x+2)j +yk, D: 2x +y +3z=6.

10. a=(3x- y)i +(2y +2)j +(2z - X)k, 2x~3y +z=6.
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2-variant
1. jj(xy-4x3J3dxdy, Z>x=1 y=x2, y =-4X.

2. y=X2, y:hx2+1.
3" N)(x2+y2+z2)dxdydz, V X 2+y2+2z2=4, x>0, y>0, z>0.

4, x1+j;1=2y, z=" -xJ, z=0.

5. jlz(2<# I: X'+yl1=J/ aylananing yuqori yoyi.

6. | + L: y =x2 parabolaning 0(QO nugtadan
nugtagacha bo‘Jganyoyi.

7. J(x+3y+2)<& D: 2x+y+2z=2.

8. n=x2+2y2- 4z2- 5, M,(1;2;1), ASX(-3;-2;6).
9. a=(xx+>/+(y +r)y +2(z +x£, 2. 3X- 2y +2r =6.
10. a=(x+22)i +(y—32)j +zk, 3x+2y +2z =6.

3-variant
1. IE)’\A-XZ-y 2d0xdy, D: x2+y2=4.
. y1- 2y +x2=0, y2- 4y +x2=0, >=x, x=0.
. jj>|/21xzc&tfyafe, V: y=x, y=0, x=2, z=xy, z=0.

2

3

4. z=3-7(x2+y2), z=3-14x.

5. f(x2+y2)dl, L: x2+y2=4x aylana.

6. $(x% - x)dx +(yx - 2y)dy, L: x=3cos/, y =2sin/ ellipsning musbat

yo‘nalishda aylanib o‘tishdagi yoyi.

7. j&(6x +4y+ 3z)dcr, D: x+2y +3z=6.

8. u=\n(xy +yz +x2), M,(-2;3;-1), M2(2;1;-3).

9. a=(Xx+3' +3yj +(y- 2£, D: 2x->,~22=-2
10. 5=(x+r/ +(x+3jy)+yk, 2x+2y +z=2
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4-variant

1. ffysimtydxcfy, D: :2—, y-n, x=I, x=2

2. x=4—y2 x-y +2=0.
3. Jff(xy - zr)dxdydz, V: 0<x<I, 4<y<2, 0<z<3.

4. z=8(x2+y2)+3, z=16x +3.
5. §(x+y)dl, L: uchlari A(;,0), B(G;1), 0(0;0) nugtalarda bo‘lgan

uchburchak konturi.
6. jlxdy, L: y =sinx sinusoidaning 0(n\0) nuqtadan B(0;0) nugtagacha

bo‘lgan yoyi.
7. jj(4y-x +4z)da, D: x-2y +2z =2.

8. un=xxy +yZ+zX, MXL-1,2), W2A3;4:-I).
9. a=3xi +(y+z)j +(x- 2)k, D: x+3y +z=3
10. a-zi +(X+y)J +yK, 2x+y +2z=2

5-variant

1. ff(6xy +24x3 Jdxdy, D: x=I, y=jx, y =-x2

2. X=y2, y2=4-X.
3. f{f‘5xy2211xtfydz, V: -I<x<0, 2<y<3, \<z<2.

4. x>0, z£0, x-vy-4, z=4-Jy.
5. jyxdl, L: yl1=6x parabolaning x2=6yparabola kesgan yoyi.

6. ?_ydx- xdy, L\ r-R aylananing mushat yo‘nalishda aylanib o‘tishdagi

yoyi.
7. ft(5x-&y-z)da, D: 2x-3y +z=6.

8- "=-——-A 1. K(-U2;-2), M2(20,1).
9. o=(y+ 2)i +(2x~ 2)j +(y +32)k, D: 2x+y +3z=6.
10. a=(X+2)i +2yj+(X+y- )& X+2y+z=2.
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6-variant
. fix(y-dxdy, D:y =5x, y=x, x=3

. X=8—Yy2 X=-2y.
. f\f;(3x2+y2)dxdydz, V: z=I0y, x+y =1 x=0, y =0, 2=0.

1

2

3

4, x2+y2=4x, z=10-y 2, z=0.

5. jydl, L: x=3(t-situ), y =3(1- cos/) sikloidaning bir arkasi.

6. \coszdx-smxdz, L: A(2;0;-2) va S(-2;0;2)nuqtalami tutashtiruvchi
AB to‘g‘ri chiziq kesmasi.

7. J(@x+3y+2z)da, D: x+3y+z=3

8. u=x-2y +e* M,(-4;-5;0), M2(2;3;4).
9. a=(x+ +z2)i +2/ +(y- 72)£, D: 2x+3y+ z=6.
10. a=xi +(y~ 22)j +(2x- y +22)k, x+2y+2z=2.

T-variant

2%y - . Y=8%y=3 y=8
3. J{}(jr—j»- 2)dxdydz, V: 0<x<3, O<y<l, -2<z<\.
4, z=-2(x2+y -1, z=4_y-I.
5. fxydl, L: tomonlari x=I, x=~I, y=1 y=-1 bo'lgan kvadrat
konLturi.
|Jy§7 1';/\2 , £ 412 va A(3;6)nugtalami tutashtiruvchi AB to‘g‘ri

chiziq kesmasi.
7. fl(5* —y +5z)da,D: 3x+2y +z=6.

8. u=d +x2+y2+z\ M,(;I;I), M2(3;2]).
9. a=(x+y- 2)i - 2yj +(x+22)k, D: x+2y +z=2
10. a=(2y- 2)i +(x+y)J +xk, x+2y+2z=4
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8-variant
1- Nycosxydxdy, D : ~ﬂ—, y~14, jc=1, x=2

2. x2~2x+y2=0, x2- 6x+y2- 0, y =0, _y:»)i

3. Ji[¥2+2)dxdydz, V: z=x+y, x+y =1, jt=0, y- 0, 2=0.

4., xyZ+y2:9, z=5-x-j, 1SO.

5 +y dl, L: xr+y2=2y aylana.

6. jI(X2+y)dX+(x +y2)ydy, L: ABC siniq chizig, /1(2,0), B(53), C(5,0).
7. |1(*+y +2z)da, D: 3x-2y +2z=6.

; :

9

.« =5xy32, M,(2;1;-1), JV/T(4;-3;0).
. a=(3*- )/ +(y- x+2z)j +4zk, D: 2x-y-2z =2.
10. a=(x+2)i +zj+ (2x—y)k, 3x+2y +z=2.

9-variant
: ||ye§dxdy, D:y =In2, p=In3, x=2, x=4.

*=5-/, g=-4y.
. HiyZdxdydz, V: z=2(3x +y), x+j =I, x=0, y=0, z=0.

B WO N

. 2>0, X2+y2=4, z=x2+y2
5. |O+y<# L:r2=cos23 ~ " — Bemulli linmiskatasining

bo'lagi.
6. l4xsin2ydx+ycoslxdy, L: /j(0,0) va 5(3;6)nuqtaiarni tutashtiruvchi

AB to‘g‘ri chiziq kesmasi.
7. UWpy-n-rcT, 2 x->>+z=2.

8. M+ MI-BA), A223:4).
y z X
9. a=(y+2)i +(x+6y)j +yk, D: x+2y +2z=2.
10. a=(y +22)i +(x+ 22)j +{x- 2y)k, 2x+y +2z =2
10-variant
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L yr(l+2x)dxdy, D:y =2 —x1, x=0.

2. X=V2, X:Zy2+l.

3. jii@2jc- y2- 2)dxdydz, V: 1<jc<b, 0<y S2, —<z<0.

4. zv>0, yz=2-12, z=3.

5  j(@ks/x-37[y)dl, L: A{~10) va A(0;l)nugtalami tutashtiruvchi ‘to'g‘ri
chiziquesmasi.

6.f , L: jc=2cos3l, y =2sin3l astroidaning A(2:0) nugtadan
i3\I7 +v 7

B(0;2) nugtagacha bo‘lgan yoyi.
7. J(2+y—jc+9z)da, D: 2x—y - 2z=-2.
8. n=In(l+jc3+/ +4 M,(1;3;0), M2(-4;1;3).
9. a=(jc- 2)i +(y- x)j +(x+22)k, D: x-y+z=2.
10. a=F 2)i +(@c+y)y +zk, 2x+y +z=2.
11-variant

1. j%xydedy, D:y=x y=0, =L

T oy= =1 =Y
- X 2" 2jc 2"
3. jffxdzdxdydz, V: -l<x<2, 0<y<3, 2<z<3.
4. icS:0, z>0, jc+jy=2, z=j 2
5. i‘_(jc2+y2)dl, L : r =2 aylananing birinchi choragi.
6. jx;wfe +(>!-jt)4y, |: >=;- kubikparabolaning 0(0;0) nugtadan
B(I;l) nugtagacha bo‘lganyoyi.
7. J(2x+3y +z)da, D: 2x+2y +z=2.
8. n=1n+/ +z2), M, (—4;2,1), M2(3;1;-1).
9. a=(y- 2)i +(2x+y)j +zk, D: 2x+y +z=2.
10. 5=Q2z- /' +(c- y)j +(Bx+2)k, x+y +2z=2
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12-variant
1. fferdxdy, D\y- Inx, y =0, x=e.
L Y=I2-%x2, Yy =x2.
- J(L+2xi)dxdydz, V: y=4x, y =0, x=I, r=dwcy, z=0.

. X1+y2=4x, z-Y |-y 1, z=0.
. \ydl, L: y=x2 parabolaning A(2;4) va B(l;l)nuqtalar orasidagi yoyi.
i

o, w N

. jydx-xdy, L\ x=ac0s3/, y =asinbr astroida yoyi.
l1@c+3y+2z)da, D: 2x +3y +z=6.

. M=n3+xy2-6 1, M(I;3;-S), AA4;2;-2).

. a=xi +(x+2z)j +(y +2)k, D: 3x+3y+z=3.

10. a-(y +2T+xj +(x+2y)k, 2x +3y +2z~6.

© o N o

13-variant

1. Jd]yelx;dxdy, D:y=1n3 y=In4, nr=? jr=1.
y2-6y +x2=0, y1- 8y +x2=0, y =%, x=0.
. f{;(4 +8x1)dxdydz, V: y=x, y=0, x=I, z--yfxy, z=0.

. y>0, z>0, jc=4, y=2m, z—X2
: l(x-y)6?/, Z: jeo+yl=2ar aylana.

o A W

: g(x +iy)el: +(x->)dfy, 1 : c=2008/, y=3sin/ ellipsning mushat

yo‘nalishda aylanib o‘tishdagi yoyi.
7. J@Ey- 2x- 2z)der, D: 2x~y -2z =-2,

8. u=e ™, Af,(-50;2), M2(2;4;-3).
9. a=Qy- 2)f +(c +2>)y +yk, D: x+3y +2z=6.
10. a=(x+2)i +(z- x)j+ (X+2y +2)k, x+y+z=2
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14-variant

2. y=s, y=7e\ y=2, y=7.

3. jifxyzaxdydz, V: 0<x<2, 4<y<0, 0<z<4.

4. zV:32(x2+yr)+3, z=3-64x.

5. %Sj22+y2dl’ L: z1+y2=4 aylana. 4
6. I%ycosxdx+sinxdy, L: uchlari A(1,0), B(0;2), C(2,0) nugtalarda bo'lgan

ABC uchburchakning musbat yo‘nalishda aylanib o‘tishdagi konturi. m
7. jj(6x +y +4z)da, D: 3x+3y +z=3

8. u=xey+yex-z2 Mt(3,0;2), Mr(41;3).
9. a=(2y-2)i +(x+y)j +xk, D: x+2y+2z=4.
10. 3=(xX+y- 2)i - 2yj +(x+22)k, X+2y+z=2.

15-variant
1. \\(y +x2)dxdy, D:y =x2, x=y2.

2. y=x2+2, y=-3x.

3. N\ +y2+2722dxdydz> V: 0ix<3, -I<y<2, 0<z<2.

4. 72>0, y+z=2, x2+y2=4.

5. \(x2+y2+z2)dl, L~ *=4cost, y =4sinf, z=3¥ vint chizig‘ining birinchi
0‘rami.

6. L(xz-y)dx, L: x=0, y=0, x=I, y=2 to‘g‘ri chiziglardan tuzilgan to‘g‘ri
to‘rtburchakning musbat yo‘nalishda aylanib o‘tishdagi konturi.

7. fj(3x+\0y - z)dcr, D: x+3y +2z=6."

8. u=ze,U2™, M,(0;0;,0), M2(3;-4;2).

9. a=xi +(y- 2z)j +(2x-y +22)k, D: x +2y+2z =2,

10. a=(2x- 2)i +(y- x)j +(x+22)k, x-y+z=2
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16-variant
1. jjxy3xdy, D:y2=I-x, x>0.
2. X2=3y, yl=3
3. jii(x +2y)dxdydz, V: z=x2+3y2, y=x, x=I, y=0, z=0.

4. 2>0, y=2, y =X, Z=X2

5 jyd/, L. x=cos3/, y=snBt astroidaning A(L0) va B(0;l)nugtalar
orasidagi yoyi.

6. j(xy~yldx+xdy, L:y =2xr parabolaning 0(QO) nuqtadan

B(L2) nugtagacha boigan yoyi.

7. jf(4x -y +2)dcr, D: x-y +z=2.

8.ou= M@22), M2A-34).

y
9. a=(X+2)i +(z-x)j +(x+2y +2)k, D: x+y +z=2

10. a=(2y- 2)i +(x+2y)j +yk, x+2y+2z=2.

17-variant

ff ~ m D:x2+y2=3
LN\ +x2+y2

2. p=y2+1y+x=3
3. Jj2jecyz2A<fydz, F: 0<x<3, -2<y <0, I<z <2.

4, 250, Z=X, X= g/4- y2.

5 f— Z A04) va 5(4,0)nugtalarni tutashtiruvchi to‘g‘ri chizig
kesmasi.

6. \xdy,L: ;2 +2=ft2 aylananing musbat yo‘nalishda aylanib o‘tishdagi
yoyi.

7. JH(2x- 3y +2)fer, D: x+2y +z=2.

8. u=e"\ JV (3)):4), i/2l;-1;-]).
9. A=(y+2)i +xj +{y~22)k, D: 2x+2y +z=2,
10. a=xi +(x+2z)j +(y +2)k, 3x+3y+z=3
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18-variant

1. jf(y2+x2dxdy, D:x =1 x=y2

boy=—=8 x»r=hy.
Y X +I y

3. \\\X+2y +3z2)dxdydz, V: -1<x<2, 0<y”l, \<z<2.
A

4. y>0, z>0, y +x=2, z=x2.

5. jAx2+y2dl, L:x2+y2=2x aylana.

6. Jxye'dx+{x-1)e*dy, L: A(0;2) va B(12)nuqtalarnitutashtiruvchi
AB to'g‘ri chiziqg gismi.

7. |l&k+2y +3z)da, D: x+y +z=2.

8. M=3xy2+z1—xyz, M,(I;1;2), A/2(3;-1;4).

9. 5=2z- x)i +(x—y)j +(3x+2)k, D: x+y+2z=2.

10. a=(Xx+y)i +3yj +(y—2)k, 2x-y-2z=-=2

19-variant

—_

. JJ(x3- 2y)dxdy, D:y =x2- 1 x>0, y <0.

xXy-1 x2—y, y=2, x=0.
. JOV-*2+y2+z2dxdydz, V: x2+y2+z1=9, x>0, y>0, z>0.

w N

e

z2=2-18(x2+/), z=2-36y.

51 ., L r=21+cosfo <(?<—] kardioida.
LAX2+y2 4 2)
6. |2xyN- + x=2y2parabolaning 0(0;0) nugtadan

B(2;1) nugtagacha bo‘lgan yoyi.

7. fj(2x +15y +z)dcr,D: x+2y +2z=2.

8. u=er-*, M,(;0;3), M2(2;-4;5).

9. a=(X+22)i +(y- 3z)j +zk, D: 3x+2y +2z =6.
10. a=(x+y +2)i +2zj +{y- 72)k, 2x+3y+r =6.
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20-variant
1. JIxyXxdy, Dy =x2, y =2x.

2.y =bdXx, y:;, X:jﬁ'
3. J%](1+22)dxdydz, V:y=4x, y=0, x=1, z=Jxy, z=0.
4. x2+y2+4x=0, z=8-y 2 z=0.
5. {/i , L: x=2cosr, y =2sinf, z=2/vint cMzig‘ining birinchi o‘rami.
y
6. jl(x2+y2)’\ +xycfy, L: y=exchizigning AG\) nugtadan
5(1;e) nugtagacha bo'‘lgan yoyi.
7. jj(bX- y+8z)da, D: x+y+2z=2
a
8. M=(x2+/+z2\ M,(;2;-), M20;-I;3).
9. a=(y+22)z +¢c +22)] +(X- 2y)1, Z2): 2x +y +22 =2.
10. a=(y +2)i H(X+6y)j +yk, x+2y+2z=2
21-variant

1. jjix(2x +y)dxdy, D:y =1-x2, jyEQ.

2- Y=, y=ber, y =2, y =5
3. J&J(jCZ+2y2— Z)dxdydz, F: 0<*<] 0< "3 -1<z<2

4. 2>0, z=y2 x2+ =9
5. JyJ/, L. y1=2x parabolaning A0,Q va 5(1;//2)nuqtalar orasidagi yoyi.
6. \2ysm.2xdx-cos2xdy,L-.J";2” va 5%;ljnuqtalami tutashtiruvchi

AB to‘g‘ri  chiziq kesmasi.

7. ff(5x +y-z)dcr, D: x+2y +2z=2.

8. u=5xz- xyZz+yz2, Af,(L1), M29;-3;-9).

9. a=(X+2z2)i +zj+ (2x-y)k, D: 3x+2y +z=6.
10. a=(3X- 1)j +(y- x+2)j +4zk, 2x-y-2z =-2.
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22-variant
1.U*£t, D:S.y-=4.
DX +Y
2. X2-2x +y2=0, x2—6x+y2=0, y =0, y =x.
3. i{fxzdxaydz, V: —<x<2, 1<j<3, 0<z<l.
4. z=4- X, X2+y2=4x.

5. {’\'j_s-x _;dl, L A(0,0) va B(2;2)nugtalarni tutashtiruvchi to'g‘ri chiziq
kesmasi.
6. jyax+xay, L. x=5cost, y=2s\nt ellipsning musbat yo‘nalishda

aylanib o‘tishdagi yuqori yoyi.

7. JJ(3x-2y +62)dcr, D: 2x +y +2z=2.

8. n=(x-yy, M(US0), Mr(3;7;-2).

9. a=4xi +(x-y-z)j +(3y+2z)k, D: 2x+ y+z=4.

10. a-(2y +z2)I +{x-y)j-2zk, x-y +z=2.

23-variant

1. Je*PZ-Ix2+y 2dxdy, D: x2+y2=9.

2. X=Yy2, X=32—y2.

3. Jf3(2y +3x)dxdydz, V: y =x, Xx=0, x=I, z=x2+y2 z=0.
4. 2=0, x2+y2=4y, z=4-x2

5. {X—+y g L: x=cost, y =sinr, z=/vint chizig‘ining birinchi o‘rami.
6. J 2xydx-xay +zdz, L: 0(0;0,0) va B(2;l;-)nugtalami tutashtiruvchi OB
to‘g‘ri chiziq kesmasi.

7. JJ(2x+5y +\Qz)da, D: 2x+y +3z=6.

8 u=j~: 3 2—+22IM.(I;2;2), M2(-3;2;-1).

9. a=(x+2)/ +277 +(x +y-2)E, D: x+2y-rz =2

10. a=(x+y)i+(y+z)j+2(x+z2)k, 3x- 2j-+2z=6.
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24-variant
1. JJ(* +\)ydxdy, D:y =3x2, y =3.

X=V4—y?2, y =-J3x.
. Jff(x +y +2)dxdydz, V: x+y+z=1 *>0, y>0, z>0.

2=24(x2+y?2), z=48x.
j(x2+y2Adl, L x=3cos/, y=3sin/aylana.

. JI(Za-y)dx +xdy, L x=a(t-sint), y =a(l- cos/) (0</<2;r) sikloidaning

s Lo

»

birinchi arkasi.

7. J@Ejc+2y +2z)da, D: 3c+2y +2z=6.

8. ’;T:XV +/2-322 M,(0;-2;-1), M2(12;-5,0).

9. 5=(c+2)i +(jc+3j)j + VE D: 2x+2y +z=4.
10. a=(y +2)i +(2x-z)j +(y +32)k, 2x+y +3z=6.

25-variant
1
1. fgdxdy, D:y=x, xy=1y=2
2. 2y =4x, x+y =5,
3. jng/zajxdydz, V: -l<x<3, 0<y<2, I<z<2.
4, X2+y2=3z, X+y =6.
5. J(4kfx -3\jy)dl, L: jc=cos4 y =sin3/astroidaning /1(1;0) va B(0;1)

nuqtalar orasidagi yoyi.
6. \Lsinydx +smxdy, L: A(0pK) va B(™0)nuqgtalarni tutashtiruvchi

AB to‘g‘ri chizig kesmasi.

7. JJjc+2y +3z)dcr, D: 2x-y +z=2.

8. u=3xy2\ Af,(-3;-2;l), M2(0;;-3).

9. a=4zi +(x-y-2)j+@y+2)k, D: x-2y +2z=2.
10. a=(2z—x)i +(x+2y)j +3zk, jc+4y +2r =8
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26-variant

1. jjx2(1 +3y)dxcfy, D:x =0, y2=2-x.
D
2. y+2x=0, x2=3-y.
3. [H6Rk+y2+z2dxdydz, V: 0<x<l, 2<y<lI, 1<z<3.
4, X2+Yyr=2x, z=—-Yy 2, z=0.
5  W//, L x=cos¥,j =sin't astroidaning N(10) va 5(0;1) nugtalar

orasidagi yoyi.
6. i(n’\—Z)A +31dh, L: A1) va 5(1;2) nugtalami tutashtiruvchi /10 to'g ri

chiziq kesmasi.
7. N@Bjc- y +2z)dcr, D: x+2y +z- 4.

8. u=xe ™\ Mx0;0,0), M2(2;-4;3).
9. a=(x+y)i +(x+2z)J +2(y+2)k, D: 2x-3y +2z=6.
10. 3=(x+y)7+(c+3z)j +zK, 2x+y +2z=2.

27-variant
[Hx+Y)ibedy, Dy =x2, x -y 2
JN =2, x=be* x=2, x=5
Iy zaxdydz, V: -2<x<I, 0<y<2, -I<z<3.
3

@ N e

4. z=10-x2, z- 0, x2+y2=4y.
5.j|(_x +y)dl, L\ x2+y2=2ay aylana.
6. \ydx, L: y =cosx cosinusoidaning 0(s;~1) nugtadan j9(0;1)nuqgtagacha

bo'lgan yoyi.

7. lIGe-2y +z)da, D: 2x+y +z=4.

8. n=3yx1+z2- xyz, JV,(,1;2), JV2-1,3;4).

9. a=(x+y+2)i +2zj +(x- lIz)k, D: 3x+2jy+z=6.
10. a=yi ®X- 22)j +(2y - x+22)k, 2X+y +22=2.
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28-variant

o A+ X+ y

1 2
2m X -*

3. J(2+3y Hdxdydz, V: x =4> jc=0, y =1 z=-J*y, z=0.

4, zv>0, y2+x2=4, z=x2

5. $Jx2+y2dl; L: x2+yl=4x aylana.

6. I1;(* -y)abc +(r+y)EN, 1: x=3c0s/, y =2sin/ ellipsningmusbat
yo'nalishda aylanib o'tishdagi yoyi.

7. J(c+6j +4az)rfer, £); 2at+25i+, =2,

8. u":x2y +xz2+zy\ Mt(LL), M2(-1;0;2).

9. 5=(2x- 2)i +(x+y)j +yk, D: 2x+y+2z=4

10. a=(2x- 2)i +(z—y)j +(x+32)k, 2x+y +z=2.

29-variant
lma*£ 0:,.+>_\6

DX +y
2. X2+y2=4, *2=3y
3. M2 +2y +z2dxdydz, V: I<x<2, 0<y<2, -lI<z<2.
\
4. z2=4—y, xXr+y2=4y.
5. | L: A(;3) va /?(3;)nugtalami tutashtiruvchi to'g‘ri  chiziq
y ~ X
kesmasi.
6. $ydx, L: x2+y2=16 aylananing musbat yo‘nalishda aylanib o‘tishdagi

yoyi.
7. $f(4x+y +2z)dcr, D: x+y+z=L1

8. u="x¥22 M,(L-10), M22;-1;2).

9. 3=(2c+2)i +(y-2z)j +xk, D: 2x +2y +3z =6.
10. 5=(x+2)/ +yj +(y +2jnNE, 3x+2y +2z =6.
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30-variant
1 D +3y)dxdy, D: x+y =1 y=xr-1, x>0.

2. yr=4x, X2=4y.

3. JJ(@ic* +2y +2)dxdydz, V: 0<x<l 0<y<l, -1<z<3

4. xv:1, y=2X y>0, z=j 2 z>0.

5 lyi2ydl, L: x-2(t-sint), y=21-cos/) sikloidaningbirarkasi.

) x2y, L. x=acost, y =6sin/ellipsning soat strelkasi yo'nalishida

ayIaF]ib o'tishdagi yoyi.

7. }(@x-y+4z)da, D: 2x +2y +z=4.

8. u=In(l+x-+y1), ML), M23-5:4)

9. a=(2z- X)i +(x +2) /+3zk, D: x +4y +2z =8
10. a-zi+ (X +y)j+ YK, 2X+y+2z=2

NAMUNAVLY VARIANT YECHIMI

1. Ikki karrali integralni hisoblang.
1.30. JJ(X2+3y)dxdy, D: x+y =1, >=x2-1, x>0. \1

<$> D integrallash sohasi 18 - shaklda
keltirilgan.

Agar ichki integrallash y bo'yicha va tashqi N Y
integrallash x bo‘yicha bajarilsa berilgan ikki
karrali integral bitta takroriy integral bilan
ifodalanadi. Integralni hisoblaymiz: r\

/[ x+ y =1
J(x2+3y)dxdy =\ ] (x1+3y)dy =jfx +"y. -

=jfx2- x3- xa+x2+j(1 - 2xFx2- x4+2x2-1)'jatc= 1 y=g
:%(4x2- 2X5- 2x4+9x2- 3x4- 6X)dx = 18-shak.

:ié'%13x3-2x’ -5x4- 6x)dx=—f—x" - —x4-x5-3x’ -
2v3 2 12
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2. Berilgan chiziglar bilan chegaralangan D tekis shakl yuzasini toping.
2.30. yl=4x, jf2=4y.

<$> Tekis shakl quyidan y=-A2 parabola bilan yuqoridan y2=4x

parabola bilan chegaralangan (19-shakl).
Bundan

5 =\\beh =\ | H=N2-Ix-—x2W=] —x1 16
0 1 n

3. Uch karrali integrailami hisoblang.
3.30. ffiO*1+2y +z)dxdydz, V: 0<x<l1, O<y<lI, -l<z<3.
<S> Berilgan to‘g‘ri burchakli parllelopiped uchun topamiz:

fif(3x2+ 2y +z)dxdydz = 6d xbd_yl\{3x2 +2y +2)dz =
I |
=) X\ (3x2+2y)z +: dy =A\dx\(3x2+2y +Ddy =

=4j{(3x2+ )jf +y 2 dx=4j (3x2+ 2)dx=4(x3+ K| =12.
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4, Berilgan sirtlar bilan chegaralangan jismning hajmini uch Kkarrali
integral bilan toping.
430.x=1 y=2x, y>0, z=y2, z>0.

® Berilganjism (20- shakl) hajmini hisoblaymiz:

V =JJjdxdydz =jdxjdyjdz =jdxfz\g dy =jd xjy 2dy =j"-
A 0 0 0 0 0 00 0J
5. Birinchi tur egri chizigli integralni hisoblang.
5.30.EJIydI, L: x=2(t- sint), y =2(1-cost) sikloidaningbir arkasi.

Sikloidaning parametrik tenglamasidan topamiz:
j¢ =2(1- cos/), W=2sir/,
4(1-cost)2+4sin2tdt =2~2~\- costdt.
U holda

%"Zydl = 5"2- 2(1- cos02V2VI-cos7<# =
=42 gl- cost)dt =4"2(1-sin  =81/2 O
6. Ikkinchi tur egri chizigli integrallami hisoblang.
6.30. jy<& +jcafy, /,: x =acost, y =£sinrellipsning soat strelkasi

yo‘nalighida aylanib o‘tishdagi yuqgori yoyi.
® Ellipsning parametrik tenglamasiga ko‘ra dx=-asm tdt, dy =bcostdit.

Bunda soat strelkasi yo‘nalishida tparametr > dan 0 gacha o‘zgaradi.
U holda

0
{yldx+xldy J( b23|n2tacost +a2c0s2tbsmt)dt =
0
=Jb2a(1- cos2t)d(cost) +{a2lX\ sin2r)d(sin0 =
=Zc0s/ - ~coss1  +afc(sinf--sin3/ :-Sabz.

7. Birinchi tur sirt integralini hisoblang, buyerda a - D tekislikning

koordinata tekisliklari bilan ajratilgan gismi.
7.30. tf(4* - y +4z)dcr, D: 2x +2y +z =4,

® Tekislik tenglamasidan topamiz:
z=4-2x-2y, ' =-2, 7' =-2.
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U holda da = +2'2+z 2dxdy =3dxdy.
Sirt integralini soha bo'yicha ikki Kkarrali integralni hisoblashga
Keltiramiz, bu yerda av ~ a sirtning Oxy tekislikdagi proeksiyasi bo‘lgan

AOB uchburchak (21-shakl).
J(4x —y +4z)da = P(4x —y +16 —8x - %y)3dxdy=

=3jdx J(16 - 4x- B>h=3jj (16- 4x)y - —y*  dx-

—30(2- ) (16- 4x) - 27X | gy

2 g (2—=)(x +\4)dx -
=11(28-12x-x29)c&=]|"28x-6x2-yj| =44. O 2y

8.u=u(x,y,z) funksiyaning M, nuqtadagi
MM vektor yo‘nalishidagi hosilasini toping. 21-shakl

8.30. n=In(l+x+y2+z2), Mt(1;1;1), M2(3;-5;4).
® MM2 vektor yo‘nalishidagi 1 birlik vektorning yo‘naltiruvchi
kosinuslarini topamiz:

M Mr={2;-¢31, P= ;i I\J/l Tvz” = .2./.-_5171__*:?’]6 2— 6)} + 3¢

2 6 _3
Cosa—1 COSS——7, cosr—7.
m=In(l+x+Y +z2) funksiya xususiy hosilalarining M, (%11 nugtadagi
giymatlarini topamiz:

du 1 1w 2y 1
du 2z
dz l+X+y+2Z
U holda
N=1.2+i.f_6V 1.3=_1 0
51 47 2 7T 27 7
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9. a vektor maydon ogimini
D tekislik va koordinata tekisliklaridan
hosil bo‘lgan piramidaning tashqi sirti
bo'yicha ikki usul bilan hisoblang:
1) ogim ta’rifidan foydalanib;
2)Ostrogradskiy-Gauss formulasi orgali.

9.30. a=(2z—x)i +(x+2y)j +3zk,
D: x+4y +2z =S

<> 1) Vektor maydon ogimini
A =jJantdcr formula bilan piramidaning

(22-§hakl) har bir tomoni (to'rtta
uchburchak) orqali hisoblaymiz:
AAOC da y=0, n°=-j, x+2z=8.

ML--\\xda ~~fjxdxdz :-f“dsz_g)xdx:—zlL q|x2yh' dz~

=-21(16 - 8z +z2)dz=- J\6z-422+— 158
¢} V. 3

[OAOB da z=0, n°=-k, x+4y =8
M2~A\](Ma =0,

ABOC da x=0, X =+, z+2y =4
2 X2)
Mr=-ff2zdcr =-ff2zdydz =~jdy j "2zdz=-fz1"2r dy=

=-4j(4-4y+ y)dy--4\ 4y-2y2+ ?:’32,

o =i +4j +2k 8- x- 4y ,
vl )
= ' ' = _n/21
da=  z'2+z'Jdxdy=J 1+—+4dxdy =" dxdy,
ﬂmoz—é:(Zz - X+ AHX+2Y)+2432) & +r3|23+8y

n/21

[JABC da

Ii(

n/21 =

Q4=

3x +8v+87)da ==L} (3x+8y +32- 4x-1 6y)dxdly =
n/21 2
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12 Yr-y
:;—}j(32-jc-8y)dxdy:—\dy %()32-jc-8y)dx:

11(
2
=4(}(2-y)(\6-4y-2 +y)dy =43(2-y)(\4-3y)dy =
=4£(28-20j +3/)(fy =4(28y-10>>2+Y) | 2=96.
Demak,

H=F +F +h +H =-128,0.32,95=.128
2 5 " * 3 3

2) Vektor maydon ogimini Ostrogradskiy-Gauss formulasi orqali
hisoblaymiz.

A5=? (£ -+8§ +f} & =jj/ (-i+2+w N =
:4édy«j>0dx jdz:4z\dy4(g)z[§§'y dxzzjdyd(zjrf)8—4y—x)dx =

4<2-r)

2(8-4,)*-"  h=16](2-y)(4-2>"-2+y)dp =

—16j(4-4_v +y fify=16] 4_y-2y2+ #28 -

10.  a vektor maydon sirkulatsiyasini tekislikning koordinata tekislikla
bilan kesishishidan hosil boigan uchburchakning h={A:B\C} vektorga
nisbatan musbat yo‘nalishda aylanish konturi bo‘yicha ikki usul bilan
hisoblang: 1) sirkulatsiya ta’rifidan foydalanib; 2) Stoks formulasi orgali.
10.30. a=zi +(x+y)j +yk, 2x+y +2z=2

® 1) Sirkulatsiyani ABCA kontur (23-shakl) bo'yicha topamiz:
Ll=jadr =Jadr + Jadr + Jadr.

AB kesmada z=0, dz=0, 2c+y =2, y=2(1- x), dy=-2dx. U holda
a=(x+y)j +yk, dr =dxi +dyj, adr =(c+y)dy.
Bundan

If, = Jadr = |(n +y)dy =-2](c+2 - 29<Fc=-2] (2- jo<iX=- 2] Zc- > =3.

152



BC kesmada x=0, dx—9, 2z+y =2, z= 5 =,

U holda a =zi +yj +yk, dr =dyj +dzk, adr =ydy +ydz.
Bundan

2= |3dr= |ydy +ydz=~y-~y\dy =~ =1
BC sC 2\ Z ] 2 Z
CA kesmada y =0, dy=0, jc+z=1 z—1-x, dz=-dx.

U holda a - zi +xj, dr =dxi +dzk, adr =zdx.
Bundan

LI3=\adr= \zdx =\ (1-x)dx =\ic- -
Demak,
L= L +Lir+ L4, =3-1 +4
2) Sirkulyalsiyani Stoks
formulasidan foydalanib topamiz:
a=zi +(jc+y)j +ykdan
P=z Q-x+y, R=y.
Bundan
W_dQ=l &P dR
dy dz ' dz ox
se_ap=i
Ty 23-shek.
U holda
LL="rotads - fjdydz +dzdx +dxdy =jfdydz +jjdzdx +fjdxdy =
a o a i o
| 2(1-%) 1 1 2(1-*

1-x ) 1 1 1
=dz \dy +\dx™dz +\dx J dy=J(2- 2z)dz +J(1- x)dx +J(2- 2x)dx

=(2z-22)]'+] *-yj +(2x-x")'0=1+U | =~. O
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111 bob
ODDIY DIFFERENSIAL TENGLAMALAR

3.1. BIRINCHI TARTIBLI DIFFERENSIAL
TENGLAMALAR

Asosiy tushunchalar. Kvadraturada integrallanuvchi
birinchi tartibli differensial tenglamalar.
Hosilada nisbatan yechilmagan differensial tenglamalar.

311 gi Erkli o‘zgaruvchi, noma’lum funksiya va uning hosilalari
(differensiallarini) bogiovchi tenglamaga differensial tenglama deyiladi.

Noma’lum fimksiyasi bitta o‘zgaruvchiga bog‘liq bo‘lgan differensial
tenglama oddiy differensial tenglama deb ataladi.

Differensial tenglamaga kiruvchi hosilalaming (differensiallaming) eng
yuqori tartibiga differensial tenglamaning tartibi deyiladi.

Birinchi tartibli oddiy differensial tenglama umumiy ko‘rinishda

F(x.y.y") =0 (1.1)
kabi yoziladi, bu yerda x-erkli o‘zgaruvchi, y - noma’lum funksiya,
y'- noma’lum funksiyaning hosilasi, F-ikki o'lchamli R1 sohada ikKki
o'zgaravchili funksiya.

Agar (1.1) tenglamani y* ga nisbatan yechish mumkin bo‘lsa, tenglama

y =f(x,y) (1.2)
ko'rinishda ifodalanadi, bu yerda / -berilgan funksiya. Bu tenglamadan
differensiallar ishtirok etuvchi simmetrik shakl deb ataluvchi

M(x,y)dx + N(x,y)dy =0
tenglamaga o‘tish mumkin.

(1.1) differensial tenglamaning yechimi (integrali) deb, tenglamaga
go‘yganda uni ayniyatga aylantiradigan differensiallanuvchi y =<pX)
funksiyaga aytiladi.

(1.2) differensial tenglamaning umumiyyechimi deb, quyidagi shartlami
ganoatlantiruvchi y =cp(x,C) (bu yerda C-ixtiyoriy o'zgarmas)
funksiyaga aytiladi:

a) y ixtiyoriy o‘zgarmasning istalgan giymatida (1.2) differensial
tenglamani ganoatlantiradi;
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b) boshlang‘ich y&~=y0 shart har ganday bo‘lganda ham ixtiyoriy
0‘zgarmasning shunday C giymatini topish mumkinki, y =<p(x,C) yechim
boshlang‘ich shartni ganoatlantiradi, ya’ni y0=<p(0,C) bo’ladi.

(1.2) differensial tenglamaning umumiy yechimidan ixtiyori
0‘zgarmasning tayin giymatida hosil bo‘ladigan har ganday yechimga
xususiyyechim deyiladi.

Differensial tenglama yechimining grafigi integral egri chiziq deb
ataladi. (1.2) differensial tenglama integral egri chizigning har bir M(x,y)’
nuqtasida bu egri chizigga ofikazilgan urinmaning yo‘nalishini imiglaydi.
Tekislikning har bir nugtasiga tga =f(x,y) tenglik bajariladigan qilib kesma
go'yilgan qgismi (1.2) differensial tenglamaning yo nalishlar maydoni
deyiladi. Shunday qilib, (1.2) differensial tenglamaga uning yo‘nalishlar
maydoni mos keladi. Bu jumla (1.2) differensial tenglamaning geometrik
Ta "nosini bildiradi.

Differensial tenglamada uning umumiy yechimidan ixtiyoriy
0‘zgarmasning hech bir giymatida hosil gilinishi mumkin boimagan yechim
maxsus yechim deb ataladi.

Maxsus yechimning grafigi umumiy yechimga kirgan integral egri
chiziglaming o‘ramasi deb ataluvchi chizigdan iborat bo'ladi va u

| ®(xy,C)=0,

[Po(>Y>() =0
sistemadan C ni yo‘qotish orgali topiladi. Bunda hosil bo'lgan y =g(x)
funksiya (1.1) differensial tenglamani ganoatlantirishi va ®(x,y,C) =0 oilaga
kirmasligi kerak.

Matematika, fizika, kimyo va boshga fanlaming turli masalalari
differensial tenglamalar ko‘rinishidagi matematik modellarga keltiriladi.

1-misol. Massasi m ga teng moddiy nuqta v tezlikning kvadratiga
proporsional  bo‘lgan  muhit qarshilik  kuchi ta’sirida  harakatini
sekinlatmoqda. Nugta harakat gonunining tenglamasini tuzing.

® Erkli o'zgaruvchi sifatida moddiy nugtaning sekinlashish
boshlanishidan hisoblanuvchi tvaqtni olamiz. U holda nugtaning v tezligi
rvagtning funksiyasi bo‘ladi, ya’'ni v=v(t).

Moddiy nugtaning harakat gonunini topish uchun Nyutonning ikkinchi
gonunidan foydalanamiz: m-a=F, bu yerda a =v'(0 -harakatlanuvchi jism
tezianishi, F -jismga harakatjarayonida ta’sir giluvchi kuchlar yig‘indisi.
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Bu masalada F=-kv2 bu yerda £>0-proporsionallik koeffitsiyenti
(minus ishora harakatning sekinlashishini bildiradi).

Shunday qgilib, moddiy nugtaning harakat gonuni

mv' +kv1=0.

tenglama bilan aniglanadi. O

2-misol. Tekislikdagi egri chizigning ixtiyoriy M nugtasiga o‘tkazilgan
urinma, bu nugtadan Oy o‘qqga parallel o'tgan to‘g‘ri chiziq va koordinata
o‘glari bilan chegaralangan OAMB trapetsiyaning yuzi S ga teng. M nugta
harakat gonuni tenglamasini tuzing.

® M(x;y) noma’lum (izlanayotgan) egri chizigning ixtiyoriy nugtasi
boisin.

U holda OAMB trapetsiyaning yuzi S=~(OA+BM)mOB tenglik bilan

ifodalanadi, bu yerda OB=AC-x, BM =y,
OA=CB=BM- CM=BM- AC mga =y~x-tga (1-shakl).

Birinchi tartibli hosilaning geometrik ma’nosiga ko‘ra tga =y'.
U holda S=~(y~xy'+y)x.

Demak, M nugtaning harakat gonuni
X' -2xy +25=Q O

Differensial ~ tenglamaning  berilgan
y\=Yo(yoki y(x0)=y0) boshlang‘ich shart
bo'yicha xususiy yechimini topish masalasi
Koshi masalasi deyiladi.

Teorema (Koshi masalasi yechimining
mavjudligi va yagonaligi hagidagi teorema).
Agar R)(xsya) nugtani 0‘z ichiga olgan

D sohada f(x,y) funksiyava ¥ Xususiy

hosila uzluksiz bo'lsa, u holda y’=f(x,y)
differensial tenglamaning .y|,,0=\0 shartni ganoatlantiruvchi = <)
yechimi mavjud va yagona boiadi.

Teoremaning shartlari buziladigan nugtalar maxsus nuqtalar deyiladi.
Maxsus nugtalar orgali yoki birorta ham integral egri chiziq o‘tmaydi yoki
bir nechta integral egri chizig o‘tadi.
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3.1.2. Umumiy yechimi chekli sondagi elementar almashtirishlar v:
kvadraturalar (elementar funksiyalarm integrallashlar) natijasida topiladigan
birinchi tartibli differensial tenglamaga kvadraturada integrllanuvchi
differensial tenglama deyiladi.

0 ‘zgaruvchilari ajraladigan differensial tenglamalar

B Ushbu
M(x)dx +N(y)dy =0 (1-3)
ko‘rinishdagi tenglamaga o zgaruvchilari ajralgan differensial tenglama
deyiladi.
(1.3) tenglamaning umumiy yechimi uni hadma-had integrallash orgal
topiladi
JM(x)dx +IN{y)dy =C.

3-misol. Koshi masalasini yeching:
N +4 - -
% -1 ;‘; 0,40)-1.
® 0 ‘zgaruvchilari ajralgan differensial tenglama berilgan.

Uni hadma-had integrallaymiz:
r2xdx *dy

Bundan tenglamaning umumiy yechimini topamiz:
In |x2—11—§ =C yoki y:Tnlx ll]—c
Koshi masalasini yechish uchun tenglamaning umumiy yechimidan
>0 =1shartni ganoatlantiruvchi C ni aniglaymiz:
1= b-oe- C=-1
Inl-li-C"’
Demak, Koshi masalasining yechimi

Y= Inpe-1]+1
® Ushbu
M, (x) 8N, (y)dx +Mr(x) s\2(y)dy =0, (1.4)
Y =fSAf-Ay) (1-5)

tenglamalarga o zgaruvchilari ajraladigan differensial tenglamalar deyiladi.
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(1.4)  tenglama Nt{y)Mz(x) ifodaga hadma-had boiish orgali
o‘zgaruvchilari ajralgan tenglamaga keltiriladi

MZAx)  N(Y)
® (1.4) tenglamani Nt(y)M1(x) ifodaga hadma-had bo‘lishda ayrim
yechimlar tushib qolishi mumkin. Shu sababli bunda LLLy)Mr(x) =0
tenglamani alohida yechish va bu yechimlar orasidan maxsus yechimlami
ajratish kerak bo‘ladi.

4-misol. Koshi masalasini yeching:
(L+x1)dy +Q+y1)dx=0, y(0)=I.
<S> Tenglamani (1+e)1 +i 2+ 0 ga bo'lib, o*zgaruvchilami ajratamiz:

1+x1 1+y
Bu tenglamani integrallaymiz:
arctgx+arctgy =C..

Bundan
tg tg tg —th, =C,, bu yerda —th oki
(arc X +arc y) 1 y (:, y

C, 0‘zgarmasning giymatini boshlang‘ich shartdan topamiz: C, =1.
Demak, berilgan Koshi masalasining yechimi

y=l=% 6
(1.5) tenglama y* =8( o‘rniga qo'yish orgali o‘zgaruvchilari ajralgan

N ~=f (X)dx
tenglamaga keltiriladi.
<> y'=f{ax +by+c) ko'rinishdagi integrallar (bu yerda a,A,c-sonlar)
ax +by +c=u almashtirish yordamida o‘zgaruvchilari ajraladigan tenglamaga
keltiriladi.
5-misol. y' +2y =3jc+5 tenglamaning umumiy yechimini toping.
8> Tenglamani y' =3x-2y +5 ko'‘rinishda yozib olamiz.
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n="bx-2y +5, u =3~2y" o‘rnigaqo‘yishlarbajarib, y'=3x-2y +5
tenglamani o‘zgaruvchi'ari ajraladigan tenglamaga keltiramiz:
3-u'=2u yoki &:3—2w.

Bundan
du

2m -3

=—dX.

Bu tenglamani integrallaymiz:
2—In121/|- 3= jc+InC yoki 2u-b=Cex
Teskari o‘rniga qo'yish bajarib, berilgan tenglamaning umumiy

yechimini topamiz:
6x-4y +7=Ce2. O

Bir jinsli differensial tenglamalar

8l Agar /(Xx)funksiyada xva y o'zgaruvchilar mos ravishda txva tyga
almashtirilganda (bu yerda t- ixtiyoriy parametr) f(tx,ty) =f(x,y) shart
bajarilsa, f{x,y) funksiyaga birjinslifunksiya deyiladi.

N Agar Y =f(x,y) differensial tenglamada f(x,y) bir jinsli funksiya
bo'lsa, bu tenglamaga birjinsli differensial tenglama deyiladi.

Birjinsli differensial tenglama almashtirishlar orgali

Y«

ko‘rinishda yozib olinadi va keyin %=u ( u=u(x)-noma’lum funksiya)
ofiniga qo'yish orgali o‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

6-misol. y :—lnX—tengIamaning umumiy yechimini toping.

Ic

<> Tenglama bir jinsli. Shu sababli y =ux, y' =u'x+x 0'rniga go'yishni

bajaramiz. U holda berilgan tenglama
Mc+M=MnM yoki ux =u(\nu-\)

ko‘rinishga keladi.

0 ‘zgaruvchilarni ajratamiz:

du dx
nlnn—) x
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Tenglamani integrallaymiz:
—_— ey H 1= O+
Tou—y=Tx Yoki Inlinel]=Infic)+nC.

Bundan

Inu-1=xC yoki u=ec

u:X—ekanini inobatga olib, topamiz:
—=ec'l yoki y =xec

7-misol. Tekislikdagi egri chizigning ixtiyoriy M nuqtasiga o'tkazilgan
urinmaning ordinatalar o'gida ajratgan kesmasi urinish nugtasining
abssissasiga teng. Egri chiziglar oilasini toping.
M(x;y) noma’lum (izlanayotgan) egri chizigning ixtiyoriy nugtasi
bo*’Isin. Masalaning shartigako‘ra: OA=0C=x.
AADM va AMBC uchburchaklarning
0‘xshashligidan (2-shakl):

AD _MC
DM~CB'
Bunda
AD=A0O- DO=A0O- MC=x-,
MC . _
DM =0C=x, B =tg(180° -a) =-tga,
buyerda tga=/ .
U holda

XY=y yoki /:97*
X X
Birjinsli tenglama hosil boidi.
Uni yechamiz: 2-shakl.
ux+u=u-l, ux=-1] du:——(—i—x, u=C-\n\x\.

u:i' 0‘miga go'yish bajarib, egri chiziglar oilasini topamiz:
y =Cx-xIn\x{. O
Ushbu
dy ax+by+c
dx ax+hty +c, (16)
tenglama c=c, =0 bo‘lganda birjinsli tenglama bo'ladi.
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Agar c va ¢, (yoki ulardan biri) noldan fargli bo‘lsa, u holda (1.6)
tenglama:
1) abx-a,b *=0bo‘lganda x,=x,+a, y =y, +palmashtirishlar orqali bir
jinsli tenglamaga keltiriladi;
2)abl-alb=0 bo‘lganda z-ax +by 0‘miga qo‘yish orgali o‘zgaruvchilari
ajraladigan tenglamaga keltiriladi.
(1.6) tenglamani integrallashda go‘llaniladigan usul
dy j- ax+by+.
dx lajc+V +Ci,
(buyerda / - ixtiyoriy funksiya) tenglamani integrallashda ham go‘llaniladi.

8-misol. y* =;)5f§§//:|§ tenglamaning umumiy yechimini toping.

® Shartgako‘ra: a=2, 6=1 a,=-1, 6 =2, ab,-a,6 =2-2-(-1)-1 =5*0.
Bu koeffitsiyentlardan

2c+P -1 =0,
-a +2p+b=0
sistemani tuzamiz.
Uning yechimi: a =I, p--\.
U holda
dyx_ 2xt+yt
dd ~x, +2y,
kelib chigadi.

Bu tenglamani yechamiz:
_2tn B _Qufu _
TX' U5 yoki 2(1+U_Eu.) %L
Bu tenglamani integrallaymiz:

C
I+ U-U =~r.
X, va yt o‘zgaruvchilarga gaytamiz:

I+ -4 =T y°ki <+xY:~Y?=C-

X
x,=X-1 va yt=y +1 0'miga qo'yish bajarib, almashtirishlardan keyin
topamiz:
x1+xy-y2-x-3y-C, buyerda C=C+1 O
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9-misol. / ="~ 2x+~Y—\ tenglamaning umumiy yechimini toping.
4)>(<+6y_ B g g yy ping

® Shartgako'ra: a=2, b=3, a,=-4, fe,=-6.
Bundan  -ath=2-(-6)- (-4)-3=0. Shu sababli 2x+3y-\ =u belgilash
kiritamiz. Bundan 2+3/ =w' yoki / =" ~2.
U holda berilgan tenglama
m-2_ ™
~3 2m-3
ko'rinishga keladi. Bundan

tenglama kelib chigadi. Uni integrallaymiz:
2h+9In[u- 6 = +C.

jcva'y o‘zgaruvchilarga gaytamiz:
X+2y + B\NI\NX+Dby-1\=C, buyerdaC=~~. O
Birjinsli boimagan ayrim differensial tenglamalar
y=z",y' ="/’
o'miga qo'yishlar orgali birjinsli tenglamaga keltirilishi mumkin.
10-misol. 2xry" =/ +xy tenglamani bir jinsli tenglama ko‘rinishiga
Keltiring.
® Berilgan tenglamada y-zn, y'=m”'zZ o0'miga qo'yishlami
bajaramiz:
2X22 Nz =23 +xz".
Bu tenglama barcha hadlarining daraja ko‘rsatkichlari teng bo‘lganda bir
jinsli boiadi : 2+n-1 =3n=n+l.
Bu tengliklardan topamiz: n=i. U holda berilgan tenglama

ZXZ-%ZQ_lz' =y1l+xz1l yoki ijx/%z' =zfz +x4z
ko'rinishga keladi.
Oxirgi tenglikdan
Ziv xz

x'z'=7 +xz YOKi z=" -

]
birjinsli tenglama kelib chigadi. O
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Chiziqli differensial tenglamalar

8® Noma’lum funksiya va uning hosilasiga nisbatan chizigli bo‘lgan
/ +P(x)y =Q(x) (1.7
tenglamaga chizigli birjinsli bo ‘Imagan differensial tenglama deyiladi,
bu yerda P(x), Q(x) * 0- xning uzluksiz funksiyalari (yoki 0'zgarmaslar).
Ushbu
y'+P(x)y =0 (1.8)
(1.7) tenglamaga mos chizigli birjinsli tenglama deyiladi. Chizigli bir jinsli
tenglama o‘zgaruvchilari ajraladigan tenglama bo‘ladi.

Chiziqgli bir jinsli bo‘lmagan differensial tenglamaning yechimi xning
ikkita funksiyasi ko‘paytmasi y =u{x)-v(x) ko‘rinishida izlanadi. Bunda
funksiyalardan biri, masalan v(x), tanlab olinadi va ikkinchisi (1.7)
tenglkdan aniglanadi. Chizigli tenglamani yechishning bu usuliga Bemulli
usuli deyiladi.

11-misol. Y - ;mr-tenglamaning umumiy yechimini toping.
X

<& Berilgan tenglama chizigli: P(x) :—)1(, Q&é; .

y =uwv, y'=uv+Vu o‘rnigaqo‘yishni bajaramiz:

uv+uV— | = X
Xj 1+x
Bu tenglamadan
V- —=0,
X
—_X
uv=s.

sistema kelib chigadi. Sistemaning birinchi tenglamasini integrallaymiz:
W fdv X ]=ingx|#HnC,  v=Cx

\% X \%
yoki C=1da v=x
v ni sistemaning ikkinchi tenglamasiga qo‘yamiz:
WX = YK VS
Bundan w=arctgx+C, Demak, tenglamaning umumiy yechimi

y =X(C +arctgx). O
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Agar differensial tenglama iva uning hosilasiga nisbatan chiziqgli
bo‘lgan
X +R(y)x =QI(y)
ko‘rinishga berilgan bo‘lsa, u holda * =u(y) m(y) o‘miga go‘yish bajariladi.

12-misol. (y2-6x)y' +2y =0 tenglamaning umumiy yechimini toping.
<S> Berilgan tenglama y erkli o‘zgaruvchi va uning xfunksiyasi uchun
chizigli tenglama bo‘ladi:

2y1:11§/‘,-6x=-y2 yoki y =, P{y)=-~>—/, =,

X=w, X' =uv+Vv'u o‘miga qo‘yishni bajaramiz:
3Ny
UV+W\v —

Bu tenglamadan

sistema kelib chigadi.
Sistemaning birinchi tenglamasini integrallaymiz:

- =3, J* L3A Injv]»3b],]. v-Cyl
v y v y
yoki C=1da v=y3
v ni sistemaning ikkinchi tenglamasiga qo‘yamiz:
1

Bundan

M=— +C.
2y
Demak, tenglamaning umumiy yechimi

*N/(1+2Cy). O
<S> Bir jinsli bo‘lmagan (1.7) tenglamani yechishda ixtiyoriy
0'zgarmasni variatsiyalash usuli deb ataluvchi usul go‘llanilishi mumkin.

(1.7) tenglamani ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan yechis
ikki bosgichda amalga oshiriladi.
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Birinchi bosgichda (1.7) tenglamaga mos bir jinsli (1.8) tenglama

yechiladi:
y=Ce' .

Ikkinchi bosgichda (1.7) tenglamaning umumiy yechimi y =CJI"¥A
ko'rinishda izlanadi. Bunda C o‘zgarmas biror differensiallanuvchi
C(x) fimk-siyaga tenglashtiriladi, ya‘ni C o0‘zgarmas variatsiyalanadi.

® Chizigli  differensial ~ tenglamalami  yechishning ixtiyoriy
0‘zgarmasni variatsiyalash usulida yechimning ko‘rinishini yodda saglash
shart emas, balki bu yechimni topish algoritmini bilish muhim: birinchi
bosgichda berilgan tenglamaga mos bir jinsli  tenglama yechiladi va
ikkinchi bosgichda bir jinsli boimagan tenglamaning yechimi topilgan bir
jinsli tenglamaning yechimi ko'rinishida izlanadi, buhda ixtiyoriy o‘zgarmas
0‘zgaruvchi migdor deb hisoblanadi.

U holda (1.7) tenglamaning umumiy yechimi

y=e-"(fQ (x)e~dx +C)

ko'rinishda bo'ladi.

variatsiyalash usuli bilan yeching.
® Berilgan tenglamaga mos bir jinsli tenglamani yechamiz:

Yy vt =0, y_=m Iny =2n]jc+I|+HInC, y=C(x+I)L.
Berilgan tenglamaning yechimini
y =CX)(x +If

ko‘rinishda izlaymiz.

Bundan

Y =C'(X)(x +12+2C{x\x +1).
yva y'ni berilgan tenglamaga go'yamiz:
C'(XX +12+2C(x)(x +1) - 2C(X)(x +I) =(x +1)s.

U holda

C)=(*+), Cx)=~iL +C.
Demak, berilgan tenglamaning umumiy yechimi:
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14-misol. 0 ‘zgarmas elektr toki zanjirida gisqa tutashuv vagtida tok
kuchining o‘zgarish gonunini toping.
<$>Agar R-zanjirning qarshiligi, E-tashqi elektr yurituvchi kuch

(EYK) bo'lsa, u holda 1 =/(?)tok kuchi noldan %qiymatgacha 0'sib boradi.
L- zanjirning induksiya koeffitsiyenti bo‘lsin. U holda tok kuchining
har ganday o‘zgarishida zanjirda giymati LE ga teng va tashgi EYKga

garama-garshi yo'nalgan EYK hosil bo‘ladi. Om gonuniga ko‘ra har bir
t vagtda tok kuchining qarshilikka ko‘paytmasi garama-garshi yo‘nalgan
tashqi va ichki EYKIar yig‘indisiga teng bo‘ladi:

IR:E_LE ¥0k| E"‘r/:r(E,L,R:C()nSt),

Oxirgi tenglama birjinsli bo‘lmagan chizigli differensial tenglama.
Bu tenglamaga mos birjinsli tenglamani yechamiz:

C\We L-C(x)je L+C)e—L=].
U holda

Demak, berilgan tenglamaning umumiy yechimi:
|=ﬁ+Ce .

t=0 da lit) =0. Shu sababli C =
Demak, izlanayotgan gonun

tenglama bilan ifodalanadi. O
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Bernulli  tenglamasi

Ushbu
y' +P(X)y =Q(x)y\ n>2 (1.9

ko‘rinishdagi tenglamaga Bernulli tenglamasi deyiladi.

Bu tenglama z=yF; z'=(I-n)y~"y'o‘miga. qo‘yishlar orqgali chizigli
tenglamaga keltiriladi:

Z +(1- riypz=(1- n)Q.

Izoh. 1. Bernulli tenglamasidan n=0 bo‘lganda chizigli tenglama,
n=1Dbo‘lganda o‘zgaruvchilari ajraladigan tenglama kelib chigadi.

2. Bernulli tenglamasini bevosita y =u-v 0‘miga qo‘yish orgali yoki
ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan yechish mumkin.

15-misol. y* +xy =xy3 tenglamaning umumiy yechimini toping.
® Bernulli tenglamasi berilgan: n- 3.

r =y-3=y'1 belgilash kiritamiz va berilgan tenglamani

sistema kelib chigadi.
Birinchi tenglamani integrallab v=ey xususiy yechimga ega bo'lamiz
va uni ikkinchi tenglamaga go‘yamiz:

Demak, berilgan Bernulli tenglamasining umumiy yechimi:
j 2=1+Ce'= yoki y2(+CexX)=Il. O
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To'liq differensialli tenglamalar

IS Agar
M(x,y)dx + N(x,y)dy=0 (bl0)
tenglamaning chap gismi biror u(x,y) funksiyaning to‘liq differensiali, ya’'ni
du=M(x,y)dx +N(x,y)dy
bo'lsa, (1.10) tenglamaga to ‘liq differensialli tenglama deyiladi.

Agar 2y = shart bajarilsa (1.10) to'liq differensialli tenglama
boiadi. Bunda (1.10) tenglamaning umumiy yechimi
\M{x,y)dx +\ " (x,y)-\~dxjfy =C (1-12)
formula bilan aniglanadi.

16-misol.  (y+exs'my)dx+(x +excosy)dy=0 tenglamaning umumiy
yechimini toping.
® Tenglamada M(x,y) =y +exsiny, N(x,y) =x+e‘ Cosy.

BURdaPM= +e cosy, AN_f e tosy, yamr dM_ dN
d o d

Demak, tenglamato'liq differensialli

ﬁ\X=M(x,y) boigani uchun &=y+e’siny. Bu tenglikni x bo‘yicha
integrallaymiz :

u=yx+exsiny +(y).
Bundan

py)=u-yx-exsmy va () =d—y -X-e*cosy.

Bunda g—yA~N(x,y) ekani inobatga olinsa p'(y) =0bo‘ladi. U holda w(y)=C .

Demak,
u=exsiny +yx+C yoki yx+exsiny=C. O
& Shart baJarilmasa Cl-10) tenglama to‘liq differensialli

bo‘lmaydi. Bunday tenglamani integrallovchiko'paytuvchi deb ataluvchi
M(x,y) funksiyaga ko‘paytirish orgali to'liq differensialli tenglamaga
keltirish mumkin.
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M(x,y) integrallovchi ko'paytuvchi

xususiy hosilali differensial tenglama yechimidan iborat bo'ladi.
Integrallovchi ko‘paytuvchini quyidagi hollarda oson topiladi:

dM dN

1) M.--I\-I-—=F(x) bo'lganda u /dx)= kabi aniglanadi;
dN  dM

2) vl bo'lgandau /Zu(y)=e™yy kabi aniglanadi.

17-misol. (x2- y)dx+xdy=0 tenglamaning umumiy yechimini toping.

® Tenglamada M(x,y) =x2-y, N(xy)=x.

dM_ . dN_ s AM - dN

§y = 1, X —l ya m dy o’

Demak, tenglama to'liq differensialli emas.

Berilgan tenglama uchun integrallovchi ko*paytuvchini topamiz:
dM dN

Bundan

Berilgan tenglamani //(*)ga ko'paytiramiz:

Bu tenglamada
dM dN_ 1
dy dx x2

Tenglamaning yechimini (1.11) formula bilan topamiz:

Demak,
x+—=C. O
X
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3.1.3. Ushbu
F(x,y,y’) =0 (1.12)
ko‘rinishdagi tenglamaga hosilaga nisbatan yechilmagan differensial
tenglama deyiladi.
(1.12) tenglamani integrallashning ayrim usullarini keltiramiz.
1°. (1.12) tenglama
F{y") =0 (1.13)
ko'rinishda berilgan bo‘lib, bunda tenglamaning hech bo‘Imaganda bitta
y' =k, yechimi mavjud bo'lsin.
U holda

bo‘ladi.

18-misol. y 5-2y’4+3y-6 =0 tenglamani yeching.

® Y =k berilgan tenglamaning yechimi bo'lsin. U holda dy-kdx dan
y =kx+C boiadi. Bundan

—k=Y:C
y =k b

Demak, berilgan tenglamaning yechimi

2". (1.12) tenglama
My,yl1=0 (1.14)
ko‘rinishda bo'Isin. Bu tenglamani y* ga nisbatan yechish oson bo‘Imaganda

t parametr kiritiladi va (1.14) tenglama ikkita parametrik tenglama bilan
almashtiriladi:

y =), y' =y/(t), t0<t<t,, bu yerda FH<p(),i//(t) =0,
Bunda (1.14) tenglamaning yechimi
X=t dt+C, y=<()
V w

parametrik tenglamalar bilan aniglanadi.

2 2
19-misol. yy+y™” =1 tenglamaning umumiy yechimini toping.

<K y=c0s3/, y =sin3/ bo'lsin.
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U holda

dx :ﬂ :--§£Q§l2/ﬂn_r)d t=- 3’99_812_%t_
sm t

Bundan
nneh ¢
x=-3f . -dt=3t+3ctgt+C.
sin t

Demak, berilgan tenglamaning yechimi
x =3t +3ctgt +C, y =cos3t
parametrik tenglamalar bilan aniglanadi. O

(1.14) tenglamani y ga nishatan yechish oson bo‘lganda parametr p =
parametr Kiritiladi.
Bunda (1.14) tenglamaning yechimi
X =\A-PA-dp +C,  y=(pip)

parametrik tenglamalar bilan aniglanadi. Bu tengliklardan p parametr
yo'qotilsa, ®(x,y,C) =0 yechim kelib chigadi.

20-misol. y =y'2+4/3 tenglamaning umumiy yechimini toping.
® y'=r bo'lsin. U holda tenglama
J/=p2+4p\
ko‘rinishga keladi. Bundan
y'=(2p +\2p2)p’, p=(2p+12pnp’, p-(\-2(1+6p)p)=0.
U holda
[-2(1 +6p)p' =0, 1=2A1+6p)p’, dx=2(I+6p)dp, x=2p+6pr+C.
Demak, berilgan tenglamaning yechimi
X=2p +6p2+C, y=p2+4p>
parametrik tenglamalar bilan aniglanadi.
Bundan tashqari tenglama

[p=0
maxsus yechimga ega. O

3. (1.12) tenglama
F(x,y") =0 (1.15)
ko‘rinishda bo‘lsin. Bu tenglamani y* ga nisbatan yechish oson bo'lmaganda
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t parametr Kiritiladi:
X =K\ y"' =4/(t), t0<t <tx bu yerda F<p(t), /)=0, te ((,,<).
Bunda (1.15) tenglamaning yechimi
y =\iI//()<p'(Odt+C, x =cp(D)
parametrik tenglamalar bilan aniglanadi.
(1.15) ni y ga nisbatan yechish oson bo'ganda A=/ parametr Kiritiladi
va quyidagi yechimlar topiladi:
Yy =\p£&\p)dp+C, x=<(p).
Bu tengliklardan p parametmiyo‘qatilsa, ®(x,y,C) =0 yechim kelib chigadi.

21-misol. je=/ cos/ tenglamaning umumiy yechimini toping.
® Berilgan tenglamani
y'=p, X=pcosp
ko‘rinishda yozamiz.
Bu tengliklardan

dx:~P, dx=(cosp —p sinp)dp

yoki
dy=p(cosp - psinp)dp

tenglik kelib chigadi.

Uni integrallaymiz:

y =plcosp - psinp - cosp +C.
Demak, berilgan tenglamaning yechimi
X= pcosp, Yy =p2cosp-psinp-cosp +C

parametrik tenglamalar bilan aniglanadi. O

4°, (1.12) tenglama

Y=x<p(y') + NY) (1-16)

ko'rinishda bo'Isin, bu yerda <p(y), y/(y")~ /ningjna’lum funksiyalar!

(1.16) tenglamaga Lagranj tenglamasi deyiladi. Lagranj tenglamasi
y' ga nisbatan yechilgan bo*lgani sababli p =y’ parametr kiritiladi va u
y =x<p(p) + /()
ko'rinishga keltiriladi. Bu tenglama * bo'yicha differensiallanadi va x =x(p)
noma’lumga nisbatan chizigli

- <P(j>»(;—"; =X(E\D) D)
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tenglama keltirib chigariladi. Bu tenglamaning x =a>(p,C) yechimi va
V- xtp(p) +#(p) tenglamadan p parametmi yo‘qotib, (1.16) tenglamaning
umumiy integralini topiladi:

y~y{x,C).

y =xcp(p) +ur(p) tenglamaga o‘tishda ™ bo‘lish bajariladi. Bunda

d—X=0, ya’'ni p =p0=constyechim tushib golishi mumkin. Parametming bu

giymati p- <(p) =0 tenglamaning yechimi bo‘ladi. Shu sababli
y =x(0) +if/(p0) yechim Lagranj tenglamasining maxsus yechimi bo‘ladi.

22-misol. y=x( &/) +y'2 tenglamaning umumiy yechimini toping.
® Berilgan tenglama Lagranj tenglamasi. Bu tenglamani y' =p deb,
y =x\+p) +p2
ko'rinishda yozamiz va differensiallaymiz:
y'={\+p) +(x+2p)p".
Bundan
p=(+p) +(x+2p)p', \+{x+2p)p'=0, xX'+x+2p=0, X +x=-2p
chizigli tenglama kelib chgigadi.
Bu tenglamaning yechimi
X—2-2p+Cp

bo‘ladi.
Demak, berilgan tenglamaning yechimi
X=2-2p+Cep, y=(2-2p +Cep-(\+p) +pr. O

5" (1.19) tenglama
y=xy'+H/) 0-17)
ko‘rinishda bo‘lIsin, bu yerda i*(y")- /ning ma’lum funksiyasi.
(1.16) tenglamaga Klero tenglamasi deyiladi.
Klero tenglamasi yechishda p =/ parametr Kiritiladi.
Bunda (1.17) tenglamaning
y =xC+y/(Q
ko‘rinishdagi umumiy yechimi kelib chigadi.
X +u/\p) =0 boMganda (1.16) tenglamaning xususiy yechimi
X=-W(p% Y=xp+y/(p)
parametrik tenglamalar bilan aniglanadi. Bu yechim Klero tenglamasining
maxsus yechimi bo‘ladi.
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23-misol. y - xy" +cosy' tenglamaning umumiy yechimini toping.
® Berilgan tenglama Klero tenglamasi. Bu tenglamani y*' =pdeb,
y =Xp+C0sp
ko'rinishda yozamiz va differensiallaymiz:
P =p +(x-sinp)p".
Bundan
(x-sin/?)p' =0
tenglik kelib chigadi. Bu tenglikdan p =0 yoki p=C kelib chigadi.
U holda berilgan tenglama
>=C +cosC
yechimga ega bo*ladi.
x- sinp=0 yoki x=sinp datenglama maxsus yechimga ega bo‘ladi.
Bundan p =arcsinj; yoki / =arcsimt kelib chigadi. Bu tenglamani
integrallab berilgan tenglamaning maxsus yechimini topamiz:
y =xaicsinx +n/I'"7+c o

Mashglar

3.1.1. Massasi m ga teng o‘q garshilik kuchi o'q tezligining kvadratiga
proporsional bo‘lgan devorni teshib o‘tmogda. 0 ‘q harakat gonunining
tenglamasini tuzing.

3.1.2. Dvigateli o‘chirilgandan keyin qayiq harakatini suvning gayiq
tezligiga proporsional garshilik kuchi ta’sirida sekinlatmoqda. Qayiq harakat
gonunining tenglamasini tuzing.

3.1.3. Agar havoning qarshiligi sportchi tezligining kvadratiga
proporsional bo‘lsa, sportchining parashutda tushishi gonini tenglamasini
tuzing (havo zichligining o‘zgarishi hisobga olinmaydi).

3.1.4. Massasi m ga teng material nuqta t vaqtga to‘g‘ri proporsional
va v harakat tezligiga teskari proporsional kuch ta’sirida to‘g‘ri chizigli
harakat gilmoqda. Material nugta harakat qonunining tenglamasini tuzing.

3.1.5. Tekislikdagi egri chizigning ixtiyoriy M nuqtasiga o‘tkazilgan
urinmaning urinish nuqtasi va abssissalar o‘gi orasidagi kesmasi ordinatalar
0'qi bilan kesishish nugtasida teng ikkiga bo‘linadi. M nugta harakat gonuni
tenglamasini tuzing.
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3.1.6. Tekislikdagi egri chizigning ixtiyoriy M nuqtasiga o‘tkazilgan
urinma, urinish nuqtasining radius vektori va abssissalar o‘gi hosil gilgan
uchburchakning yuzi s gateng. M nugta harakat gonuni tenglamasini
tuzing.

3.1.7. Berilgan funksiya mos differensial tenglamaning yechimi
ekanini ko‘rsating:

1)y——l2:— xyldx-dy =0;

2)y =arctg(x +y) +C, (jc+y)2dy- dx=0;
3)j-jc =de% {x- y +\)dy- dx=0; 4) x=te', y =e~, (L+xy)cfy+y 2ix=0.

3.1.8. 0 ‘zgaruvchilari ajraladigan differensial tenglamalarni yeching:

1) xdx +ydy =0; 2) 2xdx- (3y1+1)dy=0;
N AN *
3 2< + =0, 4 +Incos’\
Qx_ . ir_i_'\fﬁc cosydy _o (AN _1A,
5) ctgra+ =0, r(ZJ =1; 6) oo * Sme =0, W=7
7) y' =ex¥; 8) xXx'+y2=l,
6 y =tgx-tgy; 18) y s AY —gmx=Y
11) wl-y 2dx+y-]l-x1dy =0; 12) (1+y2xdx- (1+x2)ydy =0;
13)/sin*-jAny =0, )= 14) y'= {2y +\oigx, - K 1
15) (1 +x)ydx +(1- y)xdy =0, y() =1, 16) ye2dx- (1+e2dy=0, j(0) =V2;
17) y'+y =x+lI; 18)(x +2y)y’ =l
19)y" =4jdx- 2y - 1 20)/ =sin(j-x).

3.1.9. Birjinsli differensial tenglamalarni yeching:
1) (x+2y)dx - xdy=0; 2) (x+y)dx +(x- y)dy=0;
3) y(x +y)dx - x(2x +y)dy =0, 4) (y-~jx2+y2)dx- xdy=0;
5) xydx+(yl- x2)dy=0; 6) (X: +xy +y2dx-x2dy=0;
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7) Xy +exJ =y, 8) xy' =y +xtg—\

9) ydx+(-/xy - X)dy=0, 3(1) =1, 10) 2xydx +{y1—=3x1)dy =0, y(0) =1;
11) (2x+y +1)dx+ (x +2y - Ddy =0; 12) Cm+2)dx- (2x+y - A)dy=0;
13) (x+y +2)dx+(2x +2y - Ddy=0;  14) (2x+y +1)dx- {Ax+2y - 3)dy=0.
3.1.10. Tenglamalami bir jinsli tenglama ko'‘rinishiga keltiring:
1) (xly1-1)y" +2xy3=0; 2) 2y' +x=4-y.

3.1.11. Parallel targatilgan nurlami jamlovchi oyna tenglamasini tuzing
(oyna Oxy tekislikda garalsin, nurlar Oxo'qqga parallel tarqgatilsin. nurlar
Onugtagajamlansin).

3.1.12.Tekislikdagi A(0;l) nugtadan o'tuvchi egri chizigning ixtiyoriy
A/nugtasiga o‘tkazilgan urinmaning Oxo‘qdagi proeksiyasi urinish nugtasi
koordinatalarining o‘rta arifmetigiga teng. Egri chiziq tenglamasini tuzing.

3.1.13. Chizigli differensial tenglamalami yeching:

1) (2x+1)/ =4x +2y; 2) y' - ytgx=ctgx;
3) ydx-(x +y)dy=0; 4) y2dx-(2xy +3)dy =0.
3.1.14. Chiziqgli differensial tenglamalami ixtiyoriy o0‘zgarmasni
variatsiyalash usuli bilan yeching:

1) xy'-2y =2x'\ 2) y’+X—=2Iax+1;
3) X+y-er-0 y(9=3 4) y' +ytgx=——-, y(0) =0.
COSX

3.1.15. Tekislikdagi G(0;0) nugtadan o‘tuvchi egri chiziq ixtiyoriy
nuqtasining burchak koeffitsiyenti bu nugta koordinatalarining yig‘indisiga
teng. Egri chizig tenglamasini tuzing.

3.1.16. m massali material nugta nolga teng boshlang‘ich tezlik bilan
suvga tushirilmogda. Nuqtaga o°‘g‘irlik kuchi va tushish tezligiga
proporsional suvning garshilik kuchi ta’sir gilmoqgda (k -proporsionallik
koeffitsiyenti). Nuqta harakat tezligi tenglamasini tuzing.
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3.1.17. Bemulli tenglamalarini yeching:

\) y'+;("-|r+y1:0; 2) Y +N=xY
+ X
3)y'-JL =--L; 4) xy' +y =y 2Inx;
2x 2y
5) ¥ . ytgx= -y rcosjc; 6) y'+ =y 2(l +x*)sinx, >0)= 1.

3.1.18. To'liq differensialli tenglamalami yeching:

1) (X+y)dX + (jc- 2y)dy=o; 2) +€b+(yr+ mx)dy=o;

3) (3jc2+2y)dx + (2x - 3)dy =0; 4) eydx- (2y +xe~y)dy =0;

5)(2x+ Iny)dx+ - +siny\dy=Q\ 6) (2x3-Xy2)dx+(2yr-x 2)dy =0.
U J

3.1.19. Tenglamalami integrallovchi ko‘paytuvchi yordamida toiiq
differensialli tenglamaga keltiring va yeching:

1) (x2+y)dx-xdy =0; 2) (xy2+y)dx - xdy =o;
3) (en+ sinx)dx + cosxdy = 0; 4) (x! - sin2y)dx +xsin2ydy = 0.

3.1.20. Differensial tenglamalami yeching:

D y=yay; 2) yly' -1 =2-y",

y =y "N T 4) y-(y' -heyil

5) ic=Ys3- Y +2; 6)x=2Y-1nY;

7) *=21ny~Y,; 8) x=y'2--¥Y-1;

9), =ly*+y-1,*; 10))/ =(x+)y2
3.1.21. Lagranj va Klero tenglamalarini yeching:

1) ¥Y=x{y'-\) +y'l; 2) y-xy2+y’3

3) y=xy'2+y'2- 4)y =xy'2+y'-

S5 y=xy-yn 6) y =xy' +y" +yfy?

) y=xy+yl 8)y =xy +y.
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3.2. YUQORI TARTIBLI DIFFERENSIAL
TENGLAMALAR

Tartibini pasaytirish mumkin bo‘lgan differensial tenglamalar

3.2.1. Tartibi birdan yuqori bo‘lgan differensial tenglamaga yuqo
tartibli differensial tenglama deyiladi. u-tartibli oddiy differensial tenglama
umumiy holda

F(X,Y.y"Y,...,yw)=0, n>2,
ko'rinishda yoziladi, bu yerda n-erkli o‘zgaruvchi, *-noma’lum funksiya,
-noma’lum  funksiyaning hosilalari, F-{n+1) o‘lchamli
sohada (n+1)o‘zgaruvchining funksiyasi.
y @} ganisbatan yechilgan un-tartibli differensial tenglama
yO=f(x.,y.y"y',-.yI)
ko'rinishda ifodalanadi, bu yerda / -berilgan funksiya.
n-tartibli differensial tenglamaning umumiyyechimi deb, «ta ixtiyoriy
o‘zgarmasga bog‘liq bo‘lgan quyidagi shartlami ganoatlantiruvchi
y - ¢px,C,,C2 C.) funksiyaga aytiladi:

a) y C,C2...C,ixtiyoriy o‘zgarmaslaming istalgan giymatida (2.2)
differensial tenglamani ganoatlantiradi;

b) boshlang‘ich j\~ =ya y"\\\=yl ,/ L}, =yl shartlar
har ganday boiganda ham, ixtiyoriy o‘zgarmaslarning shunday CI,C1,...,.Cn
giymatlarini topish mumkinki, y =<p(x,C"C2,...,Cr) yechim boshlang‘ich
shartlami ganoatlantiradi, ya'ni

y0=<p(x0,C,,C2,..Cr),
X=<pW0d A .---4),

=9><>(xA,Cr,...,.Ci)
boMadi.
<> Differensial tenglamaning y\fa=y0,y],,~ y0~ 1" =y",
= boshlang‘ich shart bo‘yicha xususiy yechimini topish

masalasi Koshi masalasi deyiladi.
Teorema. Agar (x0;y0;y0y'-,....yA") nugtani o'z ichiga olgan D sohada
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/(xy,Y./,..Y"d)funksiya xususiy hosilalari bilan

uzluksiz bo‘lsa, u holda y'™ =/0,_y,y,y.,.Y"W)differensial tenglamaning
y\ =>0,¥Yl =yb, =Jo, mm¥ """ =YT") shartlarni ganoatlantiruvchi
yechimi mavjudva yagona boiadi.

1-misol. y* :y’)\( differensial tenglama yechimining mavjudlik va
yagonalik sohasini toping.

<S> f(x,y,y") =y* ~ funksiya va uning ~ = xususiy hosilasi
(x,y,y") Y\ y g & x y

x*0, y'> 0 da uzluksiz. d_y :2— . Xususiy hosila x*0, y*'>0 da uzluksiz.

X"y
Demak, berilgan tenglama x*0, y'>0 da yagona yechimga ega
bo‘ladi. O
<& Ayrim hollarda #a-tartibli differensial tenglamaning shunday
yechimini topish zaruriyati tug‘iladiki, bunda yechim qaralayotgan
kesmaning chetki nugtalarida berilgan giymatlami gabul giladi. Bunday

shartlar chegaraviy shartlar deyiladi. Tenglamaning chegaraviy shartlarini
ganoatlantiruvchi yechimni topish masalasi chegaraviy masala deyiladi.

Yugori tartibli differensial tenglamalami yechish usullaridan biri
tartibini pasaytirish usuli hisoblanadi.

Y™ =/(x) Ko'rinishdagitenglama
0 ‘ng tomoni kvadraturada integrallanuvchi, uzluksiz f(x) ftmksiyadan

iborat bc*lgan Y ' =f(x) tenglama bevosita integrallash orqali tartibi bittaga

past bo‘lgan va bitta ixtiyoriy o‘zgarmasni o‘z ichiga olgan differensial
tenglamaga keltiriladi. Integrallash yana n- 1 marta bajariladi va berilgan
tenglamaning «ta ixtiyoriy o‘zgarmasni o‘z ichiga olgan umumiy yechimi
topiladi:

jix) =j (i(...jf(x)dx))dx +C, +C +..+C.

2-misol. ym= differensial tenglamaning umumiy yechimini toping.

® Tenglamaning o‘ng tomoni fagat * ga bog'lig. Shu sababli
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differensial tenglamaning chap va o‘ng tomonlarini ketma-ket uch marta
integrallaymiz:

) w=Inx, du=—
y - IA-an’J - X =—1’|nx +j’9(:—1’lnx---l+C,,
dv —g)fs‘ V:_l
X' X

y' =J- Anxdx- j— +Ctx =-jlnxdInx-Inx +Ctx =“* {02, - In;c +Ctx +C2.

y =-j ~AIn2xdx - jlnxdx +~C,x2+C2x = u:2—|n1x, du=|nx?
dv=dx, v=x

=- 5ln2x +jlnxdx-\Inxdx +iC)§(2+CD( +C3=- 5ln2x +iC,x2+CZ>< +C3. O

3-misol. y”=60x2 tenglamaning [1,2] kesmada W\,,=9, Y|,.2=34,
¥1..,.=0 chegaraviy shartlarni ganoatlantiruvchi xususiy yechimini toping.
® y" =60x2tenglamaning umumiy yechimini topish uchun uni ketma-
ket uch marta integrallaymiz-.
y"=20xr+C], y'=5xi +Cx+C2 y=x5+"Ctx2+C2%+C3

C,,C2,C3 o‘zgarmaslaroi chegaraviy shartlardan aniglaymiz:
9=1+"C,+C2+C,, 34=32+2C, +2C2+C3 0=5+C,+C2

Bundan C, =-2, C2=-3, C, =12.

Demak, izlanayotgan xususiy yechim
y =xs-x2-3x+12. O

F(x,ym,y (#),....,y*)) =Oko'rinishdagi tenglama

Noma’lum funksiya va uning (£-1) tartibgacha hosilalari oshkor
gatnashmagan F(x,/*’,Y**1 =0tenglamaning tartibi yt =p(x) o‘rniga
go'yish orqali k birlikka pasaytiriladi:

F(X,p.p",p"...p(K) =0.
Bu tenglamani integrallash mumkin bo‘lsa, ya'ni
p =<p(xCl,C2..C, t) yoki y®=p(x,C,C2,...Cm)
yechim mavjud bo'lsa, izlanayotgan y(x)funksiya <pO.C,C2..C,, 4)
fimksiyani k marta integrallash orqali topiladi.
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4-misol. Koshi masalasini yeching: / +y'tgx =sin2x, y(@Q =3, /(0) =1.
<> Tenglamada y oshkor gatnashmaydi. Shu sababli y'=p(x),y’ =p'

almashtirishlar bajaramiz.
U holda _

p' +ptgx =sin 2x
birinchi tartibli chiziqgli tenglama kelib chigadi. Bunda
P(x) =tgx, Q(x)=sin2*.

Bu tenglamani yechamiz:
p =eds**(sm2x e~ dx +C,) =e”(fsin2jc-e-"™" & +C]) =
=cosx{ kin2xdx+C,) =cosx(-2 cos*+C,) =C, cos™ - 20052x.
yoki
y'=C, cosx- 2c0s2x
/(0) =1boshlang‘ich shartdan topamiz: 1=C,-2, CI=3.
U holda
y' =3C0Sx-2¢c0s! x
bo‘ladi. Tenglamani integrallaymiz: _
v =35‘mjc-x——§lg—2—)—( +C

~0) =3 boshlang‘ich shartdan topamiz: 3=C2

Demak, berilgan Koshi masalasining yechimi
_y=3smjc-x-sinxcos;>c+3,

5

5-misol. xy”-y'=0 differensial tenglamaning umumiy yechimini
toping.

® Tenglamada y va /qatnashmaydi. Shu sababli /7 =p(x),y”=p
almashtirishlar bajaramiz.

U holda

xp'- p=0

birinchi tartibli o‘zgaruvchilari ajraladigan tenglama kelib chigadi.

Bu tenglamani yechamiz:

— =—, Inj/>|=Injir[+InC,, p=Cx.
p X
Bundan y'=Ctx

Oxirgi  tenglamani  ketma-ket ikki marta integrallab, berilgan
tenglamaning umumiy yechimini topamiz:

y = %ctxi +C2+C,. O
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F(y.y'y’..y2=0ko'rinishdagi tenglama
x erkli o‘zgaruvchi oshkor gatnashmagan F(y,y",y’,...y()) =0

tenglamaning tartibini pasaytirish uchun y'=p(y) o‘miga qo‘yish orgali
yangi noma’lum funksiya p(y) va yangi erkli o‘zgaruvchi y Kiritiladi.
Bundabarcha /*' o k=12,..,n hosilalar p funksiyaning jbo ‘yicha
y*=® =@ '® =p®

dx dy dx dy

dy (dp dp d») ,dp (dp .
dx bi=p{b'b +P'ATylrpP
hokazo.

Bunda har ganday «-tartibli yrk>:&£ hosila tartibi (k- 1)dan katta

hosilalari bilan almashtiriladi: y =i =p,

boimagan p funksiyaning y bo'yicha hosilalari bilan ifodalanadi. Shu
sababli y',y\...,y(H) hosilalar berilgan tenglamaga qo‘yilganda, uning tartibi
bittaga pasayadi.
6-misol. y'y”- 3(y"'Y =0 differensial tenglamaning umumiy yechimini
toping.
<> Tenglamada x oshkor gatnashmaydi.
Shu sababli y* =p(y) almashtirish bajaramiz. Bundan
, d . 2dl 'dE
Y PI>Y'=P T+P
_ ]
U holda berilgan tenglamadan
*p dp =0
Plyr~2 dy
tenglik kelib chigadi. Bu tenglikni plga bo‘lamiz ( bunda p =0 yoki y =C
yechim tushib qoladi):

A g T =0.

<& Idy)

Bu tenglamada — =t, =/— 0'miga go'‘yishlami bajaramiz:
g dy dy o gaqoy J

t--21t2=0.
p dp
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Bu tenglikni tga bo‘lamiz ( bunda t- & =0 yoki y =C:x +C4yechim
tushib golishi mumkin; bu yechim awal tushib golgan C=Oyechimni 0z
ichiga oladi):

—-2—=0.
t P

Bundan t=C,p2 yoki ’(; =c.p7m Bu tenglikni integrallaymiz;
y

-1:c,’\ +C2 yoki =ciy+c2
p (0]
Bundan

x=-1Cy-C % +C3
Demak, berilgan tenglamaning yechimlari
x=-jC y2-Cty+C3 y =Cx+C,. O

7-misol. y"=d - (y")2=0 differensial tenglamaning umumiy yechimini
toping.

® Tenglamada xvay oshkor gatnashmaydi. Shu sababli y'=p(y) va
y'=p(x)o‘rniga qo'yishlardan birini bajarish mumkin. Bunday hollarda
soddarog yechimga olib keluvchi almashtirish bajariladi. Shu sababli
y' =p(x), y"=p deymiz. U holda

p'="JI-p

tenglama kelib chigadi.

Bu tenglamani yechamiz:

dp =dx, arcsinp=x+C, p=sin(x+C,).

Bundan
y=sm(x+C,)  yoki =>=-cos(jc+C)+C2 O

—XF{y,y',y',y" ..... y' “)=0 ko‘rinishdagitenglama

Chap tomoni xning biror funksiyasi to‘liq differensialidan iborat bo‘lgan
a;(F(y,y\y',y\...,y{"!)=0teng|amani ng tartibi mbo'yicha integrallash orgali
bittaga kamaytiriladi.
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8-misol. Koshi masalasini yeching: yy"- (y)2=0, y(0)= /(0) =2

® Tenglamani y2#0 ga bo‘lamizz. ——  =0. Bu tenglamaning chap
tomoni — ifodaning to‘liq differensialidan iborat. Shu sababli berilgan
tenglamadan d =0 tenglama kelib chigadi. Bu tenglamani yechamiz:

?=C,, Ay =Cafr, \ny=Cx+\nC2, y =C2cx.
C,,C20'zgarmaslarni boshlang‘ich shartlardan aniglaymiz: C, =2, Cr=1
Bundan ™ =e2 kelib chigadi.

Nolga teng emas deb faraz gilingan y =0 berilgan tenglamaning yechimi
bo‘ladimi? Buni tekshiramiz: y =C tenglamaning yechimi bo‘ladi, chunki
7 =0 berilgan tenglamaga qo'yilsa, OsOayniyat hosil bo'ladi. Bu yechim
berilgan Koshi masalasining yechimi bo‘lmaydi, chunki misolning shartiga
ko‘ra 7(0)=1.

Demak, berilgan Koshi masalasining yechimi: y =elx. O

9-misol. y'y"=y’(y'+1) differensial tenglamaning umumiy yechimini

toping.
<€ Tenglamani y(y' +1)* 0 gabo‘lamiz;
/Y
y'+loy?

Oxirgi tenglamani
d\n(y’+1)=d Iny
ko‘rinishda yozish mumkin. Bundan
In(/ +1) =Iri7 +InC, yoki y'+I=Cy.
Bu tenglamani yechamiz:

i ‘cy-u”™rran- £ UYcy-4Y-"+be-

Nolga teng emas deb faraz gilingan j =0 va y'+1=0 (yoki y =-x +Cj
berilgan tenglamaning yechimlari bo‘ladi, chunki har ikkala holda
yechimlar tenglamaga qo‘yilsa, 0=0ayniyat hosil bo‘ladi, O
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Noma'lumfunksiya va uning hosilalariga nisbatan bitjinsli bo‘lgan
F(x.y.y',...yw) =0 ko‘rinishdagi tenglama

Chap tomoni noma’lum funksiya va uning hosilalariga nisbatan birjinsli
funksiyadan iborat, ya'ni F(x,tx,ty’,....ty") =t"F(x,y.y",....yw) bo‘lgan N
F(x,y,y’,...y('")=0 tenglamaning tartibini pasaytirish uchun y'=yz o!miga
go'yish bajariladi hamda y",ymva boshqa hosilalar topiladi:

y"'=(yz)' =y'z+yz' =yz2+yz' =y(z2+2'); ym—y(z3+3zz' +2z") va hoka20.
Bunda hosilalaming har biri y ko‘paytuvchini o'z ichiga oladi. Berilgan
tenglamaning chap tomoni bir jinsli funksiya bo‘lgani uchun y,y'\y’,.. lar
ty,ty',ty".... lar bilan almashtirilganda bu funksiya o‘zgarmaydi. Shu sababli

t=—o'miga qo'yish orgali tenglamadan yni yo‘gotish mumkin bo‘ladi va
Yy
tenglamaning tartibi bittaga pasayadi.

10-misol.  xlyy’- (y- xy)1=0 differensial tenglamaning umumiy
yechimini toping.

<S> Tenglamani chap tomoni y, y\ y" larga nisbatan birjinsli, chunki

F(x,ty,ty",ty’) =x2yiy" - {ty - txy'f =t2{xyy" - (y - xy")2) =tF(x,y,y",y").
Shu sababli y’-yz vay’-yiz1+z") o‘'miga qo'yishlar bajaramiz.

U holda berilgan tenglamadan

XY 2Az2+2") - (y - xyz)2=0 yoki y2(x2(z2+z')-(l —xz)2)=0

kelib chigadi.

y =0 berilgan tenglamaning yechimi boiadi. y* 0 da topamiz:

XZ22+0/ -1 +2xz-x22=0.

Bundan

Tenglamani yechamiz:
— CHRv'dx +cl =u %
y X J XX

U holda y'=yz dan y =C2Z* kelib chigadi. Bundan

ffi.alu
y =C2f2 =C2 yoki
i
y =C2xe 'I’. O
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Mashqlar

3.2.1. -ctgy=Cx+Cl ifoda y’tgy=2{y")r differensial tenglamaning
.yechimi ekanini ko‘rsating.

3.2.2. 3y - (C, ~2x)2=C2 +C3ifoda y" =0")3differensial tenglamaning
yechimi ekanini ko'‘rsating.

3.2.3. y’ =y"\ny differensial tenglama yechimining mavjudlik va
yagonalik sohasini toping.

3.2.4. y"=x+dwx* -y" differensial tenglama yechimining mavjudlik va
yagonalik sohasini toping.

3.2.5. Differensial tenglamalami yeching:

= 2)y’ =xlInx;

3) ym=cos2x; 4)y ,v=ed

5) 29y =(y)L+1 6) xInxy"-y* =0;
7) X(y" +1) +Y =0; 8) W' +(y'f =eV;
9) y/ - CYY=yY; 10) y"+2y(y'Y =0;
M)yy'+6r =1 12) yy'=(y'T - (yY;
13) (\+xr)y’ +2xy'=Xx; 14) xry" =xy' - y;
15) yy' +(y'Y ~X; 16) xy" +y" =2x-1;
17) Xyy"-y'(xy' +y) =0; 18) 2yy"-3(y'Y =4j2

3.2.6. Koshi masalasini yeching:

cos X \4J 2 Va4 = Qyr=xsmx, >(0)=-2; ¥(0) =t

3)y"(x-1)-y'=0y(2)=2;y'(2)=1¥(2) =L, 4) y =" +fy|, y(2)=0; y'(2) =4;

5) yigy=2"Y, - A(f)=l 6)y:=e1r ¥(0)=0; ¥(0)=1

Dxyy"™ +x(y'Y =yy', 30 =Y(1) =3; %W ~(Y)2=y2,y(0) = 1;~(0) = 0.
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3.3. CHIZIQLI BIR JINSLI
DIFFERENSIAL TENGLAMALAR

Ikkinchi tartibli chizigli bir jinsli differensial tenglamalar.
Ikkinchi tartibli chizigli bir jinsli o‘zgarmas koeffitsiyentli
differensial tenglamalar. Yuqori tartibli chiziqli
bir jinsli differensial tenglamalar

3.3.1. Ushbu
y'+p{x)y" +a{x)y=Q (3.1)
ko‘rinishdagi tenglamaga ikkinchi tartibli chizigli bir jinsli differensial
tenglama deyiladi, bu yerda p(x), a(ar)-erkli o‘zgaruvchi xning uzluksiz
funksiyalari.

88 Agar (3.1) tenglamaning y,(X) va y2(x) yechimlari uchun kamida
bittasi nolga teng bo‘lImagan shunday a,, a2 o‘zgarmaslar topilsa va istalgan
jce(a;Zz>)da

Qfi7,(x)+aZ2W =0 (3.2)

tenglik bajarilsa, y,(x) va )y2(x yechimlarga {a-b)intervalda chizigli bog'liq
yechimlar deyiladi.

88 Agar istalgan xe(a\b) uchun (3.2) tenglik fagat a,=a2=0 bo‘lganda
bajarilsa, =(x) va y2(x) yechimlarga (a;b)intervalda chizigli erkin
yechimlar deyiladi.

(3.1) tenglamaning y,(x) va y2(e) chizigli erkin yechimlari to‘plamig
bu tenglamaning fundamentalyechimlari sistemasi deyiladi.

yXx) va y2(x) yechimlar va ulaming hosilalaridan tuzilgan

LX) =LLy..y2)- (3-3)
2,(%) YIK)
diterminantga Vronskiy determinanti (yoki vronskian) deb ataladi.
1-teorema. Agar (3.1) tenglamaning y,(x) va y2(x) yechimlari [arb]
kesmada chiziqgli bog‘lig bo‘lsa, u holda istalgan x e [a\b\ da W(x) =0bo"ladi.
2-teorema. Agar y,(x) va y2(x) [a\b] kesmada (3.1) tenglamaning
chizigli erkin yechimlari bo‘lsa, u holda Vronskiy determinanti bu
kesmaning hech bir nugtasida nolga teng bo‘Imaydi.
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1-misol. Berilgan funksiyalami chizigli bog‘liglikka tekshiring:

1) yt=arctgx va y2=arcctgx; 2) yl=1+cos2jc va y, =coslx.
® 1) yt=arctgx va y2=arcctgx funksiyalar jce (-00;+00)aniglangan.
Vronskianni hisoblaymiz:

arctgx —arcctgx
w(yxy2= 1 1

1+ jc2 1+ jc2

" %0, Viec R
1+ 21 +j)

Demak, arctgx va arcctgx funksiyalar jce/?da chiziqgli erkin bo‘ladi.

1jc_ (arctgx +arcctgx) =-

2) y, =1+c0s2x va y2=c0s2x funksiyalar jce (-00;+00)aniglangan. Bunda
1+cos2jc C0S2*
FNYD- asin2jc  -2cosjcsinjc
=(1+cos2jc)(-sin2jc) +2cosl*sm2jc =-2cos2jcsinzjc +2coszjcsin2jc =0.
Demak, 1+cos2jc va cos2jc funksiyalar xeRda chizigli bog‘liq bo‘ladi. O

Agar y,(x) va y2(x) xususiy yechimlar [ab] kesmada fundamental
sistema tashkil gilsa, istalgan xe[a;i]da * const bo'‘ladi.
Y.(x)
3-teorema. Agar (3.1) tenglamaning ikkita yt(x) va y2(xX) xususiy
yechimi [a;b] kesmada fundamental sistema tashkil gilsa, u holda
(3.1) tenglamaning umumiy yechimi
y(x) =Cyt(x) +CY2x), (3.4)
ko‘rinishda bo‘ladi, bu yerda C,, C2- ixtiyoriy o‘zgarmaslar.

2-misol. y =x va y =x2 fimksiyalar y2y +iv:0 tenglamaning
X i

fundamental yechimlari sistemasini tashkil etishini ko‘rsating va
tenglamaning umumiy yechimini toping.

® yx=x va y2=xzlami y*—)z(/ +X£y =0 tenglamaga qo‘yamiz:
2 2 2 2

y,=jcda X 7XX)27 7]'(::0----)-(--1;(7:0;
y2=xrga (X1)"--(xr)+\ x2=2---2jc +2=0.
X X X

Demak, yt=x va y2=xlfunksiyalar y" -_?y’+iy =0 tenglamaning
jc X
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xususiy yechimlari bo‘ladi.
Berilgan tenglamada p(x):—)z(, q(x) :Xi. Shu sababli yt=x va y2=x1
yechimIamingyagonaliksohasi D={(x,y):x*0}. D sohada

’VZ == —xopconst Demak, y, =x va yr=x2yechimlar fundamental sisterna"
X
tashkll giladi va berilgan tenglamaning umumiy yechimi
y=Cx+cxl. O

<aa (3.1) tenglamaning umumiy yechimini topish uchun uning
fundamental sistema tashkil giluvchi ikkita xususiy yechimini bilish yetarli
bo‘ladi.

Agar xususiy yechimlardan bittasi y, berilgan bo‘lsa, y2yechim

I -JRRK
yr=y \ dx (3.5)
h%¢
formula bilan aniglanadi.
. 2X
3-misol. y" PR -y =0 tenglamanin ,=X Xususiy yechimi
y - / 1%()/ g gy= yy

ma’lum boisa, uning umumiy yechimini toping.
® Berilgan tenglamada p(x) :_1%2, (Jq(x)zl- 2 , va yechimlaming

yagonalik sohasi D={(*,7):jc
Ikkinchi xususiy yechimni (3.5) formula bilan topamiz:

T :X}i>}2 el dX:X][X\Z e 4" ox- X{xZ(.I_ xz) J\x2 1-x 2P -

1+x 1+ije

— %

1-* 2" 1-x
Bunda xususiy yechim izlanayotgani uchun integrallash o‘zgarmasi nolga
teng deb olindi.
Y,=XVa Yy2=-In 1+ -1 yechimlar uchun ~ =-In I L const.

1—J Y, 2 1-x
Demak, yechimlar fundamental sistema tashkil giladi va tenglamaning
umumiy yechimi
| ||+X 1
1—X

y =Cx +C2
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4-misol.  Bir jinsli chizigli ikkinchi tartibli differensial tenglamaning
fundamental yechimlari yx=xva y2=e2 dan iborat. Bu tenglamani tuzing.
<& Berilgan yechimlar uchun vronskianni tuzamiz:

W)= = 6 =2xeX—eX=e2(2X- 1).
1 2

Demak, yechimlarning yagonalik sohasi D - ~x,y)".x"-

D sohada tenglamaning umumiy yechimi y =Ctx + C2u boiadi.
Bundan y'=C, +2Cre% y’=4CZrx Bu tengliklardan topamiz:

C.="(2y-y"), C2="e-V.

C, va C2 ning topilgan giymatlarini y=C>+C22 ifodaga qo'yib,
almashtirishlar bajaramiz:
y =(2Y - j>')x+Ze~2y"e2x, 4y =4ncy' - 2xy" +y"
"(1-2x) +4xy'-4y =0, y'+-~ —y'--A __y =0,
y"(I-2x) +4xy’-4y RS v A
Demak, izlanayotgan tenglama
y' o+ -Zz-l_f-x—y<--———i4—y:0. 0
\—2x | —2x
3.3.2. (3.1) tenglamaning xususiy holi bo‘lgan
y" +py' +qy=0 (3.6)
tenglamaga ikkinchi tartibli chizigli bir jinsli o'zgarmas koeffitsiyentli
differensial tenglama deyiladi, bu yerda p, g-o'zgarmas hagiqiy sonlar.
Ushbu
k2+pk +q=0. (3-7)
algebraik tenglamaga (3.7) differensial tenglamaning xarakteristik
tenglamasi deyiladi.
A va k2 (3.7) xarakteristik tenglamaning ildizi bo‘lsin.
U holda (3.6) differensial tenglamaning yechimi  quyidagi uch
formuladan biri bilan topiladi:
1) agar A va k2- haqiqiy va kt#k2bo'lsa, u holda

Y- Qi +C2eRX (3.8)
2) agar kt=k2=k bo'lsa, u holda
y =eb(Cl+ CX); (3.9)
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3) agar ks=a +ipvakl-a-ip ~ kompleks-qo ‘shma bo'lsa, u holda

y =ec¢(C, cos/& +C2smy@®r). (3-10)
5-misol. Differensial tenglamaning umumiy yechimini toping:
1) y"+3y" +2y =0; 2) y"-6y’+9y =0; 3) y"+2y'+ 5y =0.

® 1) Ikkinchi tartibli chizigli bir jinsli o‘zgarmas koeffitsiyentli
differensial tenglama berilgan.
Uning xarakteristik tenglamasini tuzamiz.
K2+bk+2=0.
Bu tenglama haqiqgiy va har xil ildizlarga ega: k, =-1, k2=-2.
U holda uning umumiy yechimi
y —Ce* +Ce2*

ko'rinishda bo‘ladi.

2) Tenglamaning xarakteristik tenglamasini tuzamiz:
K2-6 k +9=0.
Bu tenglama ikkita bir xil haqiqiy ildizgaega: kl=k2=k =3.
Demak, tenglamaning umumiy yechimi
y =e™N(Ct+CX).

3) k2+2k+5=0 xarakteristik tenglama ky=-1+2/ va k2=-1-2/

ildizlarga ega. Bundan a =-1 va /7=2.

U holda tenglamaning umumiy yechimi
y =e~x(Clcos2x +C2sin 2x)

ko‘rinishda bo‘ladi. O

3.3.3. Ikkinchi tartibli chizigli bir jinsli differensial tenglama uchul
gabul gilingan ta’riflar va olingan natijalami
y'n+ +..+a_,(x)y +ajx)y =0 (3.11)

ko‘rinishdagi n-(n> 2)tartibli chizigli birjinsli differensial tenglama uchun

tatbig etish mumkin.
Xususan:
1 Agar (3.11) tenglamaning vy, y2—yn yechimlari uchun kami

bittasi nolga teng bo‘lmagan shunday a,,a2...,.an o‘zgarmaslar topilsa va
istalgan ne (a;6)da

«lY,+ay2+..+ary,,=0 (3-12)
tenglik bajarilsa, ylty2,...y,, yechimlarga chizigli bog‘ligyechimlar deyiladi.
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Agar istalgan xe(a;b) uchun (3.12) tenglik fagat a, =a2=...=«, =0 uchun
bajarilsa, yl,yl,—yx yechimlarga (a;b) intervalda chizigli erkin yechimlar
deyiladi.

2. (3.11) tenglamaning chizigli erkin yl,y2,....yi yechimlari to‘plamiga
bu tenglamaning fundamentalyechim/ari sistemasi deyiladi.

3. y~yr,..~, yechimlar va ulaming hosilalaridan tuzilgan

yr -, Y,
i oy om Y
y: /T -y

yl yF [ yr
determinantga Vronskiy determinanti (yoki vronskian) deyiladi.
4. Agar ylyl,..y, [@M kesmada (3.11) tenglamaning fundamental
yechimlarini tashkil gilsa, barcha xe(a;b) da W(x)* 0 bo'ladi.
5. Agar (3.11) tenglamaning ylryr,-,y. xususiy yechimlari [ab}
kesmada fundamental sistema tashkil qilsa, bu tenglamaning umumiy

yechimi
y =Ciyl +Cly,+... +C»y,, (3.14)

ko‘rinishda bo‘ladi, buyerda C,,C2...C,, - ixtiyoriy o‘zgarmaslar.
6. Agar (3.11) tenglama o'zgarmas koeffitsiyentli, ya’'ni

y(}+alyi~)+..+any +a%y"0 (3-15)
ko‘rinishdabo‘lsau holda uning yl,y2,....yi xususiy yechimlari
k"+alk™"'+..+ al k +alt=0 (3-16)

xarakteristik tenglama yordamida topiladi, bu yerda a,,a2...,0, -0 ‘zgarmas
haqigiy sonlar.

Bunda (3.16) xarakteristik tenglamaning har bir m karrali haqiqiy «
ildiziga (3.15) tenglamaning m ta chizigli erkin efa xe*,..., x""elx
yechimlari mos keladi, xarakteristik tenglamaning har bir r Kkarrali
kompleks-qo‘'shma A=a +i/3 k2=a-ij3 ildizlari juftiga (3.15)
tenglamaning 2r ta chizigli erkin e cosOx, e sinfix, xe‘*cos/3x, xe°*sinflx,...,
xr~¢* cosfix, xNe™sinfix yechimlari mos keladi.

192



5-misoly - ¥Y*-/" +7 =0 differensial tenglamaning umumiy yechimini
toping.
® Beshinchi tartibli chizigli bir jinsli o'zgarmas koeffitsiyentli
tenglama berilgan. Tenglamaning xarakteristik tenglamasini tuzamiz:
ks-k 3-k 2+1=0 yoki (k+X)(k—1)2(& +A+1)=0.

Bundan k,1=-1,k2_3:], k4:-_+_| K,=-~-—i.

2 27 2 2
Tenglamaning kt=-1 ildiziga yt=ex yechim, ikki karrali k2i =
ildiziga y2=ex, y3=xex yechimlarva £,, —-1+”/3 SO E = /ildizlar

juftga y4=e700513x, y5=e 2 sin@x yechimlar mos keladi.

Demak, tenglamaning umumiy yechimi:

Mashglar

3.3.1. Berilgan funksiyalami chizigli bog‘liglikkatekshiring:
=arcsinxX va y2=arccosx; 2) yt=ef-c0s2x va y2=sinx;
4) yt=chx va y2=shx.

3.3.2. y, va yr funksiyalar berilgan tenglamaning fundament
yechimlari sistemasini tashkil etishini ko‘rsating va tenglamaning umumiy
yechimini toping:

3)y, =62|Va y2:XeZ§ y"_4y' +4y:0,
4)y,=sinxva y2=cosx, y"+y=0.

3.3.3. Berilgan tenglamaning y, xususiy yechimi ma’lum bo‘lsa, unin
umumiy yechimini toping:

" . _ __ CosxX
Dy +-y +y=0,y,= sin «
3)y'-2y'-3y =0, y,=2 4) y"' +4y =0, y, =sin2x.
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3.3.4. Berilgan fundamental yechimlar sistemasiga ko‘ra bir jinsli
chizigli ikkinchi tartibli differensial tenglamani tuzing;

)7,=xva yz=x3; 2)yt=Ilva 7j=sinx;
3)y,=e3lva yr=xeu; 4)y, =cos3x va y}:sin3—x.
3.3.5. Differensial tenglamaning umumiy yechimini toping:

Hy'-y>-6y=0; 2) y”-2y' -2y =0;

3) y'- Ay' +4y =0; 4) 9y +6y" +y =0

5) y’ +4y" +29y =0; 6) 4y"-Sy'+5y =0;

7) ymky'-2y' =0; 8) ysa-5y' +My'-\by =0
9)y" +87"' +16y =0; 10) /7 - 6y" +9ya=0.

3.3.6. Differensial tenglamaning xususiy yechimini toping:
1) y' +5y"+6y=0, y(0)=1, y'(0)=-6,
2) 7+ - 87+ 167=0, y(0) =0; y (0)=1
3)y”-¥Y =0, y(0) =3, ¥(0)=—% y'(0) =L,
4) Y'-5Y +8Y-4y =0, 7(0) =1, y'dp) =1 Y(0) =2

3.4. CHIZIQLI BIR JINSLI BO'LMAGAN
DIFFERENSIAL TENGLAMALAR

Ikkinchi tartibli chizigli bir jinsli bo‘Imagan differensial tenglamalar.
Ixtiyoriy o‘zgarmasni variatsiyalash usuli. Ikkinchi tartibli chizigli
bir jinsli bo‘lmagan o‘zgarmas koeffisiyentli differensial tenglamalar.
Yugori tartibli chizigli bir jinsli bo‘lmagan differensial tenglamalar

3.4.1. Ushbu
y*+p()y" +a(x)y =f(x) (4.1)
ko‘rinishdagi tenglamaga ikkinchi tartibli chizigli bir jinsli bo ‘Imagan
differensial tenglama deyiladi, bu yerda p(x), q(x), f (x) *0-erkli o'zgaruvchi
xning uzluksiz fonksiyalari.
Chap tomoni (4.1) tenglamaning chap tomoni bilan bir xil bo‘lgan
y*+p(x)/ +q(x)y =0 (4.2)
tenglamaga (4.1) ga mos bir jinsli tenglama deyiladi.
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Agar (4.2) tenglamaning y,(x) va y2x) xususiy yechimlari [ab]

kesmada flindamental sistema tashkil gilsa, tenglamaning umumiy yechimi
Y(x) = C,y,(X) + Cr(x)
ko'rinishda bo‘ladi, bu yerda C,, C2-ixtiyoriy o‘zgarmaslar.

1-teorema. (4.1) tenglamaning Y(x)umumiy yechimi bu tenglamaning
birorta y(x) xususiy yechimi bilan mos birjinsli (4.2) tenglama y(x) umumiy
ycchimining yig'indisiga teng bo‘ladi, ya'ni

Y(X) =y(x) +y(x).

3.4.2. Ixtiyoriy o zgarmasni variatsiyalash usulidz. (4.1) tenglamaning
xususiy yechimi (4.2) tenglamaning fundamental sistema tashkil giluvchi
y[va yr xususiy yechimlarining chizigli kombinatsiyasi shaklida, ya’'ni

y =CI(x)yl +C2(x)y2

ko'rinishda izlanadi. C,(x) va C2(x) noma’lum funksiyalarni topish uchun
awal

lci@n™, +c;(x)"2=o,

\c;(X)y; +c'2Ax)/2=1(x)
sistema tuziladi va bu sistemadan C/(x) va CXx) hosilalar  aniglanadi.
Keyin C,'(x)va C'(x) hosilalar integrallanadi,bunda integrallash o‘zgarmaslari
nolga teng deb olinadi.

1-misol. yt=erva y,=x lar / ----—-—-- + ------ =0 tenglamanin
yt=er y,=X X—1y y g g

fundamental yechimlari sistemasini tashkil q|I|sh|n| ko‘rsating va
(x- V"= xy' +y =(x - D)2differensial tenglamaning umumiy yechimini toping.
yl=e* va y2=xfunksiyalarni berilgan tenglamaga go‘yamiz:
Y, =eTda (e*) ——(e*) +"‘_E‘1 X= e)(fl—j‘FX— I,]. =0;

= X e ___:I:_ _____)i__ ———-—
y _X&a e X-I(X) +X IX X - I+x [ =0.

Demak, y, =e“va y =x lary" ———X—E_S—Iy —)2—1——|y:0 tenglamaning xususiy
yechimlari bo‘ladi.
Berilgan tenglamada p(x) = X q(x):-)z---- Demak,y, =e*“va y2=x
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yechimlaming yagonalik sohasi D={(x,y):x* 1}. Dsohada y =—7% const.
1 ex

Shunday qilib, yt=er va y2=x yechimlar fundamental sistema tashkil
giladi va y"- -Z—y' +----y =0 tenglamaning umumiy yechimi y =C,e' +CX
bo'ladi.

(x-\)yn-xy'+y ={x-\f tenglamaning chap va o‘ng tomonini (x-1)ga
boiamiz:

Bu tenglamada /(x)=x-1 Mos bir jinsli tenglamaning umumiy yechimi
y =Clex+CX. Ixtiyoriy o‘zgarmasni variatsiyalash usuliga ko‘ra berilgan
tenglamaning xususiy yechimini
y =C,(X)ex+C2(x)x

ko‘rinishda izlaymiz. Bu yerda C,(x) va C2(x) funksiyalar

jc[(x)ex+C[(x)x =0,

jC(x)e" + C[{x) =x-1
sistemadan topiladi.

Sistemaning yechimi:
C;(x) =xe~x C[(X) =-\.
Bu hosilalarni integrallaymiz:
C,(x)=-(x +l)e x+Cp C2x)=-x +C2
C,=C2=0 deymiz va C(x) va CAx)ni y=C,(x)ex+C2(x)x tenglamaga
go‘yamiz:

y =-x2-x~1.
Demak, berilgan tenglamaning umumiy yechimi
r= +C'x-x2-1, (C'=C2-1). O

2-teorema. Agar (4.1) tenglamaning o‘ng tomoni ikki funksiyaning
yig*‘indisidan iborat, ya’'ni
Y +pXx)y" +ax)y =f1(x) +f2(x) (4.3)
va yxx),y2(x) 0‘ng tomoni mos ravishda fxx),f2{x) bo‘lgan
(4.1) tenglamaning yechimlari bo‘lsa, u holda
y(x)=y,(x) +y2x)
yig‘indi (4.3) tenglamaning yechimi bo'ladi.
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2-misol. y"+5y'+ 6y =e—*+e~X differensial tenglamaning umumiy
ycchimini toping.
® Berilgan tenglamaga mos xarakteristik tenglama k =-2 va k2=-3
ildizlarga ega. Demak, berilgan tenglamaga mos bir jinsli tenglamaning
umumiy yechimi:
y =Cx+C2'3.
Tenglamaning o‘ng tomoni ikkita fl(x) =e=xva f 1(x) =e~x funksiyalaming
yig'indisidan iborat. Shu sababli ikkita
y'+5/ +6y =ex va y'+5y +6y=e2
tenglamani yechamiz.
Birinchi tenglamaning xususiy yechimini y, =Cl(X)e~2r + C2(X)e~x
ko‘rinishda izlaymiz.
Bu yerda C,(x) va C2x) funksiyalar
f  C[{x)ex+ C2(x)e~x=0,
{- 2C,'(x)e-2r - 3C'(x)e-,r =e"*
sistemadan topiladi.
Sistemani yechamiz: C’(x) =ex, C'(x) =-eA
Hosilalami integrallaymiz:

C,(x) =€% C2x) =-] e 2,

C,(x) va C2(x)ni y, ga qo'yib, birinchi tenglamaning xususiy yechimini
topamiz:

1 2
Ikkinchi tenglamaning xususiy yechimini y2=C,(x)e~2+ C\(x)e~Ix
ko‘rinishda izlaymiz.
I C{¥e2x+ C;(x)e'1*=0,
{- 2C'(x)e-2L- BC[{X)e-B=e'2
sistemadan C'(x) =1, C\(xX) =-ex yoki C3x)=x, C4(x)=-exKkelib chiqgadi.
Bundan
y2=(x-l)e-2x
Berilgan tenglamaning umumiy yechimini Y=y +yl+yl tenglik bilan
topamiz:

Y:C,V2/+C,2e~,x+-e~x+xe"21, C*=C.-1. ©
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3.4.3. (4.1) tenglamaning xususiy holi bo‘lgan
y"+py' +ay =f(x) (4.4)
tenglamaga ikkinchi tartibli chizigli bir jinsli bo‘Imagan o zgarmas
koeffitsiyentli differensial tenglama deyiladi bu yerda p, ¥-0‘zgarmas
hagiqiy sonlar, 7 (x)*0-erkli o‘zgaruvchi xning uzluksiz funksiyasi.
(4.4) tenglamani ixtiyoriy o'zgarmasni variatsiyalash usuli bilan yechish

mumkin.
Agar (4.4) tenglamaning o‘ng tomoni «maxsus ko‘rinish» deb ataluvchi

I f (x)=e“ WPJx) yoki Il f (x)=e" mPn(x)cosfix +Qnjc)sinfix)
ko'rinishda bo‘lsa, bu tenglamani yechishda uning y(x) xususiy yechimini
topishning ancha oson bo‘lgan nom’alum koeffitsiyentlar usulidan
foydalanish mumekin.

& Noma'lum koeffitsiyentlar usulida awal (4.5) tenglama o'ng tomoni
f(x)ning ko'rinishiga mos xususiy yechimning noma’lum koeffitsiyentli
izlanayotgan shakli yozib olinadi, keyin u (4.4) tenglamaga qo‘yiladi va hosil
bo‘igan ayniyatdan noma’lum koeffitsiyentlaming giymati aniglanadi.

I hoi. (4.4) tenglamaning o‘ng tomoni f(x) =e*“ -P,,(x) ko‘rinishda
bo‘lsin, bu yerda Pn(x)-n>0 darajali ko‘phad; a ~kl1+pk +q=0 xarakteristik
tenglamaning r Kkarrali ildizi.

Bu holda (4.4) tenglamaning xususiy yechimi

y =e~-xr-Q,(x) (4.5)
ko'rinishda izlanadi, bu yerda QJx)- koeffitsiyentlari noma’lum bo‘lgan
n-darajali ko‘phad.

11 hoi. (4.4) tenglamaning o‘ng tomonifix) = mPJx)cos px +QJx)?,\n fix)
ko‘rinishda bo'lsin, bu yerda P (x), Qr(x)- n, m- darajali ko‘phadlar;

a =ifi - kl+pk +q=0 xarakteristik tenglamaning r karrali ildizi.
Bu holda (4.4) tenglamaning xususiy yechimi
y-e" mxr {Mt(x)cosPx + N, (x)sinPk) (4.6)
ko'rinishda izlanadi, bu yerda M,(x), N,(x)~ koeffitsiyentlari noma’lum
bo‘lgan /-darajali ko‘phadlar, /- mm(m,n).

(4.4) tenglamaning xarakteristik tenglamasi kvadrat tenglama bo'lgani
uchun I holda r soni 0, 1 2 giymatlarni, 11 holda 0, 1 giymatlami gabul
gilishi mumkin. Bunda rsoni O giymatni a yoki axip xarakteristik
tenglamaning yechimi bo‘Imaganda gabul giladi.
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Izohlar: 1. (4.6) ifodani (4.4) tenglamaga qo‘ygandan keyin tenglamaning
chap va o‘ng tomonidagi bir nomdagi trigonometrik funksiyalar oldidagi
ko'phadlar tenglashtiriladi.

2. (4.6) shakl P,(x)&0 yoki Q,,(x)=0 bo‘lgandaham saglanadi.

3. Agar (4.4) tenglamaning o‘ng tomoni 1 yoki Ilshakllarning
yig‘indisidan iborat bo'lsa, xususiy yechim ham mos shakllaming yig'indisi
ko‘rinishida izlanadi.

3-misol. y'v-y m+y"-y* =f(x) differensial tenglamaning umumiy
yechimini toping, buyerda 1)/(x)=5~2x;  2)/2Xx)=4er;

3)/3X) =(Ax - B)e~x; 4)/ ,(x) =2c0osx +6sinx;
5) fs(x) =cos2x - 3sin2x; 6)fjx) =5e"(cosx +sinx).
<& Berilgan tenglamaga mos xarakteristik tenglama k,=Q, kr—1,
ky=/kt=-i ildizlarga ega. Demak, berilgan tenglamaga mos birjinsli

tenglamaning umumiy yechimi:
y =C, +Crex+C3cosx + C4sinx.

U holda berilgan tenglamaning umumiy yechimi
I,=C,+ CZ' +C3c0sx + C4sinx +y,
bo‘ladi, vy, -berilgan tenglamaning f(x) funksiyaga mos xususiy yechimi.

Harbir f,(x) uchun tenglamaning yt xususiy yechimini noma’lum
koeffitsiyentlar usuli bilan topamiz.

1) /1(x)=5-2x  funksiya uchun a =0 n=1 a=0 xarakteristi
tenglamaning bir karrali ildizi bo‘lgani uchun r=1 Birinchi darajali
noma’lum koeffitsiyentli ko‘phadning umumiy ko‘rinishi Q}x) =Ax +B.

Bu holda xususiy yechimni

y, =e>*xI(Ax + B) = Ax2+ Bx
ko‘rinishda izlaymiz.

W- 2Ax+B, y'=2A, y"=y‘v=0 hosilalarni berilgan tenglamaga
go‘yamiz;

2A- 2Ax- B=5- 2x.
xning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
f ~2A=-2,
[2A- B= 5.
Bundan A=I, B=-3.
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Demak, tenglamaning xususiy yechimi
y, =x2- 3Xx
va umumiy yechimi
Yx=C, +C\ex+C3c0s;c +C4sinx +x2- 3x.

2) fi(x) =4ex funksiya uchun a =1 n=0. U holda r =1 Qu(x)=A
Bundan
y2=e [xU=ydxe*.

% =A(x+l)ex, y’ =A(X +2)ex, N(x+3)e\ jf =A(x +4)ex
hosilalarni berilgan tenglamaga qo'yib, topamiz: 2A-4 yoki A=2.

Demak, tenglamaning xususiy yechimi

y2=2xe*
va umumiy yechimi
Y2=C, +C2x+C3cosx +C4sinx + 2xe*.

3) /3x) =(4x-6)e~* funksiya uchun a =-1, n=1
Buholdar =0, Q.(X)=Ax+B va y3-e~"x°(Ax +B) =(Ax + B)e~xbo'ladi.
Yy, =(-Ax-B +A)ex, VY3=(Ax+B~2A)ex
y3=(-Ax-B +3A)e'x, =(Ax+B- 4A)ex
hosilalarni berilgan tenglamaga go‘yamiz va xning bir xil darajalari oldidagi
koeffitsiyentlami tenglab, topamiz: A=1 B=1
Bundan
y3=(x +l)e~x,
Y3=C, +C2x+C, cosx +Ctsinx +(x +l)e~.
4) /4(x) =2cosx +6sinx funksiya uchun a =0, 0 =1, n=0, ax0i =i.
Bunda r =1 Ma(x)=A, N~B.
U holda y3=e0x!(Acosx +5 sinx) =x(Acosx +fisinx).

W =(A+Bx)cosx +(B- Ax)sinX, y”=-(2A +Bx)sinx+ (2B- AX)cosx,

y“- -(3A +fix)cosx - (3B- Ax)sinx, y™=(4A +fix)sinx - (4B- Ax)cosx
hosilalarni berilgan tenglamaga go‘yamiz va cosx, sinx funksiyalar oldidagi
koeffitsiyentlami tenglab, topamiz: A=2, B=1

Bundan

y4=x(2c0sX +sinx),
Yt =C, +C2%* +C3cosx +C4sinx +x(2cosx +sinx).
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5) /,(*) =cos2x - 3sin2x funksiya uchun a =0, =2, n=0, axfii ==#2i.
Bunda r =0, MO(x) =A, Nh=B.
1J holda y, =e°'x°(/)cos2x + Zisin2x) = /fcos2x + 5 sin2x,
W =-2/)sin2x +26c0s2x,  y" =-4"c0s2x-45sin2jc,
y"= 8/Isin2x - 8E£c0s2X, y" =16/1cos2x - 1 6Bsin2x
hosilalarni  berilgan tenglamaga qo‘yamiz va cos2x, sin2x funksiyalar

oldidagi koeffitsiyentlami tenglab, topamiz: I‘I:-6, B e

Demak,
y5=E(c052x - sin2x),

¥5=C, +CZx+C, cosx +C4sinx +€(COSZX - sin2x).

6) /6(x) =5e'(cosx +sinx) funksiya uchun a =\ /2=1 « =0, a £/ =I+i.
Bunda r =0, MO(x)=A, NO=B.
U holda y3=e*xQ(y4cosx +Ssinx) =e*("cosx +5sinx).

y' =€((<4+5)cosx +(B-yl)sinx), y"=e'(2.Scosx-2,4smx),
y"=e'(2(5 - A)cosx - 2(5 +M)sinx), yf =e*(- 4y4dcosx-45sinx)
hosilalarni berilgan tenglamaga qo‘yamiz va cosx, sinx funksiyalar oldidagi

koeffitsiyentlami tenglab, topamiz: A=-1 B=~2.
Demak,
y5=-er(cosx + 2sinx),
76=C, + C2x+C3cosx +Cdsin x-ex(cosx +2sinx). O
<S> Agar (4.4) tenglama o‘ngtomonining ko'‘rinishi / yoki //shaklga
toiiq mos kelmasa, u holda y(x) xususiy yechimni
y =elx(\eK-Ry {\f{x)e-Kdx)dx) (4.7)
formula bilan topish mumkin, bu yerda ki7k2- xarakteristik tenglamaning
ildizlari.
Bunda va k2 kompleks-qo‘shma yechim bo‘lgan holda trigonometrik
funksiyalami Eyler formulasidan kelib chigadigan

cosa ="(e‘a+e~*°), sina - e (4.8)

formulalar orqali ko‘rsatkichli funksiyalarga o‘tkazish qulay bo‘ladi.
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4-misol. y”+4y' +4y =™ Inx differensial tenglamaning umumiy
yechimini toping.

® Berilgan tenglamaga mos xarakteristik tenglama =k2=-2 ildizga
ega. Demak, berilgan tenglamaga mos bir jinsli tenglamaning umumiy
yechimi:

y =(C, +C2X)e~1x

f(x) =exInx funksiyaning ko‘rinishi I yoki 7/shaklgato‘liq mos

kelmaydi. Shu sababli butenglamaning xususiy yechimni
y =ev SHJIf(x)e-Rdx)dx)
formula bilan topamiz:
y =e'2,(]e<28(] e'XInxe"Ixdx)dx) =e2(J (] \nxdx)dx) =

=e'2)(xInx - x)dx- e Inx- Ax2- "x2j =e NX~T™ o
Demak, tenglamaning umumiy yechimi

Y={c, +Cx+|x2Inx-|xJ-e~A O

3.4.4, Ikkinchi tartibli chizigli bir jinsli bo‘lmagan differensial tenglam
uchun olingan natijalarni
y<>Halx)/"-) +..+ a, I(x)y" +adx)y =f(x) (4.9)

ko‘rinishdagi n-(n>2)tartibli chizigli bir jinsli differensial bo'lmagan
differensial tenglama uchun tatbiq etish mumkin.

Xususan:

1. Bu tenglamaga mos birjinsli tenglama

Y'>+a,(x)/"-+.. +a, Ax)/ +a,,(X)y =0 (4.10)
ko‘rinishda bo'ladi.

2. Bir jinsli boimagan (4.9) tenglamaning umumiy yechimi Y=y +y
formula bilan aniglanadi, bu yerda y - (4.10) tenglamaning umumiy yechimi,
y -berilgan (4.9) tenglamaning yechimlaridan biri.

3. (4.9) tenglamani yechishning umumiy usuli ixtiyoriy o‘zgarmaslarni
variatsiyalash usulidan iborat. Bu usulda (4.10) tenglamaning yl,y2-.y,,
fundamental yechimlar sistemasi ma’lum bollsa (4.9) tenglamaning xususiy
yechimi quyidagi ko‘rinishda izlanadi:

v = CIX)y, +C2(X)yr+ ...+ C(x)ya, (47.11)
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bu yerda C,(x), C1(x),...,CJx) funksiyalar quyidagi sistemadan topiladi:
' CL(X)y, +C2(x)y2+...+C'(x)yn=0,
C;(XW +c;wy2+...+C:«y,=0,
....................................................... (47.12)
c;(Xyl 2,+c;(x)yl 2)+...+c:(x)yl , =0,
C;(X)yr™ +c Xy ~>+...+c:(x)/r =m
4. n-tartibli chizigli bir jinsli bo‘Imagan o‘zgarmas koeffisiyentli
differensial ~ tenglamaning  xususiy yechimi ixtiyoriy o‘zgarmasni .
variatsiyalash usuli bilan topiladi. Bunda tenglamaning o‘ng tomoni maxsus
ko'rinishda bo‘lsa, uning xususiy yechimi noma’lum koeffitsiyentlar usuli
bilan topilishi mumkin.
5. Agar f{x)funksiyaning ko‘rinishi / yoki //shaklga to‘liq mos
kelmasa, u holda y(x) xususiy yechimni
y = f(x)e-"dx)dx...)dx)dx) (4.13)
formula bilan topish mumkin, bu vyerda ktk2..kn- xarakteristik
tenglamaning ildizlari.

Mashqiar

34.1.y,=x2 va y,=x funksiyalar y"—2y’+£y=0 tenglamaning
X X

fundamental yechimlari sistemasini tashkil qilishini ko‘rsating va
X" - 2xy' +2y =xV differensial tenglamaning umumiy yechimini toping.

3.4.2.y.=y?va vy, =x4 funksiyalar y"—f(/ +)1(—2y =Otenglamaning

fundamental yechimlari sistemasini tashkil gilishini ko‘rsating va
X" - 6xy’ +12y =3x differensial tenglamaning umumiy yechimini toping.

3.4.3. y"- 2/ +y =ex+extenglamaning umumiy yechimini toping.

3.4.4 y" +y’=ex+x2 tenglamaning umumiy yechimini toping.

3.4.5. Differensial tenglamalarni ixtiyoriy o‘zgarmasni variatsiyalas
usuli bilan yeching:
\) y"-2y'+y =—; 2) y"-y' =edsinex;
X
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by Y= DYy
3.4.6. y'-3y'+2y=ft(x) tenglamaning umumiy yechimini toping:
1)/ (x) =6e-* 2) f2(x) =3elx;
3) /3x) =(3- 4x)e’; 4) /4(x) =2e'sinx.
3.4.7. Differensial tenglama xususiy yechimini yozing:

1) ¥'+Y =3+xelx +xJC0OSX; 2) y" -y =5+Xex+e*cosx;
3) ymry'=4x +XV +XSinx; 4) y'" - y'" =2 +xex+ 2XCOSX.

3.4.8. Differensial tenglamaning umumiy yechimini toping:

1) Y +Y =2x +3, 2) y'- 2y +y =X +4

3) Y -2/ +2y=x2 4) Y-3Y =9x2
5)Y +Y =2e"; 6) Y -y =en;

7)Y - 2Y +y =, 8) y' - 4y =xe4;

9) y" +2y" +y=COSX: 10) y** - 5y" +6y =26sin3x;

12) y"-2y' =xcosx;

14) y'" -9y =e3xCOSX;
16) y' +y =xex+2e~x;
18) yT-2y" +y' =xex;

11) y’ +y =xsinx;
13) yr-7y"' +6y =exsinx;
15) y’' -5y’ +6y =ex+X2,

17) yT+y’ =ex;
19)y* -y =ex 20) y- y" =3
3.4.9. Differensial tenglamani yeching:
1) y-3y'+2y=|-p-jJ; 2) yr-2y'+y ==

3.5. DIFFERENSIAL TENGLAMALAR
SISTEMALARI

Normal sistemalarni integrallash usullari. 0 ‘zgarmas koeffitsiyentli

chizigli differensial tenglamalar sistemalari

3.5.1 Tenglamalari noma’lum funksiyalarining yuqori tartibli hosilasig
nisbatan yechilgan differensial tenglamalar sistemalariga kanonik sistemalar

deyiladi.
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m noma’'lumli mta differensial tenglamalaming kanonik sistemasi
umumiy ko'rinishda

y™ = i=lm (5.1)
kabi yoziladi, bu yerda x-erkli o‘zgaruvchi, y,(x),y1(x),...,yn(x)~ noma’lum
funksiyalar.

Noma’lum funksiyalaming hosilalariga nisbatan yechilgan
Yo =/ (X YISY>>Y4)> =10 " (5-2)

birinchi tartibli differensial tenglamalar sistemasiga normal sistema deyiladi.

& Agar (5.1) sistemada y’y"..y:K'} hosilalarni yangi yordamchi
noma’lum funksiyalar deb olinsa, (5.1) kanonik sistemani bu sistemaga
ekvivalent bo‘lgan va n=k +k2+...+kmta tenglamalardan tashkil topgan
(5.2) normal sistema bilan almashtirish mumkin bo‘ladi.

1- misol. Differensial tenglamalar yoki sistemalami differensial
tenglamalaming normal sistemasiga keltiring (n-erkli o‘zgaruvchi):

)y"' +*y=0; 2) yT-2xyy' +Y 1/0)
3)f3.y;-X+2yl=cosx,. (>'+>"'+Y, =Injg
IX+n=»n* ' \y,+y"=3

<> 1) y' =y, deymiz. Bundan y"~y\ bo‘ladi.
U holda berilgan tenglamani
fy' =%
Y =k>
ko‘rinishda yozish mumkin.
2) Qo'shimcha funksiyalar kiritamiz:
Yy =y, Y'=Y[=Yr-
U holda berilgan tenglama y[ =2xyy. - y\kabi yoziladi.
Natijada
- fy':yn
BA=YT,
Yr=2xyy,~yl
normal sistema kelib chiqgadi.
3) Ikkinchi tenglamadan topamiz:
Y =~Y2+Sinx.
Bu ifodani birinchi tenglamaga go‘yamiz va uni y\ nisbatan yechamiz:
y2=3sin”™-cosx +2yl-3yr.
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Demak,
yt=smx-y2,
y[ =3sinx- cosx +2ys- 3y2
4) Qo'shimcha y, =y[, y4=y'l funksiyalar kiritamiz va berilgan sistemani
bl +Y* +7, =Inx,

U+X=3
ko‘rinishga keltiramiz.
Bundan
Y'=Y»
y' =Inx-yt-yl!
bl =3-Y¥3

normal sistema hosil bo‘ladi. O

(5.2) normal sistemaning yechimi deb bu sistemaning har bir
tenglamasini ganoatlantiradigan yt(x),y2(x),...,yjx) funksiyalar to‘plamiga
aytiladi.

(5.2) sistemaning y,(xOl=y°, y2(xON=y°,...,yr(xO\=y°  boshlang‘ich
shartlami ganoatlantiruvchi xususiy yechimini topish masalasiga Koshi masa-
lasi deyiladi.

Yo‘qotish usuli

Normal sistemani yechishning asosiy usullaridan bin sistemani bitta
yuqori tartibli differensial tenglamaga keltirish va keyin yechish hisoblanadi.
Bu wusulda normal sistemaning noma’'lum fiinksiyalaridan  birini
differensiallash orgali uning bitta noma’lumidan boshga barcha noma’lumlari
ketma-ket yo*qotiladi. Bu usul noma’lumlami yo‘qotish usuli deb ataladi

Normal sistemani yo ‘gotish usuli bilan yechish quyidagi tartibda amalga
oshiriladi:

1°. (5.2) sistemaning istalgan, masalan, birinchi tenglamasi x bo'yicha
differensiallanadi

yc'ﬁx““éy,' +6y2/\ +- ""dya -m
va o‘ng tomondagi y’ hosilalar o‘miga J ifodalarni go‘yib, y" topiladi:
y =Fi{x,yLyl-y,)",
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2”.Bujarayon davom ettiriladi va quyidagi sistema hosil gilinadi:

y"'=F2(x,yr,y2,...,yJ, (5.3)
YM=PT(X'Y»Yr>->Y) >
3. (5.3) sistemaning birinchi (n~ I)ta tenglamasidan (a-1) ta yl,yi,-,y,,
funksiyalar x,ylLyj,y",...yl""b>0‘zgaruvchilar orqgali ifodalanadi va
Yr=¥r(x>Y"Y[,-YI'\
Y =¥NxMN\y[[=>yTAP 5 4)

sistema hosil gilinadi;

A\yry~..ynlaming bu ifodalari (5.3) sistemaning oxirgi tenglamasiga
go'yiladi va vy, funksiyaning wu-tartibli differensial tenglamasini hosil
gilinadi:

T 1=0{x,y%j>,..Y,(H) .

5°. Bu tenglama yechiladi va vy, =tp,(x,C,,C2,...,CJ yechim topiladi;

6°. ytyechim (n- l)marta differensiallanadi, y\\y",..,¥Y""0 lar (5.4) sistema
tenglamalariga go‘yiladi va (5.2) sistemaning qolgan yechimlari topiladi:

2-misol. Normal sistemalami yo‘qotish usuli bilan yeching:

1)1y +3>" +Yr 2) \Y'=Y,+Yr~cosx’
[y - —O’ bl =~2yi~y2+sinx +cosx'
® 1) Slstemanlng birinchi tenglamasini differensiallaymiz:
y; +3y[ +y2=o.

Berilgan sistemaning tenglamalari yordamida oxirgi tenglikdan y2va y2
lami yo‘gotamiz:
Yi+4y[ +1y,=0.
Hosil bo‘lgan o'zgarmas koeffitsiyentli chizigli bir jinsli differensial
tenglamani yechamiz:
y,=(C1+CXxK 2.

Bundan
y[=(Cr-2C,-2C X)e-I\
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y, va y[ lami sistemaning birinchi tenglamasiga go'yib, topamiz:
y2=-(C,+C2(x +

Demak, berilgan sistemaning umumiy yechimi:
U=(Cl+ CX)e-A
\y2=-(C,+C2(x +\))eA

2) Sistemaning birinchi tenglamasini differensiallaymiz:
y"'=y\+y'i+smx.

Bu tenglikka y'ning sistema ikkinchi tenglamasidagi ifodasini go'yamiz;
Yy’ =W- 2y, - y2+2sinx +C0SX

Sistemaning birinchi tenglamasidan y. ni topamiz va oxirgi tenglamaga
go‘yamiz:
y’+y, =2sinX.
Hosil bo‘lgan ikkinchi tartibli o‘zgarmas koeffitsiyentli birjinsli
bo'Imagan tenglama birjinsli gismining yechimi:
y, =C, cosx +C2sinx.
Uning xususiy yechimini y, =x(Acosx +Bsinx) ko‘rinishda izlaymiz.

Bundan
y[ =(A+Bx)cosx +(B - AX)sinX, y'=(2B- AX)Cosx - (2A +Bx)sinx.

y[ va y’ ni y’+y, =2sinx tenglamaga qo'yib topamiz:
A=-1 5=0,Y,=-XcosxX.
Bundan
yI=C, cosx+C,sinx - XCcosx,
y[ =-C, sinx +C2c0sX - COSX +XSinX.
Sistemaning birinchi tenglamasidan topamiz:

N2 = .V ,'->'i +COSX.

Bu ifodaga y, va W\ laming ifodalarini go‘yamiz:
y2—(C2-C,)cosx-(C, +C2)sinx +x(cosx +sinx).

Shunday qilib, berilgan sistemaning umumiy yechimi:
Iy, =C,cosx +C. SinX-XCoSX,
Jy2=(C2-C,)cosx-(C, +C2sinx +x(cosx +sinx). O
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3-misoi. Koshi masalasini yeching:
N=Yr>
' Yr=y1>
Yr=Yi+Yr+¥>"(0)=3 y20)=1 y30)=-1.
® Sistemaning birinchi tenglamasidan topamiz:
y'=y'r
yoki ikkinchi tenglamadan
=0
kelib chigdi.
Bundan
yi=C™+C2-\ y2=Clg’ -C 2-\
ytva y2laming bu giymatlarini uchinchi tenglamaga qo'yamiz:
y3-y,=2Ce\
Bu tenglamani yechamiz:
33=2Ctxe* + CE*.
Ixtiyoriy o‘zgarmaslami boshlang‘ich shartlardan topamiz:
C,+C2=3, C,-C2=l, Cj=—%
Bundan C, =2, Cc2=1, C3=-1.
Demak, berilgan sistemaning xususiy yechimi
[>,= 2ex+e-*,
my2=2ex-e-Xx
y. =(Ax- V)e*. O

Integrallanuvchi kombinatsiyalar usuli

Normal sistemani yechishning integrallanuvchi kombinatsiyalar usulida
arifmetik amallar yordamida berilgan sistemaning tenglamalaridan yangi
noma’lum funksiyaga nisbatan oson integrallanuvchi differensial tenglamalar
hosil gilinadi.

(5.2) normal sistema berilgan bo‘lsin. Bitta integrallanuvchi kombinatsiya
erkli o‘zgaruvchi x va yty2..,yi noma’'lum funksiyalarni bog‘lovchi bitta
ot(x,yl,y2,-,y,,)=ClI tenglamani beradi. Chekli sondagi bunday tenglamalarga
(5.2) sistemaning birinchi integrallari deyiladi.

(5.2) normal sistemaning nta ®1®2..®(birinchi integrallari topilgan
bo‘lsa va bu funksiyalar bog‘liq boMmasa, ya'ni @, ®2...,®n funksiyalar
sistemasining yakobiani nolga teng boMmasa, (5.2) sistemaning barcha
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y,(x),y2(x'),...,yjx) noma’lum funksiyalari
d2Ax,y,,y2,-,y.,) =C2,

&,,(x>y,>y2>->yl =c,
sistemadan topiladi.

4-misol. Normal sistemalami integrallanuvchi kombinatsiyalar usuli bilan

yeching:
n W=>:+I> ', =YY, Y2,
) \y\=y, +\’ [Y2=y<Yr+Yy!'

<$> 1) Sistemaning birinchi tenglamasiga ikkinchi tenglamasini hadma-

had qo‘shamiz:
Y +Yr=Y,+Y2+2-
Bundan
diy, +Y;t 2)._fa yOki yi+y2=cte*- 2
Y, +Yr +2

Sistemaning birinchi tenglamasidan ikkinchi tenglamasini hadma-had

ayiramiz va hosil bo‘lgan tenglikni integrallaymiz:
Y, -Y2=C2'x
Topilgan birinchi integrallardan

yn et +Ce-*),

y2N(C,e«~CXxTI-1
kelib chigadi.
2) Sistemaning birinchi va ikkinchi tenglamalarini qo‘shamiz:
y',+yz=yf +2YYr+Yr-
Bundan

diyi +Z9= yoKki-——-*— =x+C,.
Y, +yrr Y,+Y2

Sistemaning birinchi tenglamasini ikkinchi tenglamasiga bo‘lamiz va
hosil bo‘lgan tenglikni integrallaymiz:

D _Yl yoki yx=Cy2
SR,
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Birinchi integrallardan awal >?va keyin y, ni yo‘qotib, topamiz:

Cc2
Yy (C2+h(x+C))’
1

Yr~ (C2+l)(x+C))" °

(5.2) normal sistemada integrallanuvchi ko'paytuvchilar ajratish

uchun sistemani simmetrik forma deb ataluvchi

dx ~ dyi = dy2 @n

1 f2(X,Y,,...,YN) /(w
ko‘rinishda yozib olish va keyin teng kasrlarning quyidagi xossasidan
foydalanish mumkin: agar —= =\=r bo'lsa, u holda istalgan

Vw2 v,
a,u. +am, +..+au,, =y bo”ladi.
a,v, +ax2+..+a,vn
Bunda a,,a2 lar shunday tanlanadiki, oxirgi tenglikningyoki surati

maxrajining to‘liq differensiali bo‘ladi yoki maxraji nolga teng bo‘ladi.

a.,a2,...,anda

y = 2 +%)
5-misol. o N 42~ differensial tenglamalar sistemasini yeching.

Y - 2yt
® Sistemani simmetrik ko‘rinishda yozib olamiz:
dx ~ dy, N dy2 ~
Y1~2y, 2yr+2x -x-2y,
Integrallanuvchi kombinatsiyalardan birinchisini topamiz:

2dx~" —~ N =y yoki d(2x-y,- 2¥r)=0.

Bundan
- 2X~y,-2y2=Cr

Integrallanuvchi kombinatsiyalardan ikkinchisini topamiz:
2xcx + 2yx(1|)y, royaly2_ y yoki d(xz+y2+y\)=0.

Bundan
x2+yl+y2=c2.
2x -y ,- 2y2=C, va x2+yf +y\ =C2hbirinchi integrallar berilgan
sistemaning umumiy yechimini oshkormas aniglaydi. O
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3.5.2. Normal sistemalarning xususiy hollaridan biri ushbu
y, =anmYi+amyr +- +arh+ i=\n (5.8)
o‘zgarmas koeffitsiyentli chizigli differensial tenglamalar sistemasi
hisoblanadi, bu yerda a. -berilgan o‘zgarmas koeffitsiyentlar.
f(x) =0 bo'lsa (5.8) sistemaga bir jinsli sistema deyiladi. Bir jinsli
sistema y~x) =0trivial yechimlarga ega bo‘ladi.
(5.8) sistemaga mos birjisli
y[=cnyl +aly2+...+ alaytl,
yl=a2¥l+aZy2+... +azy 1l (5.9)
V,,=3/0 +aryr +- +ony,
sistema berilgan boisin. Bu sistema yechimlarini topishning Eyler usulida
sistemaning xususiy yechimi yx=axb,yr-a rek yn=ae** funksiyalar
ko'rinishda izlanadi, bu yerda a, (/=1,«), 1~0‘zgarmaslar.
a, (/=!,«) va N ning giymatlarini topish uchunawal y, =akn, y* =XaelL
(5.9) tenglamalar sistemasiga qo'yiladi va axa2...,a, larga nisbatan
r(a, - Ma, +anar+.. +aXan=0,

alsx+(an - Ma2+..+ =0,
( ) (5.10)
+an2«2 +- +(a11n - n)an:O
algebraik tenglamalar sistemasi hosil gilinadi.
Keyin (5.10) sistemaning xarakteristik tenglamasi deb ataluvchi
a, -/l au
& (5.11)

tenglamadan A matritsaning xos sonlari J/1X12,..../1Ttopiladi.
(5.11) xarakteristik tenglamaning barcha yechimlari haqgiqiy va har xil bo‘lsa
(5.9) differensial tenglamalar sistemasi quyidagi yechimlarga ega bo‘ladi:

Y, =C,awe* +Craae™* +... +C,«,,,ev,

Yr= +Cranek+...+C alne”,

Y, =Canek+Carklx+..+Cram
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Agar (5.12) xarakteristik tenglamaning ildizlari orasida kompleks yoki
karrali ildizlar bo‘lsa, u holda bu ildizlarga mos xususiy yechimlar n- tartibli
chizigli o‘zgarmas koeffitsiyentli birjinsli differensial tenglamalarda
topilgandagi kabi topiladi.

6-misol. Differensial tenglamalarning umumiy yechimini toping:

<> 1) Sistemaning xarakteristik tenglamasini tuzamiz:
2-N 1
3 4-n
yoki A2-6A +5=0.Bundan /1=, Jir=5.
Sistema matritsasining xos vektorlarini topish uchun
f(2- Ma, + a2=0,
[3a, +(4- Ma2=0
sistemani tuzamiz. Bu sistemadan 9 =1da topamiz:
au+a2=0, 3an+3a2=0.
Bu tenglamaiardan biri ikkinchisidan kelib chigadi. Shu sababli
tenglamalardan birini olib golamiz. Bundan a2=-«, yoki au=1 desak,
an=-1 kelib chigadi.
Yugoridagi sistemadan =5 da shu kabi topamiz: am=l1, ak=3
Demak, berilgan sistemaning yechimi

2) Sistemaning xarakteristik tenglamasi
51 1 =0, M-8 +16=0.
1--3-7
Bundan
n=mp=4
Bu ildizlarga
y,=e4(Cx+Cr), y2=e4(Cx+C4
yechimlar mos keladi.
y, va yr larni differensiallaymiz:
W=et(C, +4Cx+4C2), W\ =eA(C, +4CX +4C4).
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y,, yr, y[ va yr larni berilgan sistemaga qo‘yamiz:
fC, +4Cx +4C2=5Cx +5C2- Cx - C4,
[C3+4CX 44C4=Cx +C2+3CX +3C4
Ayniyatlaming chap va o‘ng tomonlarida xning bir xil darajalari oldidagi

koeffitsiyentlami tenglashtiramiz:
4C~5C,-C3 vya fC +4C2=5C2- C4,

4C, =C, +3C3 [C3+4C4=C2+3C4
Birinchi sistemadan C3=C, va ikkinchi sistemadan C4=C2- C, kelib

chigadi.
n . . . . (y,=e X(Cx+C2),
N
Demak, sistemaning umumiy yechimi Ay2=e (Cx+C2-C).

3) Sistemaning xarakteristik tenglamasini tuzamiz va yechamiz:

'_7;1 -5-111 =0, )=—6—i A2=-6+i
N =-6—/da
(i-au+ a2 =0,
2(i- Da,, - 2«4 =0
sistemadan a2=(l- yoki a,, =1desak, a2=1-i kelib chigadi.

Je=-6+i da shu kabi topamiz: aRk=l, a2=1+i.
U holda berilgan sistemaning yechimi
fy, = Cle<60x+
ly2=(I - i)Clei®ix+( +i)C2 X
bo‘ladi. Bu sistemaga Eyler formulasini gollab, berilgan sistemaning umumiy
yechimini topamiz:
(yt =e~6x((Cl +C2)cosx +i(C2-C,)sin j),
1 yt=e™(((C, +C2+i(-C, +C2)cosx +(-(C, +C2)+/(-C, +C2))
yoki
Jy, =e""6r(C, cosx+02) 3110),
{y2=e"6r((C, +C2)cosj: +(C2-C,)sinx)
bo‘ladi, bu yerda C, =C, +C2, C2=i(C2- C)). @]
(5.8) sistemaning xususiy yechimlari ixtiyoriy o‘zgarmasni
variatsiyalash usuli yoki anigmas koeffitsiyentlar usuli bilan topiladi. -
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7-misol. Differensial tenglamalarning umumiy yechimini toping:

® 1) Sistemaning mos birjinsli tenglamani tuzamiz:

Sistemaning xarakteristik tenglamasini tuzamiz va yechamiz:

21 X 4 =0, N=3\ =2

1-4

N=-3da
f an- 4a2 =0,
|-a,+4a2=0

sistemadan a,, =4ayoki a2=1 desak, au=4 kelib chigadi.
=2 da shu kabi topamiz: au=-1, a2=1
U holda berilgan sistemaning yechimi

bo'ladi.
Berilgan sistemaning yechimini ixtiyoriy o‘zgarmasni variatsiyalash
usuli bilan topamiz:
Jj7 =4Cl(x)elx-C 2(x)elx,
{y2= C{(x)e~+Cr(xy" .
Y, YYn Y larn' berilgan sistemaga go‘yamiz va almashtirishlar
bajaramiz:
ACI(x)e"X- C; (x)eZ =1+4x,
G{(x)e™ +C[(x)ex”™ x 1.
Bundan
C.l'(x):‘l‘0 (3x2+8x +2)e, C'Ax):i5(6x2-Ax- le~2*.

Bu ifodalarni integrallaymiz:
CM) =" O"+2Mer+  C2(x) =-] (3x2+x)e-2*+C2.
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Demak, berilgan sistemaning umumiy yechimi
U =4 Cte-,x-C 22l,+x2+X,

jy2= C,er+CEX-+x2

2) Sistemaning mos birjinsli sistemani yechamiz:

bl=Y1+2Y1>
1”2 =Y, ~5sinx
1-N 2
1 0-n =0, N=-4 /p=2

n=-1da

\2an +2an =0,

1 =20+ «2=0

sistemadan an= yoki an=1 desak, a2=-1 kelib chigadi.

Jv=2 da shu kabi topamiz: al2=2, =1

U holda berilgan sistemaning yechimi
7,= Ce*+2C2lx,
Yr =—€kx+Clelx
bo'ladi.
Berilgan sistemaning xususiy yechimini
= Aicosx +5, sinX,
j72= A2cosx + B2sinx
ko'rinishda izlaymiz.
Pi>Yn y\ va % larni berilgan sistemaga qo'yamiz:
f- A sinx +Btcosx =A, COSX +Btsinx +2Arcosx +2Brsinx,
[- A2sinx +BzCOSX =A, COSX +Btsinx - 5sinx.
Ayniyatlaming chap va o‘ng tomnlarida cosx va sinx lar oldidagi
koeffitsiyentlami tenglashtiramiz:
At =Bt + 2Br, -Ar=B,-5
Bx=A, +2Ar, va BMNAV
Sistemalami yechamiz: At=-1, Bt=3, A2=2, B2=-1
Demak, sistemaning umumiy yechimi

y, = Cex+2CreX-Cc0oSx +3sinx,
y2=-Ce~X+CreXx+2c0sx-sinx. *
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Mashqlar

3.5.1. Differensial tenglamalar yoki sistemalami differensial
tenglamalaming normal sistemasiga keltiring (x-erkli o‘zgaruvchi):

1) y"-2y"+3y =8 2) Y-yt Ay Y2
3 {AY[-y "t +3y, =sinx, _ Nyt +y2- 2y, =0,
) [Y +Yr=cosx+sinx’ \Y?+¥Yr- N\=x
3.5.2. Normal sistemalami yo‘qotish usuli bilan yeching:
=Y +x>
K *
1) Jc z L B 2)
Noo x5r
3) Y2 > 4)- "
Yr=¥x K=o
5) Y\ =COSX -myr, . 6) bl +Y1~Yr=ex>
y' =4cosx -sInx +3yj-4y?2 [Y2-Y,+Y2=¢el
3.5.3. Koshi masalasini yeching:
M =Yb~Vr,
1) yryy,
Y[=Y,~Y, ¥Y,0)=0, y20)=0>y,(0) =2
Y\=Yr-¥Yr>

2) Yr=Yx+Yr+X’
vy, =Y+ % +x>Y.(°) =0, *(0) =1, y3(0)- 0.

354, Normal sistemalami integrallanuvchi kombinatsiyalar usuli bil
yeching:
Y, =yr> Y, =*y2
: 2y ¥
D Y'AYx ) Y'r=XY,
Y, n
= ! X=
3 Y=oy, " .-y )2
= ’ W
2Yr-Y, O',-*)*

217



5) dx 2K 2 6) dx

Yr~y\ X ~Yr Y x~x Xx(x +3Y,) 2Y¥Y1 2Y\¥r

3.5.5. Differensial tenglamalar sistemasining umumiy yechimini toping:

=3y,+ y2_ =y, +3/b>.

1) :2y,+2n 1 2) =_y,+5/\ 1
=2y, - Y5 =Y ,-4Yr,.

3) =4y, +6yr’ 4 =Yyr~3y2’
=Y,-Yr>, =2Y,- Y2

%) =Y, +Yr - 6) =*+2*
= yn-2y1-y3, =Sl 4yr 43>

7) =~Yr+ Yr+¥uv» 8) =3'.-n+0i»
=yt-y 3 = YX+Yr+Ys
=y2+X, =7

9 10) =— +ex+x '’

I_I) :3y’ -2yr+xl ,_ 12) =-|U/l +Xl
=3y,-4yr = Yx+ex'

NAZORAT ISHI

1 2 . Differensial tenglamaning umumiy yechimini toping.
3. Differensial tenglamalar sistemasini Eyler usuli bilan yeching.

1-variant
1. a)y"-y=0b) 4/ +8/ -5y=0,¢c) / - 6/ +10>=0.
3 bl= Y,+2yr,
" bl =3y,+6y2
2-variant
1. a) y”+5y=0, b) 9y'- 6y +y =0, c¢) y' +6jy +87 =0.

2.y -/ =6x+5.

2. y"-5y‘ +6y' =6xr+2x-5. 3. ' *7
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3-variant

. a) y'-16y =0, b) y"+Ay' +20y=0,c¢c) y"-3y'-ioy =0.

2. 3y/r+ymE6x-I. g, [/t=4y,+2y2
=Ay, +6y2
4-variant
1. a) y"+Ay=0, b) y"-\0y" +25y =Q c) y" +3y’+2y =0.
> 4y =BR-| <25+ Y
2y +y BxX- 1. 4 ooy AT
5-variant
1. a) y'-2y =0, b) y’' -6y’ +9y =0, C) y’ +I2y" +37y =0.
2. ym+3y' +2/ =x2+2x +3. 3. \Y|=5~f 2

n=-n+4n-
6-variant
a) y'+9y=0, b) y"-y’'-2y =0, c) y" +4/ +Ay=0.

” My AUt Gt Y\=-Yx~2yr
-3 3y'-y' =x-3. I :
YRy Ty X Y =3yl+Ayl
7-variant
a)y’ -4y'=0, b) y’- Ay'+13y =0, C) y"-3/ +2y=0.
13y" +12y" =1 v =82
-13y" +12y" =1-x. -
Y1y 2y =l K =2y+n
8-variant
a) =>+3/=0,b) y’'- 5y" +6y =0, ¢) y" +2y' +5y =0.
bl = 4y, - 8y2
v+2 "= AX\ 3,
yvEeymey bi'=-8y,+41.
9-variant
a)y-2/ =0, b)Y -2/ +10"=0, ¢) y" +y'-2y =0.
y! =2y, +Sy2,

JF-6yn+9y"=2x-3.
Y d 4 yr=Y, +4>v
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10-variant

a) y"-4y =0, b) y"+2y"+\ly=Qc) y"-y'-12y =0.

LY - YT =E6X24+ T 3. ][y —-4y,+>v
11-variant

. @) y"+9y =0, b) y"+y'-6y =0, c) y"- dy' +20y =0.

CTY'-yT =12 3. \Y =5 i%{)z’
12-variant

a) /-49>=0,b) Y -4/ +5==0,¢c) / +2/-3y =0.
.y Y =12x+6.

13-variant

14-variant
a) /+16y =0, b) 6Y +7y-3 =0, ) 4y’ -,4y' +y =0.

15-variant
a)Y -3/=0 b)Y +6Y +tOy=0, ¢) Y~5Y +4y=0.
) +3Y +2Y =3x2+2x. 3. = +39
y U i—%/l-5’\,.
16-variant

a) Y +7y'=0, b) y’' +4¥ +5y =0, ¢) ¥ - 6y’ +8y =0.
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1 7-variant
1. @) y"+5y'=0, b) 9y"+6y'+y =0, ) /-12/ +37y=0.

18-variant
1 a)/-8/7 =0, b) 4y'-8Y +3y=0, ) y’ +2y' +10y =0.
é\.y-6y"x+p;§. n-n.

8.4 X .
pr=-*xy, +4y2
19-variant
1. @) y’' +10y'=0, b) 2y*-3y* +y =0, c) 4y, +4Y +y =0.

20-variant

1. a) > +y =0, b) y' +6y' +9y =0, ¢) 2/ +2¥ +5y=0.

2 'm 4 N T +:.
21-variant

1. a) y*+25y =0, b) 2y' +3y'+y =0, c) / +4Y +8y=0.

r, ¥ fy=-2°1+
2. /X% 43 g Lo amis2y

22-variant
1. a)y'-9=Qb)/-10Y +21y=0, c) y" +2¥Y +2y =0.

2. ,7-4,- +4y--x"«-1. 3.{* _
23-variant
1 a) y'+49y'=0,b) /-6y"'+13y=0, c) y '+8y'+7y =0.
wo Ay’ =9- 2 (Y'=6y<~ yr>
2. }// 4¥, 2- Sx+4x% 8. b=3y,+2y2
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24-variant

1. a) y’+6y' =0, b) y"-10y* +29y =0, ¢) y’ - 2y’ +2y =0.

2. y" +13/ +12/ =18x2- 3, 3. THes
25-variant

1. a)y"—2Sy-0,b)y'-6y'+9y=0, c) y’- 8/ +25y=0.

2. 745y +4Y =1-x2 3}:5¥\ :38;'

26-variant
1. a)/-3/=0,b)/-7/-8>>=0, ¢) / +4/ +13>=0,

2. /*'-8/"'+16/ =2x(I~*). 3.
M=yl+ -
27-variant
1. a) y"-81y =0, b) y"-10y" +16y =0, C) 2/ +5y"' +2y =0.
2. ym3y"=4-24x\

3. bl= K-4Y>,

bl =-Y1-3¥-
28-variant

1. a/-11/ =0b)/-3/-18y=0,¢c)3/-2/-5y=0.
2. /m+4Y«2X.

K--6y,-31.
29-variant

1. a) /481j>=0, b) 16/-8/ +y=0, ¢) 2/ +5/ +%>=0.
2. j"-5/+4/=(x-i)2 3. ly; =/ 1+
30-variant
1. a) y"+64y =0, b) 4y"+3/ -y =0, c) y' +6/ +
2. /'-6/ =1-2x +3x\

0.

3. f*' =7 2
1/ =5y, +5yr.
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MUSTAQIL UYISHI

1.-3. Differensial tenglamaning umumiy yechimini toping.

4. Koshi masalasini yeching.

5.-6. Differensial tenglamaning umumiy yechimini toping.

7. Differensial tenglamani ixtiyoriy o‘zgarmasni variatsiyalash usuli
bilan yeching.

8. ft(x), f2(x) berilgan. y"+2y"=f(x) +f2(x) differensial
tenglamaning umumiy yechimini toping.

9. Differensial tenglamalar sistemasining umumiy yechimini toping:

1-variant
2. y2+xzy' =xyy'.

3.y’ Y =xsinx 4. y'x+y ="~ 7()=3.
X

ol

. (xcos2 y+1 JIx- x2sinlycty =0.

. Y =cos2x. 7.y +y =ctgx .
MX=3y,-y2+e%

[RUVE Y, +Yr+X

(o]

8. Tt(X) =e'2q3x+6), f2(x) =cos2x +2sin2x. 8

2-variant
1.y \ny=eX 2. Xyq' =x3+y\
4.y'+y=e2ly, y{0)=7-
X 4
5. e~vdx+ (i-xe~y)dy =0.
6. Xym=2.
8. fI(X)=e-X(5x+4), /2(x)=cosx +4sinx. 9.
3-variant
1. cos3yy’- cos(2x - 7) =(cos2x +7). 2. (47 +5x)dx+ (57 + 7x)dy = 0.
3.7,+27=e'rl. 4.y'-y=xy2 7(0)=1
5. (7 +e' cosy)dx +(x-e*imy)dy —o.
6. (L+sinx)7”=7"cosx. 7. y"+7 =Xcos2x.
8. ft(x) =3x2+2, /r(x)-e" 2(cosx +sinx).
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4-variant

1. (ex+8)2y-ye"dx=0. 2. %y =yI\\ZIj.
3.y --N-=(x+)2 4. xy’'+y =2y2lax, 7(1)=".
X+l |
5. yexdx+(y +ex)ydy =0.
6. xy' +y =tax 7.y" +y = tgx.
8. fSx) =6x2+1, /r(x)=e 2(2cosx +sinx). 9.J* =* +r+X
bl =3Y, + +x2-
5-variant
1. 3xUydy +xdx =0. 2. (Zjxy-x)y" +y =0.
3.y +Z=J'E+i. 4.y +2y=/e*, >(O):i|.
X X
5. (2x3-xy 2)dx +(2y3- x 2)dy =0.
6. ygx=y +l. 1.y’ +4y =ctglx.

Y :X,-3j2+elx,
8%/ (w)=e"21(2x-7), /j(jg=2cos2x +3sin2x. 9.J = AN

6-variant
1. dy-x{\+y2dx=Q 2. y =N +sinh,
3. 7'->£%r =smx. 4.3xy' +5y=(4x- 5y, y(I) =L
5. X N -~1x1d =o.
X X
6. Y'=xsinx. 7. [ +2/ +p=x2x
8. y;(x)=e-(Jc2+1), /2(jc) = 3cos4x. 9.
7-variant
1. eyysdx=ydy. 2. XV =3/ +x2.
3. y+2Z =JL. 4./ +2xy=2xyY, >0)=n2
X X
5. (Gny2+4x3Ae+(6x2/ +y 1)dy =0.
6. ymgax =4y". 7. /-4/ =e2-<I2

Myl =y. +4yr,

8./(x) =3x3-2x +1, /AX) =2cos4x +3sin4x. 9. }yQ:-_y +y2+e’x



8-variant

I. X +xy+y'(y +xy) =0. 2.y -x-%*
X X
3y +- Y - sinx 4y'+y=xy\ X0)=1
y s x cos x y y=xy )
- AN -
X +y +e X ly 0.
6. xy”-2y" =- 7.y +4y

sin2x
9 y'i=3y,+ Yr+e',

8. fl(x) =31, /2x) =e2(3c0sx +sinx
) Ax) =e2( ) Vie A>+3y2-e".

9-variant
1. 2yxAy = (I +x2)dx. 2. N'-y =(*+y) +InNEZ].
3.y~ ;=XCOSX. 4.2y +y)=xy\ y(0)=2
5. |§(y +ycosxy™dx +/ j +xcosxy™dy =Q
6. xy":y'ln;. 7./ +5>’+6y=-\+t2x
8./j(x) =3x2+2x +1, /r(jc) =e‘2 (cosx +3sinx). 9. izzicf;x
10-variant
1. (ny2+x)+Y(y - xry) =0. 2. xy'=y-xex
3.y+,) - "‘1?3’2‘ 4. 2Y +y) =Y Inx, XI)=2,
5. \xex+"rr\dx- —dy =0.
oy = ex+1

Y =4y, - 5y2+4x +],

8. /](X) =x2+3x, /2(x) =3c0s2x +sin2x.
Y =Y ~2Yr +x-
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11-variant

1. xydy={(I- x2)dx. 2. xy'=ycos™n—.
3. y'-2xy =2x3; 4. y'- ytgx=y*cosx, j(0)=I.
- dx- dy=o.
6. xym+y" +x=0. 7.y 42y +2y = .
ymty y +z2y +2y Coox

9 (y't=-2yt- Y2+sinx,

8. f(x) =x1+2, /2(X) =xCc0s2X.
" "bl =4y1+2yr +COSX.

12-variant
2. (XJ-2xy)y =xy-Y.
3. XY +xy +1=0. 4. yk' =Y +x, y(l) =n/2
5. wwk—ify=0.
X X
6. XIymtSy" =4i. 7.y +4y +4y ==~
8- YNX)=e'2(x +1), /2(x) =e-2*xsinx. 9. A= 3'.-N1-e >
X = N+32+ 5@ X
13-variant
1. siny cosxdy = cosysinxdx. 2.y =N +£,
Xy
' Yy _ . = =
3.y+X+|—x. 4. xy'-2x2ly =4y, XI)=1
5 x+- ¥ N\dx+{y—- X =0.
X' +yy b X2+y A
6. ynotg2x+2/ =0. 7.y +y =——.
sinx

[Y =5y +4y2+e\

8. /)(X)=e"2(3x +I), /2(x) =x2sinx.
) =e2@x +1), /29 Y —ay soy2el
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14-variant
1/ =1qY 2. (y+-Jxy)=xy"
4. y'+x\[y=by, y(0)=1

3-
5. eydx + (cosy +xer)dy =0.
6. y' =1-(YY. 1oy"- 2y +y -
_ s N—2y, Yr
8.1 (xX)=e 2(x-1), f2x) =e'2sinx. 0. VE =5y +2y1+Xr +,
15-variant
1. VI-x Idy-x~\-yldx=Q 2. yin—dx-xdy =0.
*(2,-1-- 2y--\dy =0.
Xl
6. yy -(y"2=y4 1oyt-2y'+y =5
N B Y, =5y,-3y2+xe2
8. /;(x)=er(x+1), f2(x) =exxsmx. K =3y yo+n-
16-variant
1. 1+y)dx=(x- Vdy. 2. *59/=y2+2x2
3. y' +ytgx =C0S2X. 4. y=§e2*+y, y(0) =2
g ydx-xdy_Q
X2+y2
6. (y)2+2yy' =0. 1oy 2y +y =-

8. /,(x) =e'2i(3x +4), /2(x) =e-2XCOSX. 9. 1** +2/ "+Hce*,
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17-variant

1. /4. 21 +Xyl+x=0. 2. xy+/ =(2x2+xy)/.
3. (x2+1)/ +4jcy=3. 4. xy'+y =y2Inx, y() =l
5. (y3+cosx)dx +(3ny2 +ey)dy =0.
6. yminx=y". 7./ +9y = .1
sin3x
8. /(x) =e*(x2+4), /2(xX) =<smx. g Y "-3n.
/2=31+ N+8B".
18-variant
1. xldy-(2xy +3y)dx=Q 2. (y+2x)dy- ydic=0.
3.y =i/ - XCOSX). 4. 2(x/ +y) =xy2, y(I) =1
5. xydx +y(x2+y1l)dy=0.
6. /x-/ =xV. 7./-4/ +5y=——.
COSX
& fi(x)=ex(e* -2), f2(x)=e 2XCOsX. 9. W\= Y- 3y2+ b
+ y2+2x.
19-variant
1. (1 +yl)dx- -Ixdy=0. 2. (2yl+3x2)xh = (3/ +6yx2)N.
3. y' +ytgx =sinx. 4. 3(xy" +y) =y1lnx, y(l)=3.
5. (3/ cos3x +7)dx +(3y 25in3x - 2y)ch =0.
6. yK=elx+x. 7.yt +H4y= 1
C0S2X
S.flI(x)=x3+2x-l, /2x) =x(sin3x +cos3x). 9. '+ 6
(0=x 20 =x( ) 9N 4,
20-variant
1. 1+(1+y"ey=0. 2. y2=X(x +y)y".
3. xy'-2y +xr=0. 4. yx' +x=-yx2, x(I)=2
5. (3x2+2y)dx +(2x - 3)dy=0.
6. /(3+2y)=(27Y. 7./ +3/ +2y=-
(3 +2y) =( Y=y 4
8. /j(X)=x2-4, /2(xX) =<€(sinx +cosx). 9. 1Y 2y‘+ Y2+x

No ="BY, ~2y2+x .
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21-variant

1. (4x +2xyl)dx-(3y- 3x2%y)dy =0. 2. (x2-3y 2)dx+ Ixydy =0.
3. /n/TTX7 +y =arcsinx. 4. / -y +ylcosx=0, >(0)=2
5. (3xry +y 3+ (x3+3xy2)dy =0.
6. y +yigx"O. 1. y"+Ay'+4y =e nX\nx.
. » Iy, =2y, + v, - cos3jg
8. /l(X)=e (X+2), /2(X)="sinX. 9. {V[ +N N
22-variant
1. sinyy'-ycosx =2C0sX. 2. (y2-2xy)dx-x2dy=Q
3. y'sinx-ycosx =1 4. xyd' =x2+y\ y(l)=K3
5. 3xVatc +(xV-1)fify =0.
6. y'(I+y)=(/)2+3. 1. y"-2y =xe\
8./(x) =e'(2x +6), /r(X) =e'(sinx +4cosx). 9. =2y'-2yl+e2
23-variant
1.y =(2y +I)tgx. 2. ydx- xdy="¥2+/ .
3. (1- x)(/ +y) =e\ 4. xy'- 2-J7y =y, y(2) =8
5. {3x% +sinx)dx +(xi -cosy)dy=0.
6. /(1 +y)=(5/)2 y" ~y =e2sin(er).
8. /(x) =e-2(3x-2), /2x) =3cos3 . 7 T2 ayateosx
- /(%) =e-2(3x-2), /2x) =3c0s3x. " [>' =3y,-2j'2+sinx.
24-variant
1. if3+y2dx- ydy =xdy. 2. Xy'=4-j2X2+y2+Yy.
3. x(y'-y) =e\ 4. xy' +y =xy2, j(h=I.
5. +3x2dx+ (e* +4/ )dy=0.
6. (1+x2/ +1+(/)2=0. 7.y'->"=e2cos(e'0.
' =2y, +3y2+er,
8. /(x) =eV(dx-3), /,(x)=2sin2x +3cos2x. 9. V' =K VX
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25-variant

. X(4 +ey)dx—eydy =0. Xyey+y =x2ZWw'.
. 1 . —
VAR 4. y'-y :-ye>c y(0) =4.

dX yl- 3x2dy 8
Yy
.Yy -2yy'Iny =(y")2. 7.y,-4y" +4y =— .

Y =-2y,- Y2 +e~x,

T oGe) Sie2 +sje +4, f 240) =e*jcsingjc.
(jc) =jc2 T6j 2ijc) ] ) V2= 3y, +2y2- e

26-variant
2. chn;dy-ydx =0.

Il
=}

. 2X+2xy2+VI +cy

, .V _sinjc 2
A== 4. xdx= ___ =\/-
X xax Y3\fy, Je(l) =\V2
. is.?.r.].z..x+x\}§x+ sin‘;: dy =o.
r— j

1
_ A)-y" =0, 7./ +2/ =
ynix-\)-y" =Q * C0S3X

) ) . Y =Y, + y2-cosx

./ o) =*2. Hc+1, f2jc) =e‘jecos3ic. ' .
(ic) Sc+1, f2jc) =e'jecos3jc 9. y2=3y, - y2+SinX +CosX.
27-variant
-y (1 +Iny) +xy* =0. 2. ys'm— +(y-3xsin—y =0.
y V Y.
V' ege I 4./-xy =-y3-; y(0)=
C(x~yNe +(x+ _0
X2+y2

. 2XyY =y’2-1. 7./ +y=-
L f(x) =ex(3x- 2), /2A*) =*2sm2jc. 9. Y = 4y, +y2+36x,

W =~2y, +>2+2e\
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28-variant

1. y'-fi"x2- cos2y =0. 2. Yy =x(y'-V?).
3.y ——Z_ =X2+2X 4. y'x+y=-ny2 Xl)=2-
X+2
\
5. <+ >=+1! dy=0.
2., .2 r2 IJx2+yr X
N oor+S -j? ™ +nN = ifc -
8. f(x) =*245* +4), fix) =xcos2x. 9. I/ =""+4* 41
29-variant
I. (I+eXydy-eydx=0. 2. (y2- x2)dy=2xydx.
3. y' +ycosx ==sHHEX: 4. xxky'-x=y\ y()=n2

5. I—+3X2y1\dx+{lx,y¢ 1 ¢ =0
X-y ) X

_ 1
6. joy*-y=2xV. Ty ¥|n c—
ly[ =-y2+cosx,
8. f(x) =x2- 5x +1, MX) =€'Xcos3x. 9. =3j, _ 4" +4c0Osjc_ sinjc.
30-variant
1. x-M+y2de+yn/3+x2 =0. 2. (3xy+x2y" - 3y2=0.
3. xy' +y +xe” =0. 4. y' —ytgx+y2cosx =0, Y(0) =
5. bIX fJ dx+ " -jast/=0.
1+x22 = 1+ 19
6. 2xyY =(y'Y-4. 7.ytH9y ==lay

» Y =y, +y, +sinx,
8.Y!(x) =6e*(cosx +sinx), f2(x) =e-2*(5x-2). 9. L =3n_n _co,.
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NAMUNAVIY VARIANT YECHIMI

1. Differensial tenglamaning umumiy yechimini toping.
1.30. x4 +y 2dx +y~3 +x2dy =0.
® O'zgaruvchilari ajraladigan differensial tenglama berilgan. Uning
har ikkala tomonini "4 +y2-/3+x2%0 ga bo'lib, o'zgaruvchilarni ajratamiz;
xdx | ydy _n
M3+x2 of4+7
Bu tenglikni integrallaymiz:
43 +x2+V4+y2=C.
Bundan
j4 +y2=C-j3 +x2
yoki
y=7(C-n/3T?)2-4. 0o

2. Differensial tenglamaning umumiy yechimini toping.
2.30. (3ny+ 2y » -3/ =0.
® Berilgan tenglamani

|: N
y 3ny+x2
ko‘rinishga keltiramiz. Bu ifodada
x o 3/
/%, )_3xy+x

birjinsli funksiya. Demak, berilgan tenglama bir jinsli tenglama.
Tenglamada y =ux, y' =u'x+x 0‘miga qo‘yish bajaramiz:

3X2u2

Ux +u=—=--- yoki ux+u=;"""
X u+x y

v+l
Bundan
3m2 —3u2—u : ]
oki  vix=--
3u+l y X 3u+l
0 ‘zgaruvchilami ajratamiz:
i’l-'__lduz__g_)f

Tenglamani integrallaymiz;
f--V-;i-du:InC—Jf? yoki InpH3n=1InC—n|x |

232



Bundan 3k=Inm-. n=- o‘miga qo'yish bajaramiz:
Xu X
Ni=In— yoki y=Ce x.
X oy

3. Differensial tenglamaning umumiy yechimini toping.
3.30. xy'+y +xe '1=0.
® Tenglamani

y'+—=-e'*1
X

ko‘rinishiga keltiramiz. Bu tenglama chizigli tenglama.
Bunda

PRO=2 QK =-e-\

y=uw, y'=uv+Vv'u 0‘'miga qo'yish bajaramiz:

Bu tenglamada v funksiyani tanlaymiz va

tenglamalar sistemasini hosil gilamiz.
Birinchi tenglamani integrallaymiz:

Bundan
Injv]=-Injx[+InC  yoki C=1 da v=-.

vni sistemaning ikkinchi tenglamasiga qo‘yamiz:



4. Koshi masalasini yeching.
4.30. Y - jtfgx +y 2cosx =0, y(0) =—

<> Tenglamani y'-ytgx =-y lcosx ko‘rinishda yozamiz. Bu tenglama
Bemulli tenglamasi. Bunda n=2.
z=Y"2=y'lbelgilash kiritamiz va chiziqli
Z' +ztgx =C0SX
tenglamani hosil gilamiz.
z=uw, Z =uv+Vv'u 0'miga gqo'yish bajaramiz:
u'v +u(v' +vtgx) =COSX.
u, v fimksiyalami topish uchun
(V +vtgx =0,
[ k'v=cosx
sistemani tuzamiz.
Sistemaning birinchi tenglamasidan v=cosx xususiy yechimni topamiz
va uni sistemaning ikkinchi tenglamasiga qo‘yamiz;
m'cosx =cosx YOKi u'=l.
Bundan
u=x+C.
Berilgan tenglamaning umumiy yechimini topamiz:
z=w, z=(x+C)CosX.
Bundan

" = k ____________
y" =(x+C)cosx yoki y= (x+C)cosx

Tenglamaning xususiy yechimni topish uchun ixtiyoriy o‘zgarmasning

giymatini boshlang‘ich shartdan topamiz:
2=-C yoki C=2,

Demak, tenglamaning izlanayotgan xususiy yechimi

(x +2)cosx
5. Differensial tenglamaning umumiy yechimini toping.

2x(l J-YN gy &Y —
530, i 2ay 0.

® Tenglamada M N~ N(XY) =N
g {xy) = (+) (xy) 1+X&

234



Bundan
dM = 2xey 8N 2xey ,ni dM 8N

dy (1+x22" dx  (1+x22’ dy dx
Demak, tenglama to‘liq differensialli.

— =M(Xx,y) =2t tenglikni x bo'yicha integrallaymiz :
(1+x22

cK
ME(l-eyi gl I+l yokio - ffy=mml 6,
Bundan
du ey

P dy P+X2

U holda
du _ -
dy__'\l(x'y)_l+xr

ekanidan

p'(y) =0 yoki  <pfy)=C.
Demak,

y— .oy
M=c+f;§2 Yoki f;gz_c. 0
6. Differensial tenglamaning umumiy yechimini toping.
6.30. Ixyy'=(/)2- 4.
@ =p(x), y' =p'(x) o‘'miga go'yish bajaramiz:
2xpp' =pl- 4.
Bu tenglamada o‘zgaruvchilami ajratamiz:
2qu92/>2—4' yokl. 200 _,
P —4

Integrallaymiz:
In]p2-4|=InC, +lrgc.
Bundan

p =//Cx+4.
y o‘zgaruvchiga qaytamiz:
y’ =NOKX +4.
Bundan
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7. Tenglamani ixtiyoriy o‘zgarmalarni variatsiyalash usuli bilan
yeching.
7.30.y +9y:s_in§<'
k2+9=0 xarakteristik tenglama ktl =+3i ildizlarga ega. U holda
mos bir jinsli tenglamaning umumiy yechimi yx=C,c033x +C2873x

ko‘rinishda boiadi.
Berilgan tenglamaning xususiy yechimini
y =C,(x) cos3x +C2(x)sin3x
ko‘rinishda izlaymiz.
C,(x) va C2(x) funksiyalami topish uchun
fC,'(x)cos3x +C'(x)sin3x =0,

1- 3C'(x)sin3x +3Cj(x)cos3x =
I (x)sin3x ity X sin3x

sistemani tuzamiz va yechamiz:
C'(¥)=-], CLx) ="ctg3x.
Bundan
C,(x) =-~x, C2x) =iln]sin3x].
Demak, berilgan tenglamaning xususiy yechimini
y :—3xcossx +§ln Isin 3x Isin3x

va umumiy yechimi
y =C, 083X +C2sin3x - ~xc0s 3x +” In|sin3x fsin 3x

yoKki
y ="Cx-"Xjcos3x +~"C2+/n|sin3x|jsin3x. O

8. £Xx), f2(x) berilgan. y’ +2y'=fx{x) +/2x) differensial tenglamaning
umumiy yechimini toping.
8.30. yj(x) =6e'(cosx +sinx), f 1(x) =e-x(5x-2).
@ «k1+2k=0 xarakteristik tenglama k, =0, k2=-2 ildizlarga ega. Mos
birjinsli tenglamaning umumiy yechimi y =C, +C2 u ga teng.
Tenglamiriing 0‘ng tomoni ikkita /(x) =6e*(cosx +sinx) va
/2(x) =e-x(5x - 2)funksiyalaming yig‘indisidan iborat. Shu sababli ikkita



birjinsli bo‘lImagan
y"+2/ =6e'(cosx +sin*) va Y +2/ =e4*(5x-2)
tenglamalami yechamiz.

Birinchi tenglamaning o‘ng tomoni f(x)=e"** (Pn(x)cosPx + QJx)sm.(bc)
ko'rinishda berilgan. Bunda a=1 p=1 PO(x)=6, gO(x)=6, azi{i-\zi
xarakteristik tenglamaning ildizi emas.

U holda tenglamaning xususiy yechimini

y{=ex(Acosx + Bsinx)

ko‘rinishda izlaymiz.

y[=ex((A+ B)cos* + (B - N)sinjc), y*“- ex(2Bcosx - 2Asinx) lami berilgan
tenglamaga qo‘yamiz:

ex(2Bcosx - 2/1sinx) + 2e*((A + B)cos* + (B - y4)sin*) =6ex(cosx + sinx).

Chap va o‘ng tomondagi cos* va sinx lar oldidagi koeffitsiyentlami

3 9

tenglab, topamiz: A= B~~.
Demak, birinchi tenglamaning xususiy yechimi
>>,:§e*(35inx - COSs*).

Ikkinchi tenglamaning o‘ng tomoni f(x) =e“Pn(x) ko'rinishda berilgan.
Bunda a=-2, Pt(x)=5x-2. a=-2 xarakteristik tenglamaning bir karrali
ildizi.

Tenglamaning xususiy yechimini

y2=xe~Ix(Cx + D)

ko‘rinishda izlaymiz.

y[ =€"2 (2C*2+ (2C - 2D)x + D), % =e'X4Cx2+ (4D - %C)x+ 2C - 4D)
larni berilgan tenglamaga qo‘yamiz:

e2(4C*2+ (4D - 8C)x+2C- 4D) +2eIx(-2Cx2+ (2C - 2D)x +£5) =¢ IX(Cx + D)
Bundan C £>=—
4 4
Demak, ikkinchitenglamaning xususiy yechimi
y2=-1le-bx(5* +1).

Shunday qilib, berilgan tenglamaning umumiy yechimi

Y =C, + Cre-Z +6'(35INX - cosie) - —e-2X(BX +1). ®



9. Differensial tenglamalar sistemasining umumiy yechimini toping.

<S> 1) Sistemaga mos birjinsli tenglamani tuzamiz:

[y[= yt+y2>
bl=3» -y 2-
Sistemaning xarakteristik tenglamasini tuzamiz va yechamiz:
1-n 1
=0, N=-2, Jr=2.
3 -1-n
/M=-2 da 3au+arl=0 tenglikdan an=-3an yoki an=1desak, a2l=-3

kelib chigadi.
J1L=2 dashu kabi topamiz: al2=1 a2=1

U holda birjinsli sistemaning yechimi

bo‘ladi.
Berilgan sistemaning xususiy yechimini
fj?, = A cosx + B, sinx,

[P2=A2cosx + Brsinx

ko‘rinishda izlaymiz. Bundan
fy[=-A sinx +5, cosx,

=-Alsinx + B2cosx.
Y., Y2, Y, Y2 larni berilgan sistemaga qo‘yamiz cosx va sinxlar oldidagi
koeffitsiyentlami tenglab, topamiz:

Demak, berilgan sistemaning xususiy yechimi va umumiy yechimi:
f)'/t:~-]sn3x,

1 4.
V, =— COSX—_SMX
5 5

y, = Ce~X+ CZxX- "sinx,
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1Y bob
SONLI VA FUNKSIONAL QATORLAR

4.1. SONLI QATORLAR

Sonli gatorlarning xossalari. Qator yaginlashishining zaruriy alomati.
Musbat hadli gatorning yaginlashish alomatlari.
Isbora almashinuvchi gatorlar. Leybnis alomati.
0 ‘zgaruvchan ishorali gatorlar. Absolut va sbartli yaginlashish

4.1.1. hagigiy yoki kompleks sonlar ketma-ketligidan
hosil gililngan
a,+a2+a3+—+ +—2 VD)

ifodaga sonli gator {gator) deyiladi. Bunda a, - qator nin g hadlari,

an-gatorning umumiy hadi deb ataladi

3S Qatorning birinchi nta hadlarining yig‘indisiS,, ga gatorning n-gismiy
yig'indisi deyiladi.

og Agar gismiy yig‘indilar ketma-ketligi {s,,} ketma-ketlik chekli limitga

ega, ya'ni lim5i=S bo‘lsa, gatorga yaginlashuvchi gator deyiladi.
Bunda S qatorningyig ‘indisi deb ataladi va S = kabi yoziladi.

® Agar {s]j ketma-ketlik chekli limitga egabo‘lmasa, f x qatorga
uzoqlashnvchi gator deyiladi.

1-misol.  Qatorlarni  yaginlashishga teksliiring.  Yaginlashuvchi
gatorlarning yig'indisini toping:

3)
<S> 1) Qatorning umumiy hadini sodda kasrlar yig*‘indisiga keltiramiz:

Q' 9n2+3n-2 (Bu-1)Bn+2) 3U«-1 3m+2
Bundan



3U 55 8 8 11 11 14 39-1 3n+2) 372 3m+2>
Bundan

lims, =iim_f— — 3:-.
3V2 3n+2J 6

Demak, gator yaqinlashadi va uningyig‘indisi 5 gateng.
2) Qatoming umumiy hadida almashtirishlar bajaramiz:
an=Injl+— = j =1In+1) - Inn.

Bundan
Sn=In2- Inl +In3- In2+1In4- In3+... + In(n+1) - Inn=1nun+1),

limSne lim1n(s+1) = -Ko.

Demak, gator uzoglashadi.

3) trYT,iaq"-J gator (geometrik progressiya) uchun elementar matematika

kursidanma’lumki, S = alT_@’ #*I,%a’ni
lims} =lim— (I-#")= 1-q° \g[<h
’ @ \g\\
q:lda S”:a+a+_,,+a:na, L|m :Li,mna' +00, q:_lda

S,=a-a+a-a+...,ya'ni njuft bo‘lganda S,=0 va s toq bo'lganda S,, =a.
Shunday qilib, geometrik progressiya [<?]<l da yaqinlashadi va uning

yigfindisi S:I gateng bo'ladi, \g\>l da uzoglashadi. O
-q
Sonli gatorlar quyidagi xossalarga ega.

" Agar gator yaqginlashuvchi va uning yig‘indisi S ga teng bo‘lsa,

u holda gator ham yagqginlashadi va uning yig‘indisi A S ga teng

n=|

boiadi, bu yerda 1-ixtiyoriy son.



2. Agar fx va 2X qgatorlar yaginlashuvchi va ularning yig‘indilari

mos ravishda St va S2 ga teng bo‘lsa, £ (a, + 6,)gator ham yaqinlashadi va
uning yig‘indisi S, + S2ga teng bo‘ladi.

3. Agar fmx gator yaginlashuvchi bo‘lsa, bu qatordan chekli sondagi
birinchi *ta hadlami tashlab yuborish natijasida hosil gilingan f x qgator
ham yaqinlashadi va aksincha, agar ;L(l)i yaqinlashuvchi bo‘lsa, bu gatorga

chekli sondagi hadlami qo‘shish natijasida hosil gilingan ;1>1X gator ham
yaqinlashadi.
8 |1 X qatordan hosil gilingan r :B( gatorga uning n-qoldig‘i
deyiladi.
1-natija. Agar qator yaqginlashuvchi bo‘lsa, uning istalgan qoldig'i
yaqginlashadi va aksincha, goldig'i yaginlashuvchi bo‘lgan har ganday qgator

yaqinlashuvchi bo‘ladi.
2-natija. Agar qgator yaqginlashuvchi bo‘lsa, LiKrDr =0 bo‘ladi.

4.1.2. 1-teorema {Koshi Kkriteriyasi) me gator yaginlashish! uchun

istalgan e >0 sonda shunday N = N(e) nomer topilishi vabarcha n>N,
/>=0,1,2...1ar uchun | lce bo‘lishi zarur va yetarli.

2-misol. M gatomi yaginlashishga tekshiring.

w J

® Z-ﬁ gatorga garmonik gator deyiladi. Bu gatorning 2n va u-qismiy
yig‘indilari ayirmasini garaymiz:

-S,=—  +— +.0+— .
n+l n+2 2n

Bunda har bir go‘shiluvchini ulardan kichik bo‘lgan > kattalik bilan
n

almashtiramizz:. S,-S >— +— + = =
2n 2n 2n 2n 2

Bu tengsizlik garmonik gator uchun p =n da Koshi kriteriyasining
bajarilmasligini bildiradi. Demak, gator uzoglashadi. O
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2-teorema (qator yaqginlashishining zaruriy alomati). Agar ]>X qator

yaginlashuvchi bo‘lsa, u holda Hma,, =0 bo‘ladi.

3-natija (gator itzoglashishining yetarli alomati). Agar n-*<xda
gatoming umumiy hadi nolga intilmasa, u holda gator uzoglashadi.

3-misol. jp—--—[]-g ----- gatomi yaqinlashishga tekshiring.
«“q +3a- 2
Berilgan gator uchun
lima, =Iim—;--\f\-2- ----- =1*0.
L' n +3n—2

Qator uzoglashishining zaruriy alomatiga ko‘ra bu gator uzoglashadi. O

4.1.3. 3-teorema (taqqoslash alomati). gﬂx va EX musbat hadli
gatorlar berilgan bo'lib, n ning biror nOn0>1) giymatidan boshlab barcha

n>na lar uchun an<b, tengsizlik bajarilsin. U holda gatoming
yaginlashuvchi boiishidan Ji( gatoming yaginlashuvchi bo‘lishi kelib
P

chigadi va fx qatoming uzoqglashuvchi bo‘lishidan gatoming
A

w=l

uzoglashuvchi bo‘lishi kelib chigadi.
4-teorema (taqqoslashning limit alomati). Agar musbat hadli fx va
n-\
gatorlar uchun lim—=A (0<A<<» bo‘lsa, u holda har ikkala gator bir

|n1
vaqgtda yaqinlashadi yoki bir vaqtda uzoqglashadi.

5-teorema (Dalamber alomati). Agar ﬂF{x qgator uchun gandaydir n=n0

nomerdan boshlab Um@WL=1 limit mavjud bo‘lsa, u holda /<1 da qator

an

yaqginlashadi va /> 1lda qator uzoqglashadi.

6-teorema (Koshining ildiz alomati). Agar Iﬂx qgator uchun qgandaydir

n=n0 nomerdan boshlab limcp =1 limit mavjud boisa, u holda /<1 da

gator yaqinlashadi va /> lIda gator uzoglashadi.
Izoh. Dalamber va Koshining ildiz alomatlarida /=1 bo‘lganda gator
yaqginlashishi ham uzoglashishi ham mumkin. Bunda gatoming yaqinlashishi
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boshga yetarli alomatlar bilan tekshiriladi.
7-teorema {Koshining integral alomati). 5X gatorning hadlari [1;+°°)

7141

oraligda aniglangan musbat, monoton kamayuvchi /(*) funksiyaning
x=12,..K,..dagi giymatlaridan iborat, ya'ni «,=/(1), ar=/(2),...,a, =/(n),...

boisin. U holda Jll (x)dx xosmos integral yaginlashsa, gator ham

yaqginlashadi va }f(x)dx xosmos integral uzoqglashsa, gator ham uzoqlashadi.

4-misol. Musbat hadli gatorlami yaqginlashishga tekshiring:

a? 711 — 1

D hs-Hiy 2) e 4 st

3 4) + £,
) 12 )MI
. I, 6)+ £+ _(a>0).
»i2 v.n) »in
<S> 1) jr1§ yaqginlashuvchi gatomi olamiz. Berilgan gatorning hadlari
n.
uchun

'+ 3T
tengsizlik bajariladi.
U holda tagqoslash alomatiga ko‘ra berilgan gator yaginlashadi.

2) Berilgan va garmonik gatorlar hadlari nisbatlarining limitini topamiz:
hm 2n-1 = Fm 2n—1:2
n +5mn n+5
Garmonik gator uzoqlashuvchi bo'lgani uchun tagqoslashning limit
alomatiga ko‘ra berilgan qator uzoqlashadi.

3) Berilgan gatorda a = ~, =
U holda

lim~-=lim(” +)) =ton—F = | < 1.

Demak, Dalamber alomatiga ko‘ra qator yaginlashadi.
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4) Berilgan gator uchun =9, aHtl= X va
« n+1)!
lim2si- = lim—  ——-=lim-2-=0<1
' an a"mn+1)! ‘Wn+l

Demak, Dalamber alomatiga ko‘ra qator yaginlashadi.

5) Qatomi yaqginlashishga Koshining ildiz alomati bilan tekshiramiz:

lim~ _|IITB — -f— ‘1 =lim--f— 1 =—Ilimfl+4 =
’12" n -2 I, nlJ 2 «J

Demak, gator uzoglashadi.

6) (a >0) gatorga umumlashgan garmonik gator deyiladi.

ft

Bu gatorga mos [1-H») oraligda aniglangan, uzluksiz, monoton
kamayuvchi /(*) =— funksiyani olamiz.
X

U holda agar a * 1da
” 4 v’a
ff(x)dx = Ilmf— =lim——
Bu integral ar>lda yaqginlashadi va a <1 da uzoglashadi.
Demak, Koshining integral alomatiga ko‘ra umumlashgan garmonik
gator a >lda yaginlashadi va 0< a <1da uzoglashadi.

a =lbo‘lganda bu gatordan uzoglashuvchi \Zi garmonik gator kelib
<N

chigadi. Shunday qilib, umumlashgan garmonik gator a> Ida yaqinlashadi
va 0 < a<lda uzoglashadi. O

4.1.4. LI Agar gatorning har bir musbat hadidan keyin manfiy ha
kelsa va har bir manfiy hadidan keyin musbat had kelsa, bu gatorga ishora
almashinuvchi qator deyiladi.

Ishora almashinuvchi qatorni (a,,>0) kabi yozish mumkin.
7-teorema (Leybnits alomati). Agar 4 gatorda {aj ketma-ketlik
P
kamayuvchi, ya’'ni >a,(h=1.2,..) va lima, =0 bo‘lsa, uholda bu qator

yagqinlashadi va uning yig‘indisi 0<S<at tengsizlikni ganoatlantiradi.
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5-misol. Ishora almashinuvchi gatorlami yaqginlashishga tekshiring:

DECLT LUy 2) 7,7 =
ml /7+1 =1 fl

® Ishora almashinuvchi qator yaginlashishga Leybnits alomati bilan
tekshiriladi. Berilgan qatorlar uchun Leybnits alomatining shartlarini
tekshiraxniz.

1) Berilgan gator uchun  =-----— -.

n(n+1
Bunda
P)olp>cdes>odop > >eedee> 0 2) it r =0,
1-2  2-3  3-4 n(n + 1)2 4 n(n +1)
Demak, gator yaginlashadi.
2) jr cos(w+”  gatomi kabi yozib olamiz.
) J»-I ( M d 4-1 n Y
U holda
S S ST FUVE SIS
12 3 n
Leybnits alomatiga ko‘ra gator yaqinlashadi.
3 ator uchun
) > n+1 q
p3 o4 N*2, . BHamdio1x
2 3 n+1 -~w +1

Demak, Leybnits alomatining ikkinchi sharti bajarilmaydi. Shuning
uchun gator uzoglashadi.
4) a -3 had uchun
n
3_.9_27_81
> 0> < —
1 4 27 64
bo‘ladi, ya’ni n>4 larda Leybnits alomatining birinchi sharti bajarilmaydi.
Demak, gator uzoglashadi. O
4.1.5. Ham musbat va ham manfiy hadlardan tashkil topgan £>,, gqatorga
n\

o zgaruvchi ishorali {ixtiyoriy hadli) gator deyiladi.
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9 Augar jr<z, qator hadlarining absolut giymatlaridan tashkil topgan

%/(ula,,\ gator yaginlashuvchi bo‘lsa, Iﬂx gatorga absolut yaginlashuvchi

gator deyiladi.
® Agar fx qator yaqinlashuvchi bo‘lib, Xl a,l qator uzoglashuvchi

bo‘lsa, f x gatorga shartliyaqinlashuvchi gator deyiladi.

8-tg3rema (o'zgaruvchi ishorali gator yaginlashishining yetarlilik
alomati). Agar ila, | gator yaqinlashuvchi bo‘lsa, u holda EX gator ham
yaginlashadi, yan’:rlﬂ absolut yaginlashuvchi gator oddiy ma’noda ham
yaginlashuvchi bo‘ladi.

5-misol. Qatorlami shartli yoki absolut yaginlashishga tekshiring:

«i(InlO) 3
B EHT B A=Y nwWinw

® 1) Qator o'zgaruvchi ishorali. a ning har ganday qiymatida

Iln‘ﬁ:olso)a =0 bo‘lgani uchun qator yaqginlashishi mumkin. Bu qator
-"(In

. |
hadlarining absolut giymatlaridan tashkil topgan >|§ﬁ!iln_1r(])§c gatomi garaymiz.

Bu gatorning hadJari Eo;--——l——-- gator mos hadlaridan katta bo‘lmaydi.
»i (In10)”

ItfInTo)" gator Koshining ildiz alomatiga ko‘ra yaqinlashadi:

limJ— -—— =1j 1.
"Pin10y ~ a0 ©
Demak, Y"(el<sﬂ)) ~qgator yaqginlashadi. U holda 8-teoremaga ko‘ra
* (In10)"
berilgan gator absolut yaqinlashadi.

2) Qatorning yoyilmasini yozamiz:
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Demak, qator o‘zgaruvchi ishorali.
Bu qator hadlarining absolut giymatlaridan tashkil topgan ’\;&g;qatomi
Dalamber alomati bilan yaqinlashishga tekshiramiz:

Yim@t — [im(ntl) 8" 1
a,, 3 m 3

Xl? gator yaqgilashdi. Demak, berilgan gator absolut yaginlashadi.
&

3) Qator ishora almashinuvchi.
Bu qator hadlari uchun Leybnits alomatining shartlarini tekshiramiz:

ﬂ1> 1515 > los 0 2)mm—L =0
13 17 An+5 4« +5

Demak, berilgan gator yaqginlashadi. Bu qator hadlarining absolut
giymatlaridan tashkil topgan £ —”~— qator uzoqglashadi.
*i An+5
Shunday qilib, berilgan gator shartli yaginlashadi.

4) Berilgan gator uchun Leybnits alomatining har ikkala sharti bajariladi:

1)------ 1 o, >, > N==>_. 2) lim-——-- = —0
31n3vinin3 41n4vinin4 ninn/ininn ninwWin Inn

Demak, gator yaginlashadi.

*
LR gatomi yagilashishga Koshining integral alomati bilan
n\nnsin\nn
tekshiramiz:
7 dx N dx
ixInWlnlnx  6*'3xInWin Inx
= H 1 *= N — N\ — N * —_
Unln £ xInx J1 ! 4Jt
= I;hZI‘W‘ =2/1M1n(-H») - 2v1INIn3 = -n».
Bundan Y,------- T = gatoming uzoglashishi kelib chigadi.
ninn~ninn

Demak, berilgan qator shartli yaginlashadi. O
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Mashqglar

4.1.1. Qatorlami yaginlashishga tekshiring. Yaginlashuvchi gatornir
yig'indisini toping:
1) >Z>|n_(n-I$IBZ 2) t—i(zn + 5)22ﬁ +7)
3> n-ion?™ 91W+ 10 4)n-siz‘.:«2+ 4|]1 —3
; M"nm2n+ 1)2 £(2n-1)2(2n + Lr
n-i =t Zy
/' +5" O 1
AN ) gl 'II'Dg AN ) ZZ N
+3
11) Ztaf" m); 12) I>ccfgf-~
3+ 2 ) n*n In "+ 1,

4.1.2. Qatorlarni yaqinlashishga tagqoslash alomati bilan tekshiring:

aw +1 AIn(w )
3)zfl- —); 1
) g1 cosz) ) Ligniten

4.1.3. Qatorlami yaqginlashishga taggoslashning limit alomati bilan

tekshiring:
DZ"ftf) 2) Z->//Jsinf—n|- I

M VA/iy =1

N . .

D&k uds Dgigred

4.1.4. Qatorlami yaginlashishga Dalamber alomati bilan tekshiring:



4.1.5. Qatorlami yaqinlashishga Koshining ildiz alomati bilan
tekshiring:

>i(~P
4.1.6. Qatorlami yaqginlashishga Koshining integral alomati bilan
tekshiring:

2)uW
y 1 4) V 2 .
wnn/toy NBu +2)1n2(3« + 2)

4.1.7. Qatorlami yaqinlashishga tekshiring:

An o Ve—1/ 2 bl 3
3) t- -, 4 & L
) >>‘2LI/J'* +%T U J¥
5 1<£j 6)Ld ?
> 1£
9>S;SV 10)1 ~m nn N

4.1.8. Qator yaqinlashishining yetarli alomati asosida isbotlang:
1) lim— =0; 2) lim— —=0.

n[ ™2n)\

4.1.9. Ishora almashinuvchi gatorlami yaqginlashishga tekshiring:
D»}|-II’I 2))2((-I),_~,
" K m ¢ A Hp -,rN’
s> p -N 6,8<|'5- 9



4.1.10. Qatorlami shartli yoki absolut yaqginlashishga tekshiring:

. ot
3) -1 4) 24-1)" (M+1)11n(m+1)’
?) El('l)"ln(nlﬂ) :
7) E(-1)"4<|/\2/z+_i Z & 2x-1ysin
10) £(-ym 27792249

1-4-7-...-(3n-2)'

4.2. FUNKSIONAL QATORLAR

Funksional gatorlarning yaginlashishi. Tekis yaginlashuvchi
qatorlar. Darajali gatorlar. Funksiyalarni darajali gatorga yoyish.
Qatorlarning tagribiy hisoblashlarga tatbiqi

4.2.1. XsR to‘plamda w(x),ur(x),....,unx),~. funksiyalar aniglang

bo‘lsin. Bu funksiyalardan tuzilgan ketma-ketlik X to‘plamda berilgan
funksional ketma-ketlik deyiladi-va {u,,(x)} bilan belgilanadi.

85 X eR to‘piamda berilgan {w,,(X)} funksional ketma-ketlik hadlaridan
tashkil topgan }>1<4x M ifodaga funksional gator deyiladi. Bunda

m,(5),12X),..,MA(X),... - funksional gatorning hadlari, un(x)~ funksional
gatorning umumiy hadi deb ataladi.

Agar tujx) qatorda xning o‘miga ixtiyoriy x0eX qiymat go‘yish

=]
natijasida hosil gilingan gﬂx,(x0) sonli qgator yaginlashuvchi (uzoglashuvchi)
bo‘lsa Lé( M funksional gatorga x, nugtadayaginlashuvchi (uzoglashuvchi)

deyiladi. Bunda xa nuqta fX M funksional qatorning yaqinlashish

(uzoglashish) nuqgtasi deb ataladi.
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(0] Lzur(x)funksional gatoming barcha yaginlashish nuqtalaridan iborat
bo'lgan X0(X0c:X) to‘plamga funksional gatoming yaginlashish sohasi
deyiladi.

S Agar !>, (*)gator hadlarining absolut giymatlaridan tashkil topgan

gator yaqginlashuvchi bo‘lsa, " W qatorga absolutyaginlashuvchi

gator deyiladi.
<3) Ayrim funksional gqatorlaming yaginlashish sohasi musbat hadli'
gatorlar yaginlashishining yetarli alomatlari bilan topiladi.

1-misol. Funksional gatorlaming yaqinlashish sohasini toping:

2)x~(rr™°r-
s=1n m=l (1 + X )

O 1
® 1) X— umumlashgan garmonik gator a>lda yaginlashadi a<\ da
»l n°

uzoglashadi. a =lg*desak umumlashgan garmonik gatordan berilgan gator
kelib chigadi. Bu qator Igjc>1 da, ya’'ni *>10 da yaginlashadi va Ig*<I da,
ya’'ni 0<*<10 da uzoglashadi. Demak, berilgan gatoming yaginlashish
sohasi (10;+oo) dan iborat.

2) Berilgan gatoming hadlari -co<*<+00 da aniglangan va uzluksiz
Koshining ildiz alomati bilan topamiz:

1=limJ— —=Ilim—"-r=+o00, V* e (-00;+c0).
\@+*r)n —1+*2
Demak, gator - co<* <-noda uzoqglashadi. O
8S 4.2.2. Ixtiyoriy s >0 son uchun shunday n0(e) nomer topilsaki, n>n0
boiganda barcha x&[a,b] da yaginlashuvchi %:]X(*)qator uchun JRn(x)]<e

tengsizlik bajarilsa, bu gatorga [a\b\ kesmada tekis yaginlashuvchi gator
deyiladi.

1-teorema (Veyershtrass alomati). Agar ~ujx) funksional gator uchun
n=|

shunday musbat hadli yaginlashuvchi sonli gator topilsaki, barcha

xe[a;b] da ju,,(x)I<an, «=1.2,.. tengsizlik bajarilsa, uholda f>,,0) qator
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[a2>] kesmada absolut va tekis yaginlashadi.

gatorga EmM,(x) gator uchun majorant gator deyiladi.

2-misol. Qatorlaming tekis yaqinlashish sohasini toping:

2) E- X
»! xZ + 1t >N+ 7(1-X1)”
® 1) Berilgan qgator xe (-oo;+00) nugtalarda Leybnits alomatiga ko‘ra

yaginlashadi:

1) LI > 1 s > 1 >, 2) lim- . =0.
X +1 x +2 x +3 X +n » K +n
U holda gatoming qoldig‘i 3. I<] «...(®*)! tengsizlik bilan baholanadi.
Bundan
1 1
"W 1< <

+N+1 n+1l

—+1<e tengsizlikdan w >i-lkelib chigadi. U holda n>N dan boshlab
n e

IR..(x) ks bo'ladi, bu yerda N=—1.
e
Demak, berilgan gator x e (-00;+<0) da tekis yaqginlashadi.

2) Qatoming hadlari [¥l] kesmada aniglangan va uzluksiz.
Ixtiyoriy «natural son uchun
COs/IX

KW |= 1 =«
n +vo-*2r n2+jo.-X 2)" n2

tengsizlik bajariladi.
« 1
sonli gator yaginlashuvchi. U holda Veershtrass alomatiga ko‘ra

berilgan gator [-1,1] kesmada tekis yaqinlashadi. °

88 4.2.3. UshbufX(x-x0)” ko‘rinishdagi funksional qgatorga darajali

gator deyiladi. Bunda a0,at...,.am..~ 0'zgarmas sonlar darajali gatoming
koeffitsiyentlari, x0- darajali gatoming markazi deb ataladi.

Xususan, x,~0bo‘lganda L%x darajali gator hosil bo‘ladi. Bu gatorda

arx" had (w+1) o‘rindaturgan bo‘lsa ham qulaylik uchun uni n- had deb
garaladi.
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2-teorema (Abel teoremasf). Agar jEa,x" darajali gator x =x0* 0 nuqtada

yaqinlashsa, u holda u xtiing |x|< | xj tengsizlikni ganoatlantiruvchi barcha
nuqtalarida absolut yaqginlashadi.

1-natija. Agar f>,,x" darajali qator x = x{ nuqtada uzoglashsa, u holda
u xning [icpji0l tengsizlikni ganoatlantiruvchi barcha ~qtalarida
uzoglashadi.

83 Agar <|( arx” >|/§O>X darajali qator {]x(<n} da absolut yaqinlashsa va
{iic pi?} da uzoglashsa R>0 soniga darajali gatorning yaginlashish radiusi,
(- R;R) oraligga darajali gatorningyaginlashish intervali (sohasi) deyiladi.

Darajali gator yaqinlashish intervalming chegaraviy x=+R nugqtalarida

yaginlashishi ham uzoglashishi ham mumkin. Shu sababli darajali qator bu
nugtalarda alohida tekshiriladi.

Agar f>,,x”darajali gatorning barcha a0,auaz2,...,an,... koeffitsiyentlari

nolga teng bo‘lImasa, uning yaqinlashish radiusi quyidagi formulalardan
biri bilan topiladi:

R=lim—,  R=PM——

Yda*x'p darajali qatorning yaginlashish radiusi

formulalardan biri bilan topiladi.

| Xx” gatorning yaqinlashish oralig'i markazi x0* 0 nugtada bo'lgan
(x0- R;x0+R) intervaldan iborat boiadi.

3-misol. Darajali gatorlarning yaqinlashish sohasini toping:

<& 1) Berilgan gatorda  a,
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U holda

Demak, gator x e (-00-H») da yaginlashadi.
2) Berilgan gator uchun a,="™M+—

Bundan
R=h 1 11
= m_

1+J £=H)

x—1 da gator £(-1)’ %(1+|—;( ko‘rinishni oladi. Bu gator uchun
e -i e n

Leybnits alomatining ikkinchi sharti bajarilmaydi:

lim—ri+—I1 =1*0.
I/ Y , o1
Shu sababli £(-1)" — 1+- . qgator uzoglashadi va shu kabi x= -~ da qator
>4 nj e
uzoglashadi. Demak, berilgan gator oraligda yaqginlashadi.
3) Berilgan gator uchun an=-", anl=- 1
) ganq an nl a (n+1)2
Bundan
=lim ~ =l

Demak, gator (2 - 1,2+1) ya’'ni (1,3) oraligda yaginlashadi.
Intervalning chegaraviy nuqgtalarida tekshiramiz.

e
x =1 da gator «I( E) ko‘rinishni oladi. Leybnits alomatiga ko‘ra
« n

2)lim -~ =0.
4 9 n

Demak, qator * =lda yaqginlashadi. x =3 da qgator %—?ﬂ-ko‘rinishmi oladi.

Bu gator yaginlashuvchi.
Shunday qilib, gatoming yaginlashish sohasi [1;3] dan iborat.
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4) X (x— gatorning yaqinlashish radiusini topamiz:
I nmo

PRV O ] F pe—— =3.
ECRVAR L
Demak, gator (1- 31+3) ya’'ni (~2;4) oraliqda yaginlashadi.
Chetki jc=-2va x=4 nuqtalarda berilgan gatordan uzoglashuvchi
garmonik gator kelib chigadi. Shunday qilib, gatorning yaginlashish sohasi
(~2;4) dan iborat. O

<3> 1° Darajali gator yaqginlashish oralig‘i ichida yotuvchi har ganday
[- N;N] kesmada tekis yaginlashadi.

2°. Darajali gatorning yig'indisi bu gatorning yaginlashish oralig‘iga
tegishli bo‘lgan har bir nugtada uzluksiz bo‘ladi.

3°. Darajali gatomi o0'zining yaginlashish oralig‘ida hadma-had
differensiyallash (integrallash) mumkin. Darajali gatomi hadma-had
differensiyallash  (integrallash) natijasida hosil gilingan qatorning
yaginlashish oralig‘i ham berilgan gatorning yaqinlashish oralig‘i bilan bir
xil bo‘ladi.

4-misol. Qatorlarning yig‘indisini toping:

D I-;

® 1) Berilgan gator uchun an= af= . Bundan
n

n+1
O=WNT-"-
a,t n
Qatomi |x]<l da hadma-had differensiyallaymiz:

Bu gatomi va uning yig‘indisini jx] <l da hadma-had integrallaymiz:
S(x) =fdx + \xdx + IxAxX +... + IX"~"dX +... = J--—-—-=- 1n 11- X |
Demak, gatorning yig‘indisi S(x) =-In]I-x] ( K]<I )gateng.

2) Bu gator uchun a,,=n, a,,, =n+lva



Qatomi
XE«X™ =X(1 +2X + 3XT +... + ux"1+...)

ko‘rinishda yozib olamiz.
Ynx" '=1+2x+3x2+...+ux™ +...) qatomi Kk K1 da hadma-had

a»l
integrallaymiz:

X+xP+x X +.=
1- x

Bu gatomi va uning yig‘indisini |x |<1 da hadma-had differensiallaymiz:

SW-(l+2x+3x2+ X +L) = (1 x)2

Demak, %?X" gatoming yig‘indisi
5 =xS,()=" -7 (Ix|<D. O

4.2.4, x0 nuqtada cheksiz differensiyallanuvchi f(x) fimksiya ucht
tuzilgan

N N _ N N _ byl -
T =% {x x a + (nP+ )|{X X W >ce(x0x)

gatorga Teylor gatori (Lagranj ko‘rinishidagi goldiq hadli) deyiladi.

5-misol. /(x)=x4-3x3+2x2-1 funksiyani x,=2 nuqta atrofida Teylor
gatoriga yoying.
® Funksiya va fimksiya hosilalarining x0=2 nuqgtadagi giymatlarini
topamiz:
/ (X) =x4—=3x3+2x2—1, /(2)=—%
/'(X)=4xJ- 9x2+4x, /'(2) =4
/"(x)=12x2-18x +4, f\2) =16
/"(*)=24x—18, /"(2)=230;
/1(x)=24, /"(2)=24.
Topilgan giymatlami Teylor formulasiga gqo‘yamiz:
f(x)=-1+4(x- 2)+£ (, - 2)2+ _2p+N (X- 2)4
yoki
/(X)=-1+4(x- 2)+8(x- 2)2+5(x- 2)5+ (x- 2)4. O



B ) X0=0 daTeylor qatoridan kelib chigadigan

o R\ i+
gatorga Ma#toren gatori (Makloren formulasi) deyiladi.
Asosily elementar funksiyalaming Makloren gatoriga quyidagicha

yoyiladi:

lL.e*=Y —=l+x+— +—+...+— + .., -a><A-<+00;
| 21 3 DN
8 . V( 1)v 24 x* x5 (-N"x24
SMX = V-—-m--m- = X -ommme +—+ ==t | -COX<+H<X>,
£ (2n+1)! 3 8 2n + 1)
3 cosx=YNIXZ_g x2 x4, L CDIXZ, L oo<je<too
(2n)! 20 4 (2n)!
. W, ( I) x' 11 X2 x3 (-1)"-1+ ,
4. 1n(1+x; ————————— X ommmeen R T e +...,-1<x<1,
y t| 1 2 3 n

5. (I+xr-|+')c).ia(a~iyﬁa~n+’\ =

=t+”~ +glgr. ).~ +...+ ~ -t +.., 0 1<je<i;
2! 7
n ( I) 'xXZ4_ X3 x5 ( I) x2-+i .
6. arctgx=/ e AN s . —1<x<lI.
9 i+l 35 2N+ 1 X

6-misol. Funksiyalarni x ning darajalari bo‘yicha gatorga yoying:

INf(x) =(x- 3)2 2) =sin2 x
1) ——=-(— bo‘lishini hisobga olib, awal
) (x-3) fJ -3 ;) 9
2 2 1
x-3 3 {_X
3

funksiyani x ning darajalari bo‘yicha gatorga yoyish masalasini garaymiz.
(1+x)“ funksiyaning Makloren gatoriga yoyilmasidan a =-1 da topamiz:

— =1l-x +x2+..+(-D"x"+ .., Ix]<L
1+ X

Bu formula bilan topamiz:
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Bu gatomi yaqinlashish sohasida hadma-had differensiallaymiz.

nX.«-l
. <1
3 3
Bundan
2i (n+Djc" x i
szz A T3 <k

2) Berilgan funksiyaning x ning darajalari bo‘yicha yoyilmasini
sin2x :A(l— cos2jc)
almashtirishga cos2x funksiyaning Makloren gatoriga yoyilmasini qo‘yish
orgali topamiz. cos2x funksiyaning x ning darajalari bo'yicha yoyilmasini
cosjc funksiyaning Makloren gatoriga yoyilmasida xm 2x bilan almashtirib,
topamiz:
+ ..., -CO<JE<+00.

Bundan

yokKi

+ .., —ao< g:< +00. O

4.2.5. Funksiyalar giymatini tagribiy hisoblash

f{x) funksiyaning x =xa giymatini berilgan aniglikda hisoblash talab
gilingan bo‘lsin. Bu fimksiya (~R;R) oraliqda darajali gatorga yoyilsin va
Xge(-R;R) bo‘lsin.

U holda f(x) funksiyaning x0 nuqtadagi aniq giymati Teylor gatori bilan
tagribiy giymati esa shu gatoming n-gismiy yig‘indisi bilan hisoblanishi
mumkin, ya’'ni / (i>S,(x0. Bu tenglikning aniqligi n ning ortishi bilan
ortib boradi. Bu tenglikning absolut xatosi \R{xg)|=\f(x,,)-SJx0): ga teng
bo‘ladi.

Agar f(x,,) giymatni e> 0 aniglikda hisoblash talab gilinsa, shunday
dastlabki hadlar yig‘indisni olish kerak bo'ladiki, bunda PJhaO)]<s
bo‘lishi lozim.



Musbat hadli gatoming qoldig‘i R,,<\f(x)dx tengsizlik bilan, ishora
almashinuvchi gatoming qoldig'i ji2,]<JaBi | tengsizlik bilan baholanadi.

Bundan tashqari qator qoldig‘i |93,(*.)=T, -c T e tengsizlik bilan

T ¢
ham baholanishi mumkin.

7-misol. esonini £=0,001 aniqlikda hisoblang.
® e* funksiyaning Makloren gatoriga yoyilmasidan foydalanamiz:

- 11 1
jc=1ldae= |+1+§ 3 ﬂ!+... .
Bunda R (1):—-C , ce(0;1) yoki ec<<* <3bo‘lishi hisobga olinsa,
("+m

R (1)<---m--mx kellb chigadi.
n+1

w=6 da /(1) =-~=0,00069 < 0,001.
Demak,

e»l +l+—+~+—+—+—«2,718. O
20 3 4 5 4

8-misol. cosl8°ni 0,0001 aniglikda hisoblang.
<S> Argumentni radian o‘lchamiga o ‘tkazamiz va topilgan sonni cos*
funksiyaning Makloren gatoriga qo‘yamiz:

cosl8® =cos—=1-—F—1 +—F—1 bunda — =0,31416,
10 2vlO)  4vioy 10

—1 =0,09870, f_—) =0,00974.
.10J 10]

Qator ishora almashinuvchi.

Shu sababli

a-'=a'=1 w <0,0001 Va* <ej-
Demak,

cosl8 « 0.9%?19 09%9-7-4 0,9511. O

259



Aniq integrallami tagribiy hisoblash

b
\f{x)dx integralni £>0 aniglikda hisoblash talab qilingan bo‘lsin.

Integral ostidagi funksiyani [a;6] kesmani 0‘z ichiga olgan (- R;R) oraliqda
darajali gatorga yoyish mumkin bo‘lsin. U holda berilgan integral gatomi
hadma- had integrallash bilan integrallanadi. Integrallashning aniqgligi
funksiya giymatini taqribiy hisoblashdagi kabi baholanadi.

9-misol. j—xtgxdx integralni toping.
[0}

& arctgx funksiyaning gatorga yoyilmasidan integral ostiga qo‘yamiz
va 0 dan * gacha integrallaymiz:
farctgx, X X . X
R MR [ AT e (F1)
- S g e ()
ZXX + i
32 5
Dalamber alomatiga ko‘ra R= lim@n-D2
(2n +1)
Intervalning chegaraviy nugtalarida tekshiramiz.
« (-D)"-' » [T .
x =\.da qgator va x=-1 da%tor . bo'ladi.
(2n- 1)2 " tl(2n~iy

Bu qatorlar Leybnits alomatiga ko‘ra yaginlashuvchi.
Demak, gatorning yaginlashish sohasi [-I;]]dan iborat. O

10-misol. j tn0 +-?)aly integralni 0,0001 aniglikda hisoblang.
& j |nQ+X) \Y } dx =
o X oX H-1r n+1

1 1

+- *0,007
10 22400 3mo00 20076 ©

Dijferensiyal tenglamalarni tagribiy yechish

Aytaylik, / =f(x,y) differensial tenglamaning y(x0)=y0 boshlang‘ich
shartini ganoatlantiruvchi yechimini topish talab gilingan bo'lsin.
Bu tenglamaning yechimini y = ywrﬁ(")(wxay ko‘rinishida izlanadi.
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Bu yerda j*jc.)=>e. y'(xa)=f(xnhyabo‘\a&. y\x0Ova boshga hosilalar
berilgan tenglamani ketma-ket differensiallash hamda x,y\y",... giymatlar
o‘miga x0y0yl,... giymatlami qo‘yish orqali topiladi.

Yuqori tartibli differensial tenglamalami Teylor qatori yordamida
yechish shu kabi bajariladi. Differensial tenglamalami taqribiy yechishning
bu usuliga ketma-ket differensiallash usuli deyiladi.

11-misol. y'=x +y\ y(0)=0, /(0) =1tenglama yechimi yoyilmasining
dastlabki to‘rtta noldan fargli hadini toping.
® Y(0)=0+0=0, *(0)=(1+2~")U=1+2-0-1=I,
YUO0) * (2y'1+ 2yy' )\ =2 o1+ 2 ) 0 =2,
yv(0)= (6YY + 2yy1j]xu=6 1«0 + 280 -1=0,
Y*7(0) - (&y'ymt+6yr2 +2yyW)\dVE&-1-1 +6-02+2-0-2 =8.

Demalk, izlanayotgan yechim
v:X—(-—+--——+--l-- yokl' y:x+~lx3+—1x4+—1X6. 0
3 4 6! 6 12 90

Differensial tenglamalami tagribiy yechishning yana bir usuli noma 1urrt
koeffitsiyentlar usuli deb ataladi.

Aytaylik,

y' +p(x)y" +a(x)y =f(x)

differensial tenglamaning y(x0)=y0, y'(x0)=y0 boshlang‘ich shartlami
ganoatlantiruvchi yechimini topish talab gilingan boisin.

p(x),q(x) va /(x)funksiyalar biror (xc- R;x0+R) oraligda x-x0 ning
darajalari bo‘yicha gatorga yoyiladi deb faraz qilib, tenglamaning yechimi

y= ~Zen(x-xay ko‘rinishida izlanadi. Bu yerda cacxcr,..~ noma’lum
=0

koeffitsiyentlar.
cQva c, koeffitsiyentlar boshlang‘ich shartlardan topiladi: ca=yQc, =yv

Keyingi koeffitsiyentlami topish uchun y-Yr:'OC n(x -x 0)" tenglama ikki marta

differensiallanadi, ~va uning differensiallari y"+p(x)y'+q(x)y =f(x)
tenglamaga qo'yiladi, p(x),q(x) va f(x) funksiyalar yoyilmalari bilan
almashtiriladi. Natijada ayniyat kelib chigadi. Bu ayniyatdan qolgan
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koeffitsiyentlar topiladi. Hosil gilingan y=tlJx-xoy gator (x0~R;x0+ R)
oraligda yaginlashadi va y" +p(x)y'+q(x)y =f(x) tenglamaning yechimi
bo‘ladi.

12-misol. y”+xy'+y=xcosx, y(0)=0, /(0)=1 tenglamani noma’lum
koeffitsiyentlar usuli bilan yeching.

® Tenglama koeffitsiyentlarini darajali gatorga yoyamiz:

p(x)=x, q(x)=1 Z(X) =xcosx =x|\- +~ - j.

Tenglamaning yechimini
y =c0+CX+CXrI+C,X3+ ...
ko‘rinishda izlaymiz.
U holda
Y =c, +2crx + 3cX2+ 4cfx! +...,

Y =2cr+2 <3cix + 3«ctx2+....
Boshlang‘ich shartlardan topamiz: c0=0, ¢, =1

Topilgan gatorlami differensial tenglamaga qo'yamiz:
(2c2+2m8c,x + 3 «dctx2+....) +x (1+2cX +3c,x2+ 4¢3+ ..) +

+ (X +c?x2+c3x3+...)= ><|v1- o + ] + ]

xning bir xil darajalari oldidagi koeffitsiyentlami tenglashtiramiz:
X°: 2c2=0,
X': 2«8c3+2=1
x2: 3«cf+3c2=0,

x3: 4-5¢c, +4c,
5 3

x": 5-6¢6+ 5¢( =0,

Bundan c2=ct=c6=...=0, c3 c5=1 c7=-1.
3r 5 50t
Demak, izlanayotgan yechim
y:X_X_+)_( _____ Z(__.}___
3 5 7
ya’ni
y =sinx. O

262



Mashqglar

4.2.1. Funksional gatorlaming yaqinlashish sohasini toping:

D Z-1-; 2 17 '» -
11+ X A 7
3 4) 1 # (x-2);
Vs 3 ) 1# (x-2)
55124 f) 6)S -
4.2.2. Qatorlaming tekis yaqinlashish sohasini toping:
0 ﬁ-l(_d_ & +':P1 2>"-1 bIA—Xx +1
3) t ) K yoSW
5) 6) iarCQ--" 4

4.2.3. Darajali gatoming yaginlashish sohasini toping:

2)S X ;
3 xinw ) 3
~(n+ly » u ve
Wiy (-1 (™~ +2T. 8uy (-1)"(m+ 4)1.
wo U +3 ’ N Bn+2=2""
o2' Ty N *3
9 tin-10" 10) ZiS"(n2+1)
% I 8" 12) 2un-1
13)t-~-1 | 14) 1(2-jcrsin”.
»Isin n 1
4.2.4. Qatorlaming yig‘indisini toping:
@ ( PeHvand Y
ti 2/j-1 »i 2n
3) i>2"x"; 4) £n 2¢\
H
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4.25. /(X)=x"~4xr-2x +1funksiyani x0=-1 nuqta atrofida Teylor
gatoriga yoying.

4.2.6. f(x)=x5-x* +x-1 funksiyani x0=1 nuqta atrofida Teylor
gatoriga yoying.

4.2.7. Funksiyalami x ning darajalari bo‘yicha gatorga yoying:

Do, 2 1) 3%

3) fix)=-—-—rr; 4) f{x) =In(12x2+ 7x +1);
2-X-X

5) /1(*) = xe2*,; 6) / (x)=sin2xcos2X.

4.2.8. Darajali gatorlar yordamida 0,0001 aniglikda hisoblang:

1)Inly 2)sinl2";
3)J7; 4) ~520.

4.2.9. Darajali qatorlar yordamida integrallarai toping:
2) £~
X X
3)IMjx5)n; 4) jG3x2A.
o X o

4.2.10. Integrallami 0,0001 aniqlikda hisoblang:

1) 2) jendx;
o X 0

)y r® *,
0 X o

4.2.11. Differensial tenglamalar yechimi yoyilmasining dastlabki to‘rtta
noldan fargli hadini toping:
1) y'=x2+y2 y0)=1, 2) y'=2cosx-xy2 y(0) =1,
3)y’=xy"'-y +e\ X0)=1/(0)=0; e 4)y"=ycosx +x, y(0)=1 y'(0)=0.
4.2.12. Differensial tenglamalarni noma’lum koeffitsiyentlar usuli bilan

yeching:
1)y +xy'+y =1 y(0)=0, y'(0)=0; 2) -xy"+y=x, £0)=0, /7(0)=0.
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43. FI RE QATORLARI

Fure gatorining yaqginlashishi. Juft va toq funksiyalarning Fare
gatorlari. Davri 21 bo‘lgan funksiyalarning Fure gatorlari. Nodavriy
funksiyalarni Fure gatoriga yoyish

4.3.1. 8S Koeffitsiyentlari

an:“—;]/(X)Cmﬁxdx, (n :QlZ), bn=:>f(x)sinnxdx, Q'IZ:LZ)

formulalar bilan aniglanadigan
d i
f(x) :? + ﬁ?an(cosnx+ bnsinnx)

gatorga davri 2k bo‘lgan fix) funksiyaning [-a;k] intervaldagi Fure gatori
deyiladi.

H Agar f(x) funksiya [a;A] kesmada monoton bo‘lsa yoki [<r,6]
kesmani chekli sondagi gismiy kesmalarga bo‘lish mumkin bo‘lsa va bu
kesmalaming har birida f(x) funksiya monoton (fagat o‘ssa yoki faqat

kamaysa) yoki o‘zgarmas bo‘lsa, f(x) funksiyaga [ab\ kesmada bo'lakli-

monoton funksiya deyiladi.
8S Agar f{x) funksiya [a\b] kesmada chekli sondagi birinchi tur uzilish

nuqtalariga ega bo‘lsa, fix) funksiyaga [a;A kesmada bo ‘lakli-uzluksiz

funksiya deyiladi.
Agar f(x) funksiya [ab\ kesmada uzluksiz yoki bo‘lakli-uzluksiz

bo‘lib, bo‘lakli-monoton bo‘lsa f(x) funksiya [a;i] kesmada Dirixle
shartlarini ganoatlantiradi deyiladi.

2-teorema {Dirixle teoremasi). Davri 2x bo‘lgan f(x) funksiya [-9-;5H]
kesmada Dirixle shartlarini ganoatlantirsa, u holda bu funksiyaning Fure
gatori \-m\n\ kesmada yaqinlashadi. Bunda:

1) f(x) funksiya uzluksiz bo‘lgan har bir nuqgtada gatoming S(x)
yig‘indisi fix) funksiyaning shu nuqtadagi giymati bilan ustma-ust tushadi:
E()=/ <

2) Har bir uzilish nuqgtasi x, da S(x,,) =———— bo‘ladi;

3) x- ->y&x-n nuqgtalarda S{-w) =S(n) =—" 7r+0) + /(fr—0)



1-misol. (-n; 9] intervalda f(x) =x formula bilan berilgan davri 2n
bo‘lgan funksiyani Fure gatoriga yoying (1-shakl).

1-shakl.
® Bu fimksiya Dirixle shartlarini ganoatlantiradi. Demak, uni Fure
gatoriga yoyish mumkin.
Fure koeffitsiyentlarini topamiz:

I'f Ix2
, =0
1* 1fxsmnx
a,, =—\ cos nxdx ~— ----Jsin nxdx -COSUX =
m:x m nn

! (cosnn - cosn(-n))=0;

nL - nl n ni,

=1 = Corcosrmr-mrcosw'+ Leivi] Y= —2cosnn=—2(-1) =(-1) 2=

nn

Shunday qilib, f(x) funksiyaning Fure gatori quyidagi ko‘rinishda

bo‘ladi:
Ao . . +
x:£(-|)"+gsin«x:g)l sinx sm2x,\sm3x_m+ -1y° ,§mﬂX+mL 0O
n n 1 2 3 n

4.3.2. Juft funksiyaning Fure gatori fagat kosinuslami 0‘z ichiga olac
f(x) =7r +'Za,,cosnx,
2 R
bu yerda
2.
a,=—2\sf(x)dx, an=—\f{x)cosnxdx.
7to o
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Toq funksiyaning Fure gatori fagat sinuslami o‘z ichiga oladi:
[(*) =!>» sinux,
buyerda

2% .
bn=—=ff(x) sin nxdx.
nQ

2-misol. [-n\7c\ intervalda f(x) gx [formula bilan berilgan 2n davrli
/(x) funksiyani Fure gatoriga yoying (2-shakl) va yoyilmadan foydalanib

-gatoming yig‘indisini toping.

® Funksiyajuft. Fure koeffitsiyentlarini topamiz:

2, 2 X 3
2r 2] j;sm«x .
, = —jxcosnx<3a=— - - —fsinnxdx =-~r-COBUXM = — ((-1)" -1).
a0 ny n 0 n\ nK nn
Shunday qilib,
i\li-/t+£— ((-f_)ﬂ-l)cosnxﬂ—_--z-l cos* cos3x cos(2h-1)x
oo uinmt 2 T o _"_m(_ZEI-"-"_j.“jP ’
yoki
x =0 deb, topamiz:
2 ;r~(2;|-]1r
Bundan
V—1_-£1
(@n- 12~ 8"



4.3.3. Davri 21 bo'lgan f(x) funksiyaning Fure gatori

uf (

MK . MK
f(x) =~+ c°s— Xx+basin-j~x

bo‘ladi, bu yerda
a0=jff(x)dx, an=1}]f(x)cos~~xdx, b,=y}(x)sin-~cfe .
Davri 21 bo‘lgan juft va toq funksiyalarning Fure gatorlari quyidagicha
topiladi:
Juft funksiya uchun

4y a N =
f{x)=~£ +1Ia, cos- r X’

bu yerda

aa:j}B(X)dX, a,, = jfix) cos~_xdx.

f
0
Tog funksiya uchun
AN
;E ) —2::# srn[;l*g
bu yerda
b =—F/(jc)sin— xdx

3-misol. (—4]] intervalda f(x) =x+\ formula bilan berilgan 21=2 davrli
funksiyani Fure gatoriga yoying.
® 1=1uchun Fure koeffitsiyentlarini topamiz:

% = \(x+ \x=( > =2;

\ n=x+1 du =dx
an=J(x+4)cosnm& = _ . _sinnm
dv =cosnmix, v=
71

=— f(™+Dsin " - [smnmdx]=
I'I)K\( Jsin««] L[J )]

1 cosnm ' 1
nn nn ,J nmr
bn=j(x + I)sinnmdx = F;J ~(x+ L)cos«ot]™ - jecosnxxdxj =

sinn;r 2(-)*_(ir. 2
mK K K

COS MK+
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wpo e 28 (OISR L 2(smmsin2* Lo gsinaax
a,1 n xV 1 2 n )

4.3.4. f(x) funksiya [-/;0] kesmada juft tarzda, ya’ni *e[-/;0]da
f(x) =/ (-x) boladigan qilib davom ettirilsa, uning Fure qatori fagat
kosinuslar va ozod haddan iborat bo'ladi.

/0) funksiya [-/;0] kesmada toq tarzda, ya’'ni jce [-/;0]da 7/ (*)=-/(-*)
bo‘ladigan gilib davom ettirilsa, uning Fure gatori faqat sinuslardan iborat
bo‘ladi.

4-misol.(0;;rj intervalda berilgan f{x) =x funksiyaning sinuslar va
kosinuslar bo‘yicha gatorga yoying.

® 1) Funksiyani sinuslar bo‘yicha gatorga yoyamiz.

bn=—A\x2sinnxdx = — X cosnx + —\xcoshxdx
Tt o

o

s12cosnx  2jtsin/ix
n n n n

nxdx

2(__Ttcosroey 2apan? .
7\ n n ™n "D-m e

Demak,

=M —--o-
1 2 3 33 5
2) Funksiyani kosinuslar bo‘yicha gatorga yoyamiz.

a, =20 gx=2x} 21
X o

sin2* sin3* 8§sin* sin3jc  sin5*
—— - += 4+ 4
"™ H I3

71 b
anzlj—xzcos nx&ixzz— X smnx fx sinnxdx
EO Tt Mo
A xcosnx 1Jcosraratc 4cosM  4sinli A=
na n0
Demak,

* * *
o = K2_ p(cQsT  cosZr | cospr o

3 112 2



Mashqlar

4.3.1. T davrli f(x) funksiyani berilgan kesmada Fure gatoriga yoying:

1)/W =*2 T=2a, {-n;n]; 2)f{x) =x\ T=2n, (-*;*1;
3)f(x) =x+\x\, T=2n, (-n;n]; 4)AX)=n-x, T=2n, (-n;n];
7)H{x) =1-\x\, T=86, [33]; 8)/(x)=2x, T=1 (0;1);

M) f{x)=n-2x, T=2n, [-r>R, /(x) funksiyani [0;n] kesmada juft davom
ettirib;
funksiyani [0;2] kesmada juft davom

ettirib;
13) f(x) =x, t~ 2, [-W f(x) funksiyani [0;1] kesmada toq davom ettirib;
14) /(x) =x\ T=in, Hr;*], fix) funksiyani [0;a-] kesmada toq davom ettirib.

4.3.2. Qatoming yig‘indisini f(x) funksiyaning berilgan kesmadagi
Fure gatoriga yoyilmasidan foydalanib, toping:

1

NAZCRATISH

1. Ishora almashinuvchi gatomi yaginlashishga tekshiring.
2. IntegraJni 0,001 aniglikda hisoblang.

1-variant

2-variant



3-variant

0,5
2. Jcos(4x2<&

4-variant
2. Jsinx2x.
5-variant
2. - *
bﬁ‘/l6 +X4
6-variant
2. jsin(4x2rfic.
7-variant
>n/256+ joA
8-variant
2.
0 I
9-variant
0,2
2. jcos(25jr2)alx.
10-variant
2. j e 4cfr.
11-variant
2. J:
0VI25 + x5
12-variant

2. jsin(100x2)<ix



(™

TS 2n+1

(D»-

h «2+1

EH)

Z(-1)*

2n+1

n -7
37

13-variant

14-variant

15-variant

16-variant

17-variant

18-variant

19-variant

20-variant

21-variant
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2. fe'~dx.

2. fen’dx

, 3. &Y
0781

2. jsin(25jc2"&

In 1+ ;
2- !')_ fibc.



1-

i

ft 42« T|2|'

>

(-1)2"
n\

V«

H)V-3)
3n2+2

22-variant

23-variant

24-variant

25-variant

26-variant

27-variant

28-variant

29-variant

30-variant
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5 lit
" BK2T + X
j.
0 X

2. jcos(100x2)<ft.

2. \enNdx.

dx
2 Lriea + ic

2. Jcosjc2<&.

2 B V625

0,5
2. je B

2-f

o\l8 + jc’



MUSTAQIL UYISHI

1 Qatomingyig‘indisini toping.

2.- 6. Qatomi yaginlashishga tekshiring.

7. Qator yig‘indisini a aniglikda hisoblang.

8. Qatoming yaginlashish sohasini toping.

9. Qatoming yig‘indisini toping.
10. Funksiyani xning darajalari bo‘yicha Teylor gatoriga yoying.

1-variant
1y 4 2 ¥ L
y n2+15/1+56° ’ n|(2n-\)22”'1'
3 Y1 4y 1
' Axn31" 78JIn"(« + 1)
> Kinban 6. 301
7. « =0,01. 8. + x"
At on\ nad 0'3”
9.2>+i)x"2 10. 3
2—xX—x1
2-variant
» E .. A- 2. £sm *
n=i 2
n
3 ti(2n + I +b
5E- I  m 6.Z (-ir~.
"»2 (« + 2)In n ( »=i
7. or=0,001. 8. .
N (3u)! nyn
9. f> +4)x"~\ 10. in(l - pr-6jc2)-
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3 £ 24»+2)!
= |

5*5(un-1)inn’

7- a =0,01.

Al 3«
9. f>(2H +jc2

L ? 4n2-9
3. %H'(M +1)!
1
V(4«+ 3)3"

7. a =0,01.
= 4

9. f;(2%2-/i-2)x M
)

5o
10-

3 ZVI+4

1- z

5 §(£?)'m

7. £/1)1 a =001
£(2w)]

9. £(n+3)*-2

3-variant

%n2+I

4. xfarcsin-
A\ n

65 A U4
8. X,(x~3)"

10. XxXYA-DX.

4-variant
1

2- Z—-i/r' -4n +5

2n J
» 1

6 LD U
8. £(3 +*)*,

jg  sh2x- 2x

5-variant

2-1
nn2+ 2n

4-8(irn

6-M srJ
8.

10. (x - Dsin5jc.
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1-

3-

5.

LA -

6-variant
3" +4”

L 12"

ol
2.
é s

1
»Z-Z(« + 2)1n2i

. 8(-8}", ,-0,01.

. Z(li+5)jr-

7-variant

gn
' ZZT(ZM +1)
1

f (« +1)1n2(n + 1)

. a=0,001
tx 37n!

. Z(2«2+ 5« + 3)jicH

8-variant

Sf«2+/1-12
N (2n + 1)

"E27(n)

Z- 1
»->\/(3n-2)4"

(-1v

- a=0,0001.
>A(2n + Hin\

Z(2n2-n-\)x\

276

9 7 1+wn
T M. 1+ m3

4. f arcsin—
stv 3”

I
(n +1)!

n=I n!

10 sh3x -1

2. %i(« + I)/g_?-
4, %’I Sinn4
6. ZH)" In L+~

8 Z
10

" 20- x —x

2n-1
2-Zon2+1

3un-1
4. 7 au

6. Z(-i)"t
m+i)2



L Za9n +bn-2
2n+1

"= nin-3
Y- 1
»2(2a-1)1n2«

7. fi=9L a=0,00001.
L 2n)d

9. E(n+3k-".

1
i+ in2n

7.VJzP a =0,0001.

T (2« + !
9. |;(/1+4Kk-2

1
5-Z (2n+1)In 2

7. a =0,0001.
Z1 m'm

9. JIF(n2+ 5m +3)x\

9-variant

10-variant

11-variant
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A
2. £ l-cos-L

4-8(W T
6.

> WV«

8. £(x+5ytg=.

=1 3

10. (3+e*)2

2- X-

4. gjcl 3+ -II\—J

8. X(2-Jc)”sin” -,
ad2rIe)sing

10. V16- 5x.

2y
»INZY«+ 5
4-S(*S7-J-

6. K-iy” !
. -1 — .
> yV5«-|



12-variant
12

>I>-i36<< + 12n —35

1

»i«Inbn

o
5+
g+

7-iw - “=0%001
9- YAn\-2n-\)x"+2

13-variant

14-variant

3. £-"2+3
V(1 4<1)!
. 1
" A(2u-1)1n(2u-1)
7- M2 « =0,01.

9. E(«2+u+1)**3
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4. S3”

6°S (

8.1~

Si (2w -1)

10. (x-\)shx.

2. £n e"-1

4-1(""*5rin) =
6. £<-l)m 5" +1
n-2
3
8 Z

n=l /j!

X2

10.
n4—ST"

2. ]Tnsin
;-

A M-l/lj’* 1
_-Vl, 7] *3me

H+4

«
-1 m+)”
10. arctgx



15-variant

= _ 7 mn2+4
IR T Pl 2-%> f o3
3 y-1'407—3n- 2) .
ik J5-
5y_ i 1
N (n +5)1n2(n + 4)'
? A (-1)"(2n+1) a =001 B L *m.
£ wun3(n+1l pet n
9. E(«+2)x-3 0.
V27- 2T
16-variant
gn.3" - FMJ:_! w
1- £ o
= 3”(«2'1) 4. 12"
3. El n n+1
. 1 1
5'Eno|on +2)1" 6Ir( 1) (2m-1)3
(-9 .
a =0,001. R -
T Zn-1)32¢ + 1) 8 Fu i 4l
. 6
9. EM2+2n+2K + 10.
=0 8+ 2X - x2
17-variant
+
1- — . 2. Xarcsin m+l
<4n +4n+3 n3- 2
n+1
nn3”

L 6 1
5'3:2(3/2- IRy KD inn
7y " aco00 g g X*For

L wnze T T mE\Mn2+Wir+1
9. E(« +5)x™2 10. (je- Nofzx.
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18-variant

. |
- & 2.y *
T16n —8n—15 MOr- Inn
A A (3n+2)! 4 g/2n2+19
10"n2 mw+1J
1 ., n-3
> %lo +2)In2n 6. Z(-) n2-\
7- (-1 « =0,001. 8. £JfzilL,
= (W3 +1) (2n-1)3"
9. £(2u2+ 7ii+5)g'. 10. In(l-jc-12x2).
19-variant
. 1 AN n
- Ea4no+8n+ 3 ?'uLuirflramEM,-
3 N3-5-7-...-(2n +1]) 4 n2+2 °’
¢ Ni2-5-8-...-(3«-I) S12q2+1
- -1 N L
5 >Z>2(n+3)ln 2n 6. e I/(5n+5
. 8.z (*+ir
r yrij ma=m -
9. i(n +4)*". 10. 2xsin2 —\-x.
20-variant
sin-3 1
n_
1z 1 2. Z-
e
R+ 2)
5. £ —— . o am
n-2uln324 6-2(-0 2n+2
7- « =0,0001.
Wl 1n 8-|(T T
9. rEﬁSM 2-2«-2)x"*", 10. In (t-*-20x2).
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1
Yy
n=l14/r2+ 4/2 -3

( QN
3.£ — U6

5£[&?)'m

7. XJZIIL a =0,001.
(2H)12

9. E(n2+ T+ 4)n™-

7. f;LJE a =0,001
£ 2'0

1. V
o2+ 212 —s

3 y|b5-9-...-(4n-3)

' &1-4-7-...-(3n-2)"

1
! min(n-1)

7.y_iXZL_ «= 0,001

8272n+7)
9. E02+6u+5KH.

21-variant

22-variant

23-variant
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* 1

2. Zr?=sin--

m\n w

4. £2! « Y

V/j+ij

6. 11}:(1_1) (3«+1)"
. n(x-2)"

8-F1 w1

10.
6+ JGIC

. 1
6 BH Ty
8 y 2UE+1l
"h n(n+2)°

10. Inl+x-12x2).

2- |,

m/\
4. |2 e
6_
[
10. (2-e1)2



24-variant

» 4" =—Y" 5n-
1 yp-77 2. 5547
Zi 12" n
- Tt bor -1
3. (@Anvtl)sin— 3
5.9 1 . 6. H-l)" li+1
_ (2x—3Yy*
L (S % g
9. £(n2- a+1K. 10. I1+x-6x2).
25-variant
1 1 w1
2- X er -
1-fant+8n+3 W+ 3
271
g (et ) 4. X
3.E "

! 6 nNys-
21n(n2-1) /Y 2
(1" L=

[ (»3+D2 8 =000 8 et
1
9. S(» +6K-". ' V16-3)"
26-variant
1 v .
L Zyou -12/1-5 2 XTSI s
3 2n2+un+0
wid >3/ +/J+ 1]
.. 6. K-1)" n+1
> IE(m- 2n/1n(n - 3) ' frn+1)
7. ﬁ]_U.j" > «=001-
= - 10.
9. E(212-2/r + 1)*\ 2 xox
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I | :

s 4 +16n+ 15
7
ﬁql?(mu)!
. 1+nm
5 B\t 4n2
7. £ (-)U2a+1) a =0001
£ 2n)n!

9. £(»» +2»

ti 20

3. C7

1
X (1 + 1)1In3(n + 1)

7. X . 2 =0oL

9. E**m2-

1
L R drn+12

01-713-...(61-5)
2-3-4-..-(n+ 1)

) 1
> FrounTR(n-1)
7y far?

. a =001
hn2n+3)

9. E (n+2)*2-

27-variant

n+1
2-S

nnin

4-a ™ [ |

6. Z(-i)

8-F'd-

10. 1n(L+ 2x —&x2).

28-variant

o 1 f
2. Z-r arcsmT-T ==,
SV« Vw +1

Nl
4, |-
hﬂ‘(‘?\?\f +1)2
6. ;EH )"3VI2+1
(*-1)”
8'%:12‘/1(w+ 4)

10. %
L -x

29-variant

n2+2

2-E na+ 2

4. Y arcsint |
Ji=8 3ftd

6. &f-1) P
= n/n(x-3)"

s. E"
n

10.
6-x-x1
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30-variant

1
y' all* .
%4n2+8n-5 i Vaw+3
3.8 +3) 4
M34 5n)
1 mM» +5
. 6. 5>
5-Z-¢)n+13)5' w7 '
. ) ,F_n—l y & =0,001. 8-7 3-(*-1)'
£3"(n+1) I/it
.. *_%*
9. E(2i2+ n+ 1K™ 10 aresm

NAMUNAVIY VARIANT YECHIMI
1. Qatoming yig‘indisini toping:

J_/\_ _____

4a +8#—5
® Qatoming umumiy hadini sodda kasrlar yig‘indisiga keltiramiz:
e [ [ if o
a" 4nr+8un-5 (2n-1)(2un+5) 61.2n-1 2n+5)

Bundan
1/1 1 11 1 Sy 1 1
1 6V 7 613 9 615 WU A 617 13
U holda
SATCINJAT 1IN |+17F1 _ M+1r1 _N+,+1M 1
6V 1) 673 9) 615 Ilj 6V7 13j 6V2n—1 2m+5
:ifh____l_bl 111 111 1|_LH 1 L 1
61 7 3 9 5 11 7 13 2n-1 2u+5
= 1 1+i+1 1
6{ 3 5 2u+1 2u+3 2m+5
Bundan

= _ 9
liml. = IhnIfI+|+I l;|5) %0

Demak, gator yaginlashadi va uning yig‘indisi — ga teng. O
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2. Qatomi yaginlashishga tekshiring:
w1l Ofr
2.30. ¥ -sin ,

n-in va/» + 3

® Qatomi yaginlashishga tagqoslashning limit alomati bilan
tekshiramiz. Etalon qator sifatida umumiy hadi b,,:—,[lj: bo‘lgan

n-Jn
yaginlashuvchi gatomi olamiz.
Berilgan va etalon gatorlar hadlari nisbatlarining limitini topamiz:

2n .
-18111-;: — "
lim— =lim—---- --=lim— esin . -=
> n *kooq- nldn + 3
«ni
2r
w0l 2n- -J4n+ 3 o .r nli
= lun-------- , B—m—T =|im -7="=1.
s-  nlda+ 3 2ar ~“nldn + 3
nldn + 3

Demak, taqgoslashning limit alomatiga ko ‘ra berilgan gator
yaqginlashadi. o

3. Qatomi yaginlashishga tekshiring:

3.30. jH w+3)!.
<§> Berilgan gatorda a,=" +3%, awl= +4" mU holda
n" m+1"
BU.I3L—|Im ----------------------- —uJ'L++)f £T-I|m—l— =i <1
a, SHe(«+l) (M3 UM+ VHHL M f N e
1+»J

Demak, Dalamber alomatiga ko‘ra gator yaginlashadi. O
4. Qatomi yaqinlashishga tekshiring:

430. . M+l
nN'34y 5nm

® Qatomi yaginlashishga Koshining ildiz alomati bilan tekshiramiz:

. 1 :
Hw =M 1t» 10 ~  -lim* ~+x1_J/1nt 1+ -* <.
» «>»Y3”"v 51 , «-* 3V  5n 3 5n 3

Demak, gator yaginlashadi. O
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5. Qatomi yaginlashishga tekshiring:

530. f Teooevoo,
A [30 + 13)5

® Qatomi vyaginlashishga Koshining integral alomati bilan
tekshiramiz:

— =limj , A — llim- 1
'(\)(Sjc—+ 13)5 "”‘OQJ<’QJJQX+'13)5 3™ /3ic+ 13
——4f|1' 1 11 2

m_
3 ~V4£+13 VIe6; 3
Xosmas integral yaginlashadi.
Demak, Koshining integral alomatiga ko ‘ra berilgan gator yaginlashadi. O

6. Qatomi yaginlashishga tekshiring:
6.30. fx-iyVFlVISjS
® Qatoming yoyilmasini yozamiz:

y(HprE_6 T 8 9., L ants
t* 3" 3 9 27 81 3”

Demak, gator ishora almashinuvchi. Bu qator hadlarining absolut
giymatlaridan tashkil topgan 9”3—% gatomi Dalamber alomati bilan

yaqginlashishga tekshiramiz:

R BUCLA VLIRS S
3% n+5 3 m+s5 3

i/\/\

gator yaginlashadi.
Demak, berilgan gator absolut yaginlashadi. O
7. Qator yig‘indisini a aniglikda hisoblang:
7.30.'S— —_, or=0,001.
A3"(fi +1)
®- Qatoming vyig‘indisi S=Sn+R,, ga teng bo'ladi, bu yerda
R,-gqatoming n-qoldig'i. Misolning shartiga ko‘ra |Rn|<0,001. Ishora
almashinuvchi gatorlar uchun gatoming qoldig‘i moduli bo‘yicha bimchi
tashlab yuboriladigan haddan kichik bo‘lishi kerak, ya’ni |Rn\<ant
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Berilgan gator uchun IRn|< m+ - ~opo1tengsizlik bajarilishi kerak.
Bu tengsizlik n=4 da bajariladi. Demak, gatoming yig‘indisini topish uchun
birinchi to‘rtta hadni olish yetarli bo'ladi:

£ (rp". J —=0137. o
££3"0°+1) 32 93 '274 8I-5

8. Qatoming yaginlashish sohasini toping:

8.30. )
»l \jn

<& Qatoming yaginlashish radiusini topamiz.Berilgan gator uchun

-, = 7r
Bundan
-V AT |
R=1li = — =]
im I|m \1% 3l
Demak, gator + ya’ni oraliqda yaginlashadi.

Intervalning chegaraviy nugtalarida tekshiramiz.

2 « (—FT" .. . . . .
*=—3 da gator Xi£r=~ ko‘rinishni oladi. Leybnits alomatiga ko‘ra

1) I>-1=>-1=>, 2) lim-J==0.
V2o I3 > ifn

Demak, gator jc:—da yaginlashadi.

- da gator ﬂ)\f ko‘rinishini oladi. Bu gator uzoqlashuvcm
«

Shunday qilib, gatoming yaginlashish sohasi r2. 4 I dan iborat. 0
9. Qatoming yig'indisini toping:
9.30. | > 2+6u +5)**".
10
<S> Qatomi uchta gator yig'indisiga keltiramiz:
Z(2«2+n+1)x = 2]C]£ij”+xy‘nx +x x

=0

Har bir gatorning yig'indisini alohida hlsoblaymlz.
Eé‘" = li~_ﬁ_ lwr+i<l;
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e K6 nOdx d*g J dxyl-Xj' (1-je)2

2>V—*f>v~1 x£ (nx
>0 dx dx\ no

=X (X {J-"r=X*( X
&N dx\I-xJJ cbe{(1-xyYJ (1—xY

il=

Bundan
N
)’{/Zh2+n+1)jc =%¥x X(X+I.)+X X'r+,q 1
£o (1-x)3 ~ (1= 1-x

yoki

+x1+
X(2|/|2+V| + 1)c” 1—&(3---)—(-1—X ljci<l. 0

@ x
10. Funksiyani xningdarajalari bo6yichaTeylorgatorigayoying:
10.30. arcsin*~A
X

Awval /(x)=arcsinx funksiyaning gatorga yoyilmasini topamiz. Buning
uchun

['<*) = JVT-:XT =(l-xm

funksiyani gatorga yoyamiz, Bunda
i+, r=1+f;2fc!'M 2rlzxj), =

A nl
—I+ca+a_(_‘?___12_ 2 . a{a-l)--;!(a-n+l)_x,+m, .
yoyilmadan foydalanamlz U holda
1 1 T noi
f\x) =(1- x272=1+- xJ+-¢ - X4+ - X6+ ...
Jw ; 2 4 2 g8 3

bo'ladi. Bundan |

/(x) =arcsinx=J(l~x2) 2x=

1 3, 13 5, 1-3-5 , ., 1-3-5-..-(2m-1) 24,
=X 4 X A X H X +..H X7+

2-3°  2-4-5°  2-4-6-7" 7 2-4-6-..-(21)-(2n+1)

kelib chigadi. Demak, berilgan gatoming Teylor gatoriga yoyilmasi

arcsinx-x 1-3-5-...-(2a9 ) . 0
X Si2e4m6e...- (21) m21 +1)
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JAVOBLAR

1.1. Bir necha o ‘zgsaruvchiningfunksiyasi
1.1.15 =-él 1.1.2.V =})xy(2R +"R 2-x2-y 2).

=N - - - +27~ =-N~ =
1.1.3.5 =" (a-2xXa- 2y)(a- 22)(2x+2y +2z~a). 114 r Sy 1.1.5. 1) f(A)
f{B) = ~ [ (CO=£1z21. 1.16.i)/(*)=~, aB) =" ~ , Ac)X =~ [/.
& Xy © x'zyZ D7) 2 ®) Xy ¢) X2

117.f (xy)=A L . 118 f(x,y) =3x-4y. 1.19. 1)1 X<’ X>0"
() ax +hy (y) y )[I+JcSy"I-x, {I-JC<.ySI+J:
DXL yg-<l: 3)x2+y2%9; A)(jr+1)2+(>-2)2>9; 5)j:2- j2>25: 6)0 <x2+y2<n\

Y2~ f 2 2
7)  je2+y2<l,; 8 )j}: 9)y =-2x; 10) 9<*2+y2<;16; Il)l-oktant; 12)E+/\25<z;

SA;
xx0, o >V

a2 b2 c2
1.1.10.1)12; 2) mavjud emas; 3) mavjud emas; 4)0; 5)0; 6) mavjud emas; 7)%., 8)1,

13)0S?+ /S22 z*0; 14) {Jc2+),Z2+72<1’; 15)4 +4 -4 "1 ; 16) 0"x +"+2z<2a.
*0,;y*0,2z*0

9)e; 10)L; 1l)§; 12)2i; 13)-6; 14)+®. 1.1.11. 1) mavjud emas; 2)(0,0); 3)(0,0);

4)(4,-1). 1.1.12.) x-xy to‘g‘ri chiziglarda uzilishgaega; 2) y2=2x parabolada uzilishga
ega; 3) x+2y+z-6-Q tekislikdauzilishgaega; 4) x2+y2+z2=1 sharda uzilishga ega.

1.2. Bir necha o zgsaruvchiningfunksiyasini differensiallash
1.2.1. Az=031; &yz =0,04; Az=0,33. 1.2.2. A =-0,96; Ayz =0,82; Az=-0,258.

1.23. 1) Zx=4x3-8pay!, 2" =4y3- 12x3/2; 2) Zx=y—" ,2'=X +-; 3) X =-?=+-)=,
X X 24x yy

X +y
6) < == :—5(4+y 7 N= fK1+-Xy < =-e'; 8) z<=(5+ (In(5 +xy) +ry),
zv=*2(5+ xyY~I\ 9) z' = ctg(x- 2y),z' =-2ctg(x- 2y)\ 10) zc= X +ey 4 = —Xn;-é-»)-/;
11) z' =— Iny, z' + 12) z'= Inj», 2 =xy'y(I+Iny); 13)u' =4x3+3z -y,
uv- z1- x, u' =2»z+3y; 14)a\ =yze™, uy =jczeM +3y 1, bl =xye™- 20z3;

yr
15)i/'r = -yzsin x(cos)-*4, m, = z(cosjc)* Incos*, u' =y(cosx)™* Incosx; 16)u't :">Z-ZX Inz,
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Wy =—zxlInz, ' =~ z* m1.2.4. 1)dxz =y Xxy~ldx, dyz=2yxy’ \nxdy, dz- yx"i*-dx +IInxdy".

2) dxz—{cos + 3 W dz= - dy, dz=\cosx +- — -\dx+ dy.
X +y J r xr+y A X+y3) X +y
1.25. 1) du=~7—r-f— A XZ dx— dy+dz2)du =y**(zlnydx +— dy +jcin”ab'l.
X +y v x +Y X +Y ) | Yy J

1.2.6.1) 1,98; 2)0,04. 1.2.7. 1)2,87; 2) 1,054. 1.2.8. it =-|%e2:'
e

1.2.9. — =sin2/ +e'(sm/ +cos/-+2e"). 1-2.10. G%zjf 1211 T =e*(3t2+5t +1).

dt

j212. N = -1 . 1213 * =2(1+3e0_ 1.2.14.— =2u3sin2v, — =a4cos2v.

dx | dx X du av
}2 13 dz _ 5§__jf_ dz_ Se'*' 12716 dz 2 dz 2

Cdu” (2e*“+ev)2’ (2e“+e")2 dx Xx+y’dy x+y
1.2.17. * =0, ~ =-1.1218. 1) —=— ;2) + =Zl+g +.£1;3) £ }'I * Rt

X 3y ) <& |-ny ) ﬂv ) dx 4 3xa 6
1.219. 1) f~ = 2’\ - 2) 2>~ A(n+>)  1.2.20. 1)

& <ir2 (|r+J>+ 3 dc 3xy-z’dy 3xy-z’

Nodz 10xy+223 dz_15x2yZ 2 z(y-zsin(x+z)) Sz _ Xz

> de” J/E HF%’%/ A2 65F >)_E|* ny+z2sin(x+r) " dy xy+z2sir{x+z)’
4) * =hE(*2E£Z] A= (iz £8«£ifb") L221 j\4x_4y-z-2 =0

& jox+z)e*N-r Sy y(x(x+z)ev* -1)
£ZZ:ZZl:£22;2)4*-Z =0 £zl=ZzI=£z1I; 3) *-j,-2z =0, Nzi=
4 0 -1 1 -1-2

Nox-z- 2T U X'”-I- y-—2; 5) x-3¥ +73z+1h=@ -2(--111-"3’ 33 22+2;
6) x+Ilj>+52-18=0,— =~ =— | 1222 1) = - ‘=z =

1 7 5 ” (x+y) * (*+>03
z' - 4* m2b' 2" z” =z* - xl~yl z' = 2j»
" (x+>)3’ 2+ /)22 ~ N~ (R+yD2T 7 (x2+y2)2'

- "o A
1.2.25. z 4;&2+ 23 1.2.26. Zm (X2 Z2+3xyz+])en.

1.2.27. dZ =—"rdx2+—xdy, dlz ~LL-dx3-m~T dx2dy.
X X X X

L3.Bir necha o ‘zgaruvchifunksiyasini ekstremumga tekshirish
1.3.1. D2Hh=r(l,-1) =-3; 2)zm,=z(l,1) =-1; 3)zmm=z(l,l) = z(I,-1) =-2;
4)zrm=z{42 -n/2) =z(-V2,V2)=-8; 5)zmm=2z(l-3) =17, 6)zm =2(5,2) =30;

T)znix=z(4,4) = 12; 8) ekstremum nugtasi yo’q; 9)zm, =z[* ™ |= (N’
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=zg9,|Jd = z(-4,-2)=8e'2; 12) =*(-2,0)0=14

1.3.2.1) =2(0,0)=0, zagdci =z(-2,0)=2(0,-2)=-4; 2)z ~ =2z(0,6)=2(4,0)=12,

"aghik ~ —,3) yd 22— =13, Zaglih ~Z(M) ~O—)=—%

4) =2(4,2) =64, z” hth =2(0,0) = z(0,6) =2(6,0) =2(0,2)=0; 5) =z(2,lj=1,
=N2--j=--; 6)z"fa= _ J =2V5-3, =z\-A --1j=_2V5-3.

1-33. D z" =2(1,3)=10, znin=z(-1,-3)=-10; 2)znb=2(2,2) =4, zD, =2(-2,-2) =
3)z_ =*-1-D=z()=1 =z(-L)=z20-)=-1; 4) z_ =z{Il 1j =1;

5) 2up="171) =In* ZM = Z1°>=°" 6) 2 = 2(°*~1) =0. "nm=2(0,1) =0,
r —f fl gl]=— =fE = =/- E- fI)—-32’\

LT3 9 " MA/BTN3) 9 T 2%\ \37\3]j
*_ = j=-~57)~ ={1.1)=1,;8)z =z(10)=zao0)=3’
z™ =2(0,1) =2(0,-1) =-2; 9) z» =z(U)=2; 10) =z(42)=x- 1)z~ =~ 1.1j =

12)z™ =z(l,I) =e.l.3.4.a=b=y2F, N=U~- 1-35.x=y=z=" ~ .
1.3.6. 1) y=0,74*+155 2)y=2,lIx+0,43.
2 2.1W Kkarrali integrallar

4 ni25-y

2.1.1. 1)(8a-;56;r); 2)(0;1); 3)1{—3-:.j;4)(4;64) 2.1.2. \)\dx]f(x y)dy, 2)\dy \f(x y)dx;

O 2T 8 2x 3 3 4 3 5 $5y
3) |Idx2| f{x, y)dy+\dx jf{X y)dy, 4)\dy HI(*, y)dx+13dyjf(x y)dx+J4dy J1(x,y)dx.

213.1)2;2)7;3)M;4)1In 32 214. 1)U ; 2)|A;3)(e-1)(e'-1); 4)x-2;

5)— 2—+t; 6)-; 7 8)i(e6-3€2+2); 9) — : ~ 11)—; 12)21n2; 13)18TT;
)= 2+t 6) 51 7) o 8)j(e6-3e2+2); 9) 7o i UL & 11)—; 12)21n2; 13)181T,
14)— ; 15)—1n3; 16)18;r; 17)— ; 18)34a-; 19)18; 20)-. 2.15.1) -; 2) —;3) In--,

) i 155, 16)18;r; 17) ; 18) ) )% )5 2 i3 In-y
4) |~61n|; 5)3(-+2); 6)4; 7)31n3; 8)24tt. 2.1.6. 1) L, -/) 3) 4n/2n-; 4)

6-J1. 2.1.7. 1)—;2)8~1n2: 3)8; 4)--; 5) —;6)8rT;7)— ,8)-—, 9)-1n3; 10)72.
6 105 35 21 15 4
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2.1.8.1):2)104. 21.9.%, =f- y 71 .2.110% N1 yc=1 2.1.11./ = ~ . 2.1.12. 1y =4.
Y52 Y3 2 Y75 ‘15 y

f,
3
Z2. Uch karrali integraUar

2.2.1.1) -26; 2) e-1; 3) 4)1. 222.1)4,2)-L ;3)1; 4)8;, 5); 6)8; 7)";

*>0%E: 9 )N O) 223.1) 1; 2) 18 3) 16»; 4) 224.m=n,
2.2.5. ¢{0;0;-b.2.6. cfo;0;,— 1 2.2.7. /0 =n1. 228 /r 321 5
3; V' 8] 59 “  5g r 135

2.3.Egri chizigli integrallar
23.1. 1)y; 2)|; 3)575-1; 4)16; 5)10; 6)"~; 7)~a3 B)2TNL; 9)4»(I+4»2);
10)7. 2.3.2. 1) 2) 3)N i; 4)e2+l; 5)|ab(b-a); 6) a) 2aK2; b) |; c) 12»;
d) 24»; N7, 8) 2.3.3. 1)-1; 2)a/74 2.3.4. 1)» =A**+xsmy-cosj>+<7;
M= jiy+esmy+C2.3.5. —. 236.—.237. 24% 2.38. Aay. 239. , 2310 —.

2J.11. mb. 2.3.12. 6x%r\2.3.13. 2n{ar +nb2). 23.14.

2.4.Sirt integration
2.4.1. 1)5474; 2)~|; 3)U, A- 4)3»; 5)& 6)™ | 242 1)3; 2)j; 3)j 4)4®;

5 f;6)~f- 243 1)4mbc, 2)W rk, 3)"-(16a+3*»);4) ~nR5 244.1)-";

2) -4».245, 1) 14 2) VinT 246, > 247 a2 248 249
2.5.Maydonlar nazariyasi elementiari
251 1)V2; 2)~-, 3)—- 4)® ;5)2+ [ 6)y; 7)0. 252. 1)6; 2)|; 3) n/33;

4)40/10. 2.5.3.1) 2)|. 254.1)x=Cy, y=CZ%; 2) x=Cley, y =CZ";
3)3jc2+2z2=C,, y=C2 2.5.5. 1) £ =41ii3; 2) 5 2.5.6. 1) 108»; 2)— RrRD5; 3) 6sin2d,

5
4) »; 5) Zs; T)d». 25.7. 1) -3; 2)2. 2.58. 1) abx; 2)2»; 3) -8»; 4)18. 2.5.9.1) 6; 2) 5.

i.l.Birinchiiartibli differensial tenglamalar
3.1.1. mv'+kv2- 0. 3.1.2.mv'+kv=0. 31.3. mv'=mg- &2.3.1.4.m v‘-iV—= 0.
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-£-=0“ N -k = - * =C*: -/ - =
3.15. /+ %x 0“3.1.6; 3 v 19. 318 ) x*+yr=C*; 2) x1- /-y
3) y =C(x+1e * 4)y =arccoseC 5)y :siw; 6) tgx tgy ~+l; 7) ex+e~y=C;
8) A3+y3-3j>=C; 9) sinycosx=C; 10)tg =C-sin— 11) -Jl-yz =arcsinx+C;
12 1’\’\ —=C; 13j>=e**; 14);y= 25|n2x— 15)y-x =Inxy; 16)y ="l +elx;

M)y =x+Ce~* 18)j>=C+In|x+2>+2|; 19)j4x-2y-1 +21n|2-j4x-2y-1 =-x +C;
=g = - - - =C: = inNi:
20) t\g 2f X X+C+1.3.1.9. X)y=Cxr-x, 2)yl-2xy-x1=C;3)y xIn|y i;

4)y+ Jx2+y2=C; 5) —+In|yC| 0; 6)arctg——|n[0<| 7)e *=In|Cx|;

8)j>=arcsin(Ce); 9)2 " +In|*|=2; 10) B=y1-x2; 11) X2+ y2+xy+x -y =C;
12)(y+2)2=C(x+y—1), y=-2; I3)x+2y+51n|x +>-3|= C; 14) 2>-x-In|2x +y-lj=C.
3.1.10. )r'=-~?2 _;2)2'=" — 3.111.y2=2 ~). 3112 y= 2

JrEsh 2=t y C{X+23 y =(X+y)

3.1.13.0).y=(@x+DIn2x +|+C(2x+ 1) +1; 2)» :1+J[ét§§f:i; 3)x =y2+Cy,

4)x =Cy2 y 3.1.14. I)y =x*+Cx2;2) y :xln\x\+7; 3y =--—--)—( m— 4)y =sinx.
y=e"_ I W I ) P ———
K { (x+N(C+In|x +|j)
1 C
. " 3)y2=xl - . - -
2y Ane ) y2=xIn"~"; 4) ¥ I+TnT)%|’+Cx 5)y (x+C)cosx”6)>_ (1+jt})cm
v X

3.1.18. 1)x2+2xy-2y2+C; 2)4jylnx +>4=C; 3)x3+2xy-3y=C; 4)xe~y-y2=C; 5)
X2+xin\y\-cosy =C; 6) x4-x 2y2+~4=C. 3.1.19. 1)x- X—:C; 2)X +2x =Cy,
3)x-e~ycosx =C; 4)x2+sin2y - Cx. 31.20. )x =(1+p)ep+C, y =p2p;

2) x=—=}=+C, y= N =; 3)y=p-Jdl+p2, x=2sjl+p2-In| + p2-11+In|p|+C, >=0(;
4p~1 - IOI

4) x=ep+C, y={p-l)ep\ 5) x=p3-p +2, Y=’L‘1p4~’ép 2+C;
6)x=2p-In|p|, y=p2-p +C: 1) x=21n)p\-p, y=2p-"p7+C;

8) x=p:-p-1, >=|p 3-ip 2+C; 9) y=|x 2+C, y=-2x-~y +C, 10) y = (47+1+C)r.
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3121 )x=Ce>-Lip+1), y=Ce’(p-\)-pr+r, =
P < A
2
y=m xh ~y=cx+c~ " y=-~hry7)y=Cx+~ y="-;8)y=cx+1 y=2",
3.2. Yuqori tartibli differensial tenglamalai

3.23.y'>0. 3.24.y'<x2. 3.25. )y =xarctgx-\a\\+x2[+Clx+C1; .o
2)y =6%<1In|*|?x3+CtX+C2; 3)y :—8sin2x+2—C>§<2+CZ*+C3;

HN=1~ I+7C,A:3+ % cX2+C3+C4; 5y :i3SCr|’\ C,x-iy +C2; 6)j' =CDr(In|n|-1)+Cr;
oX 0

7 J=- 5 +C.INIXI+C2 8) | =2e%(x2-4x+6) +Ch+C2 9) In- A= =C*+C2 >=C

1

10) * = +Qy+C2 y=C\ 11) (jc+Cj)2-/=C,; 12)x+C2=>+CtIn|"|;
13)>>=j +C.ere<gjc+C2; 14) y=(C, In|*|+C2x; 15)"2=jx 3+C,x+C2;

16)y= -6jc3ﬂ2* 2+C xIn| x|[+C2 +C3; 17)" = CZcjr; 18)>>=----- y =0.

3.2.6. 1)y =—n|cosx|; 2) >=-xsmx-2cosjc+]j:; 3) yzg(x3-3>K2+6jc+4);
4) y =jx 22x-~-, s5)ctgy=n-2x\ 6) =—nlic-1L 7)y =3x, 8)y =e1.

3.3.Chizigli birjinsli differensial tenglamalar

3.3.1. 1) chizigli erkin; 2) chizigli bogMiq; 3) chizigli bog‘lig; 4) chizigli erkin.
3.3.2. 1) y =Cx +C2(x2-1); 2) y =C,*3+CX%4; 3) y =Cle2x+C1Ixe2; 4) y = C\sinjc +C2cosx

3.33. 1y :C,—)< +CZ—X ;2) y =(C.-CX)ctgx+C2; 3) y =C,e~x+CZu;

4) y =Q\sin2jc+C, cos2x 3.34. 1)y Yy +\Xy =42) y"+tgxy'=0; 3) y'-6y' +9y=Q
4) 4y'+9y =0. 3.35. 1)y =C,ex+C222) y =Cle(-Mx+C2( " )x 3) y =(C, +Cx)eld
4) y=(C, +CX)e 3; 5)y=e'Ix(Clcossx+C2sin5x); 6) y =e~C,cos-+Crsin’j;

7) y =C:+C2%2* +C2-2%; 8) y =C,e* +e2X(C2c0s3x + C5sin3x);
9) y =(C,+CX)cos2xi (C,+Ctx)sin2x; 10) y =C,+C2X% +CX 2+e,x(C,+C).
3.36. 1) y=4e-3-3e-3; 2) y =xed; 3)y =2+e"; 4)y=2ex+(x-1)ex
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3.4. Chizigli birjinsli bo ‘lmagan differensial tenglamalar
3.4.1.7=Cx2+CXx +xex. 3.4.2. =Cx5+Cx4+~x. 3.43.Y=(C, +CX)ex+~
344, M=Cl+C2'"*+|e*+|x5-x2+2x. 3.45. 1)7 =(C, +CX)e* +x(Inx-l)er;

2)7 =C, +C2x-sine*; 3)7 =C, cosjr+ C2sin.ir+sm.xIn|sinx|-.rcosx;
4)7 =C, cosx+C2sinx+y~— . 3.4.6. 7=Ce*+C2u +y,, l)y, =e 2 ) y 2=3xe2

3)y3=e*(2x2+x); 4)y4=e*(cosx- sinx).
3.4.7. 1) y =A+(Ax +Bl)ex+x-((A2+Brx -t-D*cosx +(J/Irx 2+Brx+ D,)sinx);
2) y = 4+ X(" Kk + B)e*+e'(/4jC0sx + £2sinx);

3) y - X(Ax+B) +(A,x%+B,x + D,]Je”+ x- (A +B2) cosx + (A,x +B3)sinx);
4) y = Ix2+x(A,x +Bl)ex +(A +B2)cosx + (A} +B3)smx. 34.8. 1)7=C, +C2*+x2+xX;
2)Y =(Cl +CX)ex+x +6; 3)7 =e*(C, cosx + C2sinx)+- (x+1)2; 4)7 =C, +C23t- x3- x2-§
5)Y =Ct+C2-x+e*; 6)Y =Ctex+C2'x- -Zx e'x; 7)Y :(C\+Crx)ex+éx}ex:
8)7=C,+C2x4 +E(?_*2_ x)ed; 9)7=(C, +C2<)e~x+-25inx;
10)7 =C,eu +C23,+ j(5cos3x- sin3x); 11)7 =C, cosx+C2sinX - ~X2C0SX +iXSinx;
12)7 =C, +C2Ix- jAXx +-yjcosx-"x +jjsinx; 13)7 =C,ex+C2& +~"ex(5c0osx-sinx);
14)7 -C.1e§‘+C§e‘31+%7e31(63inx-cosx); 1)y = C,«ZLJ—'E:?Y’F%&( FJ§\4/z~QFf3\x+ %%/
16)7 =C, cosx+C2sinx+i(x-1)e" +e'*; 17)7 =C, + CX+C3"F+xe~";
18)7 =C, +(Cr+CX)e* +{3X 2(x-3)e'; 19)7 = C,er+CZa~*+C3cosx+C45inx+4—xex\
20)7 =C +C2*+CEx+Ch~*- |x 3 3.4.9. 1)7 =C,eZ +C2"' +e2*(x-In(ejr+1))
2)7 = (C, +C\X)ex+ieN-vM -x2 +xarcsin™

3,5. Differensial tenglamalar sistemalari

351 )y =y, y[=2Zyx-iy, 2)y’=y,, y\=y2 y\ =y2+y2-xy,; 3) = =cosx+sinjr-y2,
y' =4cosx +3sinx+3y,-4y2; 4)y,"=y,, Y\ =y4, 5 =y5 y;=2Yy,-yT, y;=Y,~y2+X
3.5.2. 1)y, =Cx, y2=£T1]C2~(\+C 2)x2; 2)y, =C,e*+C2'*-1, y2~+qcXx-C2~*-x\

3)y, =C,C/""\ N =CZxc™*;, 4)y, =C x-"-, y2=-C ,x-"; 5)y, =C,e" +CXr3
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yr =e* +sinjf-cosldt, y3=e* +sinx +cosx; 2)yl=e‘“-l, y2=(1+x)e‘-x, yr=x(e* - 1)

J>Y\=e t'—jcos.*-t-t-2sin*;, y2 —e (0,sinx—b 2C0SX), 0)Yy X=¢ cosjt+ 1-2sinxj,

4.1.1. )il; 2)j~; 3)y™; 4)~; 5)1; 6)~; 7)uzoglashadi; 8) uzoglashadi; 9)”; 10)8;

11) uzoqlashadi; 12) uzoglashadi. 4.1.2.1) yaginlashadi; 2) uzoglashadi; 3) yaginlashadi;
4) yaginlashadi; 4.1.3.1) uzoglashadi; 2) yaqginlashadi; 3) yaginlashadi; 4) yaqinlashadi.
4.1.4.1) yaginlashadi; 2) yaginlashadi; 3) uzoglashadi; 4) uzoglashadi. 4.1.5.1) yaginlashadi;
2) yaginlashadi; 3) yaginlashadi; 4) uzoqglashadi. 4.1.6.1) yaginlashadi; 2) uzoglashadi;

3) uzoglashadi; 4) yaginlashadi. 4.1.7.1) yaqginlashadi; 2) yaginlashadi; 3) uzoglashadi;

4) yaqginlashadi; 5) yaginlashadi; 6) yaginlashadi; 7)yaqginlashadi; 8) yaginlashadi;

9) yaginlashadi; 10) yaqinlashadi. 4.1.9.1) yaginlashadi; 2) yaginlashadi; 3) yaginlashadi;
4) a >0dayaginlashadi, a <0 da uzoglashadi; 5) uzoglashadi; 6) uzoglashadi.

4.1.10. 1) absolut yaginlashadi; 2) absolut yaginlashadi; 3) absolut yaginlashadi;

4) shartli yaqginlashadi; 5) shartli yaginlashadi; 6) uzoglashadi; 7) uzoglshadi;

8) absolut yaginlashadi; 9) absolut yaginlashadi; 10) absolut yaginlashadi.

4.2.Funksional gatorlar

4.2.2. 1)(-co;+00); 2)[-2;2]; 3) (~;-t00); 4) [-3,3]; 5) (-°0;-k»); 6) (-00;-k0), 4.2.3. 1)[-3;3);

2) -14 )) 3)[-2:2); 4)1 __1,2'@_1;,2\]; S)(~ee); 6)(-W 7) [-3;-1]; 8) <-6:-2];
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9) (-n/10;n410); 10) [-2;2]; 11)[-2-n4;-2+n/3] ; 12) 13){0}; 14)(0;4).

~ = |x|-4; 4) ]+X |x|<1.

4.2.4. 1) arctgx, |x|<1; 2) -iln|l-jc2| ,|n|< 1; 3)
2 1 ' (1-2x) 2 (1-*)

4.25. /(X)) =$-1W x +1)+Wx+1)2-$(x + 1)3+(x+1)4.

4.2.6. f(x) =3(a:-1) + 7(ar- 1)2+9(n-1)3+5(ar-1)4+ (ar-1)5.4.2.7. 1) f,— | (-4:4);
HO

S 34 12 2/ "413 g”) 47)2N ;nA ’4f-51;’£1
y Jf 24 a

5)egi—ri—> (") 6) RED"L q (<), 4.2.8.1)0,0953; 2)0,2094; 3)1,6487;

4)804114291c+5v5 D Gy 9D CHinl* |+£A|_|-”- (-®:0)u(0:+00);

r 4n+1

Bl iy €000) 4210, 1)0.2398; 2)0,2449; 3) 0,101

HZ(H™ DECH'T;

4)0,7635. 4.2.11. 1) y(X) =1+ x+xr+-*3, 2) K*)=1+2*-—--Xx3;

BESIHT * fr £ 4> N)=1+T +T +w- JVIRIDL (1M <-"'«*

2) ;}i ------- (2;‘ +1),) -------- . (-00;+00)P

4.3. Furegatorlari

43.1. 1) /W =£1+4S(-1)" o 2)IW = (-1){"-"1UW;
3 n i nlJ

3) /W =~ +zf-A-((-I)" -I)cosrac+ -n" +smn*] 4) [(X) =g+2 /NN

fr=I\ 701 n=1 ft

5 ) 6 ) Ne >-f
- N A
74)/Wq= 1127 ——--EI:— cos"(—2 IV\—/ x\ 8) f(x) = ’|2£ sr_n_2n_®c

2 a42;n(2a-1T 3 «
g 4 3 6.A 1 . (2n-Dx
9)/lw*r ; 8a"5" -~ — "
10) = ——— '.in_ I; 11) . *O "o

4 1-(2n-1)2 3 n 3/ ; ,U rri (2n+)
1D IW =g ifhgp0 s @y - hpooshy)y TIW SEGDT
14) f(x) =2% (* (-~ -'sinnr+1 ~ +4 43.2.1) £1; 2)1

n n ar (2« +1) |/ 12 4
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llova
Ayrim chiziglarning grafiklari va tenglamalari

R radiusli aylana

r=ap(a>0)
Arximed spirali

r =atlcosap (a>0)
(xr+y22-a2(x2-y =0

Bemulli limniskatasi Uch yaprogli gul To'rt yaprogli gul
) 2m
x =a(l - sint),
y =a(l-cos(), a>0
Yarimkubik paraboh Astroida Sikloida
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